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Abstract Field theory is applied to analyze the behavior of
the electromagnetic wave in the presence of a solid electron
beam and magnetized plasma-loaded tape helix traveling-
wave tube. The obtained dispersion relation implicitly
includes azimuthal variations and all spatial harmonics of the
tape helix. Results indicate that the frequency and the phase
velocity of (X;, — X,,) and (O, — X,,) modes increase with
cyclotron frequency and for (Op, — O,) and (X;, — Op)
modes decrease. In the strong magnetic field limit, the maxi-
mum growth rate and frequency of all modes are constant at
different values of cyclotron frequency and beam energy. If
the plasma density increases, the frequency and phase velocity
of four modes will increase. The maximum growth rates of the
four modes in the lower plasma density are equal and for
higher values of plasma density the (O, — X,,) mode has
greatest value. The phase velocity and the frequency of
Xpp — X,) with (X, — Op) modes and (Op, — O,) with
(Opp — X,,) modes are coinciding with each other and for first
case increase with beam density, but for latter decrease. The
maximum growth rate of (O, — O,,) mode and the maximum
frequency of (X, — X,) mode have highest values as a
function of the electron beam density.

Keywords Traveling wave tube - Helix - Plasma

Introduction

In recent years, there has been increasing interest in
high-power and high-frequency microwave devices for
generating radiation at millimeter and sub-millimeter
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wavelengths. The relativistic traveling-wave tube (TWT) is
an important high-power microwave apparatus, developed
over the last several decades [1-5]. One of the common
features of a TWT is a slow-wave structure (SWS) such as
a dielectric material, disk-loaded waveguide, or a helix [6—
10]. The physical mechanism of operation is that the SWS
reduces the phase velocity of the electromagnetic wave to
synchronize it with the electron beam velocity so that a
strong interaction between the two can take place.

Pierce and his co-workers [11-13] employed the cou-
pled-wave analysis in their pioneering work, and the ana-
lysis of TWT improved using linear theories based on the
Maxwell’s equations in a sheath helix [14, 15]. The cou-
pled-wave Pierce theory recovers the near-resonant limit.
Both coupled-wave and field theories of TWT have dis-
cussed in [16] and [17]. Freund and co-workers developed
the field theories of beam-loaded helix TWTs for tape helix
model [18]. Freund and co-workers [19] described the
numerical comparison between the complete dispersion
equation and the Pierce model in helix TWT and shown
that the coupled-wave theory breaks down for sufficiently
high currents. The complete field theory is more exact than
the coupled-wave theory.

The Experimental results show that the presence of
plasma considerably enhances the interaction gain and the
output power in comparison with vacuum. The plasma-
assisted tubes can improve the transportation of larger
beam current and also guide the beam without requiring a
very strong guide field [20, 21]. For high-power devices
driven by intense electron beams, neutralizing plasma can
shield the beam space-charge effects. Experimental inves-
tigation for the electromagnetic properties of corrugated
and smooth waveguide filled with inhomogeneous plasma
done with Shkvarunets [22]. Nusinovich et al. [23] shows
that in the case of operating at frequencies between the
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Fig. 1 Cross-sectional view of the structure. The conducting wall is
at radius R, and plasma fills the region between O and R;. The
relativistic electron beam along with the cold plasma fills the region
between R = 0 and R,

plasma frequency and the upper-hybrid frequency, the
space-charge forces can significantly enhance the
efficiency.

The purpose of the present paper is investigating the
effects of plasma density, axial guide magnetic field, and
beam energy and density on the growth rate and phase
velocity of the system. The schematic illustrations of
boundaries shown in Fig. 1 include three regions: (1) inside
the beam that includes the electron beam and plasma (2)
between the beam and helix that includes plasma (3)
between the helix and the wall, which is a vacuum. We are
investigating these effects on the four modes: (1) The
coupling of the beam—plasma extraordinary mode and the
plasma extraordinary mode in regions I and II, respectively
(Xpp — X,,), (2) the coupling of the beam—plasma ordinary
mode and plasma ordinary mode in regions I and II,
respectively (O, — O,), (3) The coupling of the beam—
plasma extraordinary mode and plasma ordinary mode in
region I, II, respectively (X,, — O,), (4) The coupling of
the beam—plasma ordinary mode and plasma extraordinary
mode in region I and II, respectively (O, — X,). It is
important to note that this nomenclature is only for con-
venience. More accurately, the O- and X-modes charac-
terize modes propagating perpendicular to the ambient
magnetic field in an infinite homogeneous plasma, while
we are perceive with the modes propagating parallel to the
ambient magnetic field in a bounded beam and/or plasma
enclosed by both a tape helix and a conducting wall. We
expand to a complete self-consistent and relativistic field
theory of the plasma-loaded helix TWT by solution of the
relativistic fluid equation and Maxwell’s equations. The
dispersion relation implicitly contains space-charge effects
without recourse to a heuristic model of the space-charge
field.
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The organization of the paper is as follows. Section 2 is
devoted to the derivation of the perturbed transverse fields
in regions 1 and 2. The dispersion relation is determined in
Sect. 3 through application of the appropriate boundary
conditions upon the solution of Maxwell’s equations. In
Sect. 4, we deal with numerical results and conclusion.

Perturbed transfer fields

We used the equilibrium model of a solid electron beam
that propagates through a plasma-filled tape helix in the
presence of a uniform axial magnetic field By = Byé,. The
azimuthally symmetric charge density described by

no(r) = npyH (R, — 1)

where ny, is the ambient beam density, R, is the beam
radius, and H is the Heaviside function. Figure 1 shows the
schematic cross-section of the system. It supposes that the
beam propagates uniformly along the symmetry axis of the
system, and the equilibrium velocity is vy = vgé;.

Here, the employed helix is thin enough such that a
conducting cylindrical sheet of radius R, width ¢, and
pitch angle ¢ can model it. The unit vector describing the
pitch of the helix is [18]

€, = €9 Ccos @ + é;sing.

We found the perturbed current density and the beam
velocity in regions (I) and (II) by small perturbations about
the equilibrium state in which n, = ng, + on, and v, =
voe + v, for electron beam, and n, = ng, + on, and v, =
ov, for cold plasma. Here, we neglected the nonlinear
effects. The linearized continuity and momentum transfer
equations for electron beam and cold plasma are as follows

For electron beam

0 0
|:at+V()e aZ:| on, + ng,V.év, = 0, (1)
0 0 .
[a—t—i— Voe 6—2} 0V, = Qpl, X OV,
——C[(1— B2,6-6.).0E + Bocé. x 5B].
YoeMe
(2)
For cold plasma
00
= 1, V.0 = 0, (3)
oov e R
a—[p = — m—eéE —+ yerweZ X 5Vp. (4)

here, e and m, are charge and rest mass of the electron,
respectively. By, = vo./c is the normalized axial velocity of
the electron beam, yy, = 1/(1 — [3(2)8)1/2 and ch = eBy/
YoeMeC = Qce/Vo. stand for relativistic factor and the
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electron cyclotron frequency. Fluctuating electric and
magnetic fields are designated by JE and 6B and I is the
unit dyadic.

To determine the periodicity of the steady state,
Floquet’s theorem requires that all perturbed quantities have
the following complex Fourier series representation [18]:

of (x,1) = i Sf (r) expliknz + il0 — i 1]. (5)

lm=—o00

Here, k,, = k + mk;, denotes the wave number and w is
the angular frequency. Inserting an Eq. (5) into Egs. (1)-(4)
yields the following equations for electron beam and cold
plasma.

For electron beam
[kom (éz.é\?elm) — iV 1.0V 1) (6)

~ npe
5”(3 Lm — A—

m

5ﬁel,m = 5ﬁerl,mér + 5ﬁeﬁljméﬁ + 5ﬁezl,méz

ie iQce . )
- VoeMe {(Aw%n _ Qge) [_ (5E()l‘m + ﬁ()eéBrl,m)er

Awpy,
(Awgn - Qge)
X [(5Erl‘m - ﬁoeéé()lm)ér + (5EOI,m + ﬁOE(SBrl,m)é()}

+ (0E, 1n — ﬁoﬁélm)éo] +

X OE, | mé }
Awmy%e "
ie 1 N A ~ che
=— ——(€..0E;p)é;, + —————
Toele {Awmvée( O (40, — 22,)
Ay,

X (é; % OE | 1n — ﬁoeééLl,m) + m

X (OE Ly + Poebz X 5Bu,m)} (7)

Here, Aw,, = o — k,,vo..
For cold plasma

Sl = ’% [k (6289 1) — iV 150 1], (8)

5Vpl,m = 5Vpr14mer + (31/[;0[,17180 + 5V/)zl,mez

e Q700
e <w27(9cey()e)2)

P s | P
[0, 1mér + OEqméo] + wéEzl‘mez}

[_(SEAHLmér + (SEAvrl,méG}

(- @)

__te {l (6:-0E m)é. + et (¢, % OE 1 1m)

e | @ <w2 - (ch“/()e)z)

w .
+ W5Eﬂm } (9)

The perturbed current density in the region (I) is given by

5j1[,m - _e(nOeé‘;el,m + nOpé‘}pl,m + 5ﬁel,mVOe)7 (10)

And in region (II), the perturbed current density is

5jlll,m = _en0p5‘;pl7m~ (11)

Substituting Egs. (6)—(9) into the Eq. (10) yields the
perturbed current density in the region (I) as

Q.. 4w,

Gor, )
2

X (6 OF 1 — oy 0B 1im) + ng‘ﬁ%

ivoe AW,
(Awrzn - Qze)

V()che

(o @)

5jll4m =

iwj [0} o en .
47'[ACOm {Aw;ny%e (ez.éEl,m)eZ -
X (5ELI,n1 + ﬁoeéz X 5éll,m) -
X [ézvl-ééll,m - ﬁ()evLééLl‘m] -
X [6:(6::V 1 X OE 1yn) + Boe8:V 1-0B 1) }

. 2 .
102" N Q..

P/Oe (éy&Ezl,m)éz + L8dce’Vpe @
dnw (w2 _ (chVOe)2>

? .
Y SEun 12
(u)2 - (Qoe”/oez)z) B } "

wp = (4neez/7’0em6)l/2 = wb/ytl)éz
(4n,e? [700me) = wp/ y(l)éz are the beam and the plasma-
region plasma frequencies, respectively.

The perturbed current density in the region (II) obtained
by substituting Egs. (8) and (9) into the Eq. (11), the result is:

X (éz X 5EA‘J_['m) +

where and @, =

z iwz"/ e ~ .ch )w S
O =28 (6.0B1)c + P (6, x 5F 1)
4me (wz = (Qeevoe)
2
AN AT (13)
<w2 = (Qcevoe) )

Similarly, the perturbed charge density for electron
beam and plasma is as:

.2 . 2
. B lwb km ~ - lAwm
5pel,m _47'CACU%1 {%(ebéEL,Wl) - (ACU,Z,, _ Qze)

Awﬂl‘QCE

X [VL.éﬁl,m — Boefz- Vi X 5B“"m} —m

x [6,.V 1 x OE | 1m +ﬁ0ng~5éLl,m] } (14)

%y, . iw? -
R R e R
W= — (3dceV0e )

@ QeeYoe

_—ZéZ'VL XéEll’m . (15)
<w2 = (QceYoe)
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The fluctuating transverse fields are derived by
employing Maxwell’s equations together with Floquet’s
theorem. The results in region (I) and (II) are as

Region I

5EL.l,m = Lz |:kva5Ez,Lm - 9éz X vLééz.Lm - —ZwéjL.Il.m:|7
, ) c : AL,
(16)
Anky
OBy = {k V.0Bjm+— €~><VL5E dm — t é; ><5J¢11m},
72, c
(17)
where 2 = w?/c* — k2.
Region II
A i . w N dnw .
bEL,l,m =7 {kmvl(sEz,Lm - ?ez X vLéBz,l,m - C—zbJLIII,m:|
(18)
Ak, .
OB im= {k V0B m+ wéz X V10E; 1 _n_ez X 51‘1114 .
(19)

The transverse source current is obtained from Eqgs. (12)
and (13) and (16)—(19) in terms of the axial components of
electric and magnetic fields in regions I and II as follow:

Region I

c 1

E/Lrbp(a% ko) A—pp (@, ki)

x { [Ap(@, k) + Ap(@, k) + App (@, k) |V LOE, 1

+ [Bb(u), ki) + By (@, k) + Bpp (@, kin)]e;

XV 1B, 1 + [Db(s ki) + Dy k) + Dip (k).

XV 1OE 1 + [Ep(@,kn) + Ep(@,kn)|V 10Bo1m }
(20)

5jL,Il,m = -

where

cky — wfy,
(0 k) = )| 0,1,

ck,,
Ap(w7km) = Ocp(w7km) l:UAOp(w,km):| 5

App (0, k) = =ty (@, ki) ot (@, ki)

1 Qzey()e 1 QzeVOe
X { (ckn — @Py,) (m - m) + ckyy, (a - m> } )

Bb(kam) = 7ab(wakm)/10b(w7km)7
By (w0, k) = —0pp (@, ki) Aop (0, ki),
@ 70,
B (o, k) = facp(w,km)ocb(w,kmﬂ(wi‘ei(iinf 1)
Q.

Dy, k) = (@, ko) [ s (et —w/fog},

Qe Yoe
Dy (0, k) = oy (0, k) { wzo (ck,,,)} ,

@ Springer

Dy (@, ki) = —iop (@, k) 0y (0, ki)

ch ch)’oe QreVOe ch
K — el ) 4 o, (| ese e ) A
x {(C n = 0hoc) (Awfn wAwpy, + w2 wldo,

Q.
Bl ) = (k) | e,

By o) =) |7

2
wpyoew
2.2 ’
¢ Xm(w - QCEVOe)

iAo
Ay (@,ky) = |1 b= -
+byp (607 ) |: sz,zn(Awm — ch)

w2 Aw 270
A m) = |1— v - o
bp(a)7k ) |: szgn(Ameche) C2 (W+Qtey0e)
W Aw?
o :$7
% (@, k) 22 (A2, — Q2
2 w2
y()e
ap(wukm) =
2y (wz — (chl’o(f)
2 2”/0
Aoy (0, k) = 2162 Aop (@, k) = 1= p}/ v
Region 1II:
. C O(p(w,km)AOp(wa km)
OJ L irim = ~in
1A (0, k) A_p (@, ki)
ck,
X { nVJ_(SEzlm_ezva-élem (21)

K . . .
+i [Cw e, X V1 0E 1m + VL(SBz,Lm] },

the transverse components of the fluctuating electric and
magnetic fields are obtained by substitution of Egs. (20)
and (21) into (16)—(19).

Region I
OOE, 1 il - w 1
— " S5B. mt+—

or Jrcr 2l ¢ Ajpp(@, k) A_pp (@, ki)

GRI
or

A i
OEr.,Lm =7 |:km
Xm

X { [Ab(wv km) + Ap(w7 km) + Abp(w> km)}
i
- [Bb(wv km) + Bp(w»km) + Bbp(w»km)} l;éBz,Lm

-
— [Dy(, ki) + Dp(, ki) + Dy (0, k)] l;éEzJ,m

+ [Ep(, k) + Ep(0, k)] aégj”'" H (22)

a)@&B,,m ® 1
or C /1+/,1,(w7km)/1,,,p(w7km)

. il .
(SE()‘l‘m |:kml75E7 ILm —
: r

i
2
m
il -
{ Ap(o, k) +Ap(0,kn) +App (0, K, )];aEZ,,,m

a532,1.1"
or
a&EZ,,,m
or

+ [Ep (0, k) + Ep(, k)] Lrlééz’”’"H (23)

b (0, k) + Bp (@, kin) + By (0, ki, )]

+ [Db(w,km) + D, (w, k) +Dbp(w,km)]
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X i [ 0By il Ko
5Br71,m = ! {knl;l £

— ——0E,1m
x> or er ok +/1+bp(w,km)/1,bp(w,km)

il -
X {_ [Ah(w7 km) + Ap(w7 km) + Abp(wa km)} ; 5Ez,l,m

L)
or

OOE, 1
or

— [Ep(0,kn) + Ep(0, k)] gaéa,_mH (24)

— [Bo(, ki) + By (@, ki) + Bip(, k)|

- [Db(w7 km) + Dp(w7 km) + Dbp(w7 km)]

ll A wa(sl:j7[m km
K — OB, 1 + ——2&
[ y OBzlm o, A (0, k) Ay (0, ki)
00E, 1

or

i
22

wm

5BO‘I,m =

X { [Ab(w» km) + Ap(a)» km) + Abp(a)y km)]
il
- [Bb(w7 km) + Bp(w7 km) + Bbp(wy km)] l;éBz,l‘m

i
- [Db(wa km) + Dp(wa km) + Dbp(wa km)} 175Ez,l7m

+ [Eb(wv km) + Ep(w7 km)} aég% }:| (25)

Region II:

OOE, 1, ilw

N i N
5Er,l,m =3 |:km d + _5Bz,l,m
Xm r cr

+ 2Ry (0, k) (9 + 5) [%’" SE.im + iaéz.l.m} ]

ar r
(26)
; [ L 0B, 1m
Ly im = Lz {ikm SOE.,, — 220 tn
m r T c ar
. a l Ckm . .
+ l?Rp(wy km) (5 + ;) |:? 5EZ,Z.m —+ léBZﬁlﬁm:| :|
(27)
; i [ 0B ilo .
T or o et

. 0 l Ckm A LoD
_ lkap(a)7 km) (a =+ ;) [ o 5Ez,l,m + léBZ’l’m:H
(28)

. j l . IOE, 1 m
539 Lm = L lkm _5Bz.l.m + Q—ZZ
' 12 ro v c Or

0 I\ |[cky . oA
+ kap((}), km) (@ —+ ;) |:? 5EZ,l,m —+ léBz,l,m:| :|
(29)
where

oy (@, k) Agp (@, ki)
R _ %o, p D,
p(wa km) A+p(w7 km)Aﬁ)(w, km) (30)

2
prOew

Ao, k) = 1 — =102
+2(:kn) 272 (0 — Qeeoe)

31)

2
w[)?()e‘w

A kp)=1———+—"—""—7"——
[’(w7 ) 6‘2}(31(60 + ‘chVOe)

(32)

To obtain the conductivity tensor, we first substitute the
magnetic field in the following Maxwell’s equation

%53,,,,, = Ky X OE L g + iy X VL 0By 1, (33)

Into the Eq. (12) to obtain the source current, in cylin-
drical coordinate, as a function of electric field in regions I
and 1II:

Region I:
iwtAw?, N 1770,
dmor( Ao, = Q) dr(0? = (30.00)°)

5Jr,1,l,m -

20,2
CO%A(Dm.ch (U,,Voe ch

_|_
T 4ro (402, - Q2 4(w2 - (yOeQCE)2>

X 5Er,l,m

.0 Qevge 0] -
X 5E0.l,m + | —1Voe & - Ao Or @] z,l,m (34)
m
5i B iwiAw?, iw,z;“/Oew
0.1,lm — 2 2 + 2
47'[0)(4‘0)"1 - ‘ch) 4n <w2 — (VOe‘ch) )
R (l);z)AG)m.ch wlz,')%ggce
x 5E9,l,m a 47'[60([](1)3” - ‘Qie) 4n (wZ - (V()che>2)
. 0 Qvpe 0] .~
X 5Er,l,m + [_iVOe@_‘_ A;Oe §:| 5Ez.,l,m (35)

2
lwpy()e

Tw

X iw? o’ Aoy vy
5P =% O AOVe g2\
e [4nwAw%n e (4o —0) "

4
o e 4 m 0 Ql'@ 0
W Ve { {i—w + idw, — — — }
r or

O (0, ) a0
. Aw,, 0 0 Q] .-
X 5Erj>m + |:l p %4— .cha + p }5E{)J’m} (36)
Region II
.2
R 10570, .
OJ it im = pite > 0L, 1m
47-[(('02 - (yOche) )
2,2
w=ys
b R SEy (37)
4n (wz = (70:2¢e) )
. 1070, .
5J9,11,l,m = 2 5E9,l,m
4 (w2 = (70eRce)
2,2
w=ys .
_ P/Oe ce - 5Er717m, (38)
4n ((DZ - (VOe‘ch) )
R iwﬁyoe .
5JZ,II,l,m = o 5Ez,l,m- (39)

g
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Then, substituting Egs. (36) and (39) into the following
electric displacement,

A~ N 47 N
5Dl,m = 8l,m~(3El,m = (I + gal,m> -5El,m7 (40)

where 07, is the conductivity tensor. The components
of the dielectric tensor in regions (I) and (II) are:
Region I

Wy m _ wlzyy()e
w? (Aw%q - Q?e) (@? — (wceVOe)z)

a)}z7 Aw?

8rr,I = &po1 = 1-—

(41)
01 = —E€0r1
_ih Aone 1000 Qoo ()
? (A2, — Q%) o (0 — (Qeeoe)’)
. 9
SR T P
&z = P (Awi —-Qfe) |:Awm ar+ r :|’ (43)
. 9
1y, Voe 0 1) chl:|
bl = — 7~ [dop | —+—] = ’ *
ol =2 (Awi—Qfe){ (ar r r (44)
2
on Voe 0 Awul
= v [o 0 7 45
€071 02 (Awﬁl—Qi) |: ar+ r ] (45)

2
_ V0e E l B Awp,l
ST 02 (Aa — ) {Q (6r i r) P @

w? w? V2 C02“/0
N —1— b “b Oe VZ __p e’ 47
Ezz1 y(z)eﬂwgn w? (A(A)gn — Qze) L w? ( )
Region II
602“/0

et = 00y =1 — ————— (48)

(@2 = (QeceYoe)”)

iw2V0€ ch

Ero1 = —E0ra1 = L 5 Yo NG (49)

® (w - (chVOe) )
et =0, 1 =0, €,1 =0, g9 =0, (50)

wZVOe

e =1 — g)z . (51)

The dispersion relation

The governing Maxwell’s equations for the fluctuating
axial electric and magnetic fields in regions I and II are of
the form:

Region I

7 . ~ ~ w .~
[Vi + Xﬁl]éEz,l,m = 4mi [k(épe,l,l‘m + 6pp,l,l,m) - C_zéJz,I,l,m )
(52)

@ Springer

N 4 . X
[Vi + Xi]éBz,l.m = (€:.V 1 X 0J L 11m), (53)
Region 11
2 215 ~ailsa W s
[VL + Xm]éEz,l,m =4ni képp,[],l,m 2 5]1_’1111_,,, s (54)
2 210Bu = — T 8J
(VL + 40)0Bim = p (€Y1 X 0J 1 iim), (55)

where 69, ;,,, and 6p,;;, denote the electron beam and
plasma charge densities in region I, and dp, ;,, is the
charge density of the plasma in region II.

The source charge and current density in region I, Egs.
(12), (14)—(15), and in region II, Egs. (13) and (15), must
be expressed in terms of axial components of electric and
magnetic fields. The source charge and current densities are
obtained by the Egs. (16)—(21):

Region I
i ko . Aw
Sposim= gt |3 OEaim +
el ,lm 47'[4‘60’271 ,)%e z,l,m (ACU%” — _Qfe)C}fgn
X [Aes1 V7O 1m + Ae,l,Zviéézﬁlvm]} (56)
.2 2
i ko Aw
esim =t | o OBt + e
e.d,bm 47'CA wyzn ,))(2)6 w (Awlzn - Q%e)c}fgn
X [A_e,l,lviéﬁz,l,m +A_671,2v15é11l7m]‘| (57)
iwIZ;VOe wz

kmééz,l,m +

5 =
Pp.1im A2 (aﬂ — (30,92 )z)c;{Z
e==ce m

X [Ap11VA O i + Ap12Vi0E ] |, (58)

where

O‘b(w7 km)
@, ki) A_pp (@, ki)

Apri = (kme — wfy,) |1+
g1 ( ﬁ())[ A+bp(

2

Q Aw,
A " ce m
X (Aop(e,k )+Aw,2n)] A (@, Ko ) At (@, Ko

% [(Ap(@, k) + App (@, k)] i,

- A+bp(w> km)A*bP(w’ k’”)
X [(DP(CU, km) + th(wa km)]

(59)

= . (xb(kam)
Aegr =1iQc |1+
2 A+bp(w7km)/1—bp(w,km)
Awy,
+ E,(w,ky,
A+bp(w,km)/1—bp(w7kM)( I’( ))
. iQce
A+bp(w7km)/17hp(w7km)

(l + Ao;,(w,km))

[By(@, k) + Bup(0,kn)]  (60)
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- O‘b(kam)(kmc - wVOe)

Apr1 = kne +
pI1 A (0, k) A _pp (@, i)
@ ‘QgevOe
X |y A0l ) 2 )
)
A m A s vm
+A+”P(w7km)/1—bp(w7km)[< P(w>k )+ hp(U) k )]
12600
- ' Dy(, k) + Dip(0, ki
Ay (@, k) A_pp (0, ki) [(Dy(@, k) + Dip (0, k)|
(61)
A ] (xb(wa km)
A :che e 1+
p2 Yo { A (@, k) A_pp (@, ki)
w
A ko
e
)
+ E,(w,ky,
Ay (@, k) A_pp (0, kyy) ( »( ))
iQceY0,
B - B kam +B (JJ,km
Agpp (@, k) App (@, k) [, ) + Bip( )]
(62)
Region II
o ia)zyo ~
00t = =0k m, 63
[/ arey e (63)
. 2 2
. i0%70, A »
W~ = (Yoeséce )C){m
X [By 1,1 V10 + iB,,#,,,zviaBu’m]]
(64)
where
_ o ot (@, ki) M
By, = cky, 1+/l+p(w7km)/17p(w,km) Agp(w, ki) + g 7

(65)

o (@, ki)
1+ L
A+p(wa km)Afp(wa km)

Bp,II,Z = ch"y‘og |: [1 + AOp(w7 km)]:| .

(66)

Substitution of Egs. (56)—(66) into Eqgs. (52)—(55) yields
the following fourth-order differential equations for the
electric and magnetic fields in the two regions:

Region I

(V3 + Xi,],bp,m)(vi + Xz_,bp,m)ééz,l,m =0, (67)

(V2 + 2 1apn) (V2 + 721 ) Bt = 0, (68)
Region II

(V1 +Znpm) (V3 + 22 )0t =0, (69)

(vi + Xi,]l,p,m)(vzl + Xz—,p,m)éézvl,m = 07 (70)

where

1

eS| bpm —

?

2 {1 - W + A+,,,,A,,,,,Y3}
M-ty a2
Y0e (Awm - QCP)

2
+ (AgppApp Y1) 4241, Ay, Y172,

Xi + A+prble}

2
@j

2
A1 —20)|
o, —az) T bﬂ“

2
Wj

x |1 z + Ay (1 29%)}

- ;‘ge (Aw?n - ‘Qze)

1/2
w?
— AN Ay Ay [ 1 — ) — AYA( Ay A_p)?
sc/A4by [I”)Cm< ?'(2)6(4‘(1)3" 791,) ( +bp b])

(1)
XZ
Xi,[],p,m = ﬂ;zm
___ Dploe
2 |:l (0)2(}’009ce)2):|
2
@ e
<1 _P—VO2+ Agep (1= 222,)
(CUz — (V0 2ce) )
, 2
@, Y0e
F 1_p—/02+/1_vcp(1_2ap)
(0)2 — (V0 2ce) )
1/2
w%VOe /
- 4AscpA+pA*P 1— ﬁ
(CO - ('yOE‘QCe) )
(12)
? Wy 7o
Ascil——b Agp =1~ P
Aw;ﬂygev scp w?

__ pAwe(By + Brp)
A+bp((fo7 km)/lfbp(wa km)

_ (1 n oy Aop ) T @2 V0e
A+bp/1—bp CL)2
i In@370c \ ( (By + Bup) i (ckin — ®Boe) 1%
w2 A+pr7bp A(Dlzn

iQ
A, + App) ————— (D, + D }
( p bp) A+pr_bp( P bp)

Yl =

X {—m
A+pr—bp

ano‘p (knme) <

+ ) Apri (73)
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2
Aw?,

" <B,, + By, > n (1 n oy Aop ) {(Ckm — wf()e)ab
AippApp AgppA_pp Aoy,

X {7“0)’" (Ap +Asp) i€, (D, +D )}

w) b

A+bp/17hp ’ v A+hp/17hp r v

+ap(kmc)A i } + < Bp +Bbp > {(Ckm B w:{g()e)ah
w P

AH?PA*/’I’ Aw,zn

2
OCb(Ckm - wﬂOe)2 {1 +ﬁ (AOb +Agﬁ>:|
Y3=—{1+ -

Aw,, Q.
——" (A, +Ay) ——<— (D, +D,
X {A+bp/1—bp ( P bp) A+pr—bp ( P bﬂ)}

% (kmC) — 100, 2ce (Ckm - wﬁOe)
X 7 Apri ¢+ A02

o Dp +Dbp
vy | [
% { _O(b(Ckm — wﬂOe)_ [ Awm _ i-ch
T P A Ay _
+ocp(kmc)A_ 12}{ 10, Q00 (ckm—w[)’Oe)} {Dp—l—Dbp}
o P\ A Ay, A2 AsppA_pp
% { -O‘b(Ckm — wﬂOe)- [ Ay, _ iQCe
Aawy, N Aspp Ay Ay Ay,

B,+B
| _A+bp/1—bp ( P bl’)

(Bp + Bbp)
o, (kmc) —
295, (4)
Y06 A 2 Y0e 14 op Aob
w? A+bp/17bp
QZ
5

A4 4
/CmASC ~ Xm 0)2
O(;,(Ckm - wﬁOe)2 |:1 + A+/,:I;L/7p <A0b + 4 ﬂ)]

2
Aw?,

Y4=73

X< 1+

22 (cky — fo,)? o
_ b ceg ﬁ()e) {]+ b (]+A0b)}
AwmA+pr—hp A+bp/1—bp

(75)

We can obtain the dispersion relation by solutions of
Egs. (67)-(70) with appropriate boundary conditions. For
one of the two appropriate modes in each region, these
equations reduce to:

Region I
(V2 + 12 1) OEzim = 0 (76)
(V2 + 12t opum) OBt = 0 (77)
Region 11
(Vi + Xzi,ll,p‘m)éEA‘ZJ,m =0 (78)
(V3 + st pm)OBeim =0 (79)

The solutions of Egs. (76)—(79) in the three regions are
as follows:

@ Springer

R Al‘mJl (Xj:,l,bp,mr)7 0 S r S Rb
OEz,l‘m - Bl,mJl (Xj:,l].p,mr) + Cl,mYl (Xj:,l],p,mr)v Rb <r< Rh
Dyndi(u?) + EtmYi(tw?), Ru<r <Ry
(80)
0 S r S Rb

Gl,m‘ll (Xj:,ll,p‘mr) + HI,mYl (li,[l,p,mr)7 R, <r<Ry

R Fl,mJl (Xj:,l,bp,mr)’
5Bz,l‘m -
KI‘mJI(er) +Ll,mYl(er)7 Rh<r§Rg’
(81)

Having applied the boundary condition of the wave-
guide wall, the solution in R, < r < R, is:

SE 1m = DiwWi(tuRgs tmr)s  Rn<r <Ry, (82)

8B im = KiwW,(lpRg, 1n?),  Rn<r <Ry, (83)

where

WI (Xnga er) = Yl (Xng)JI(er) - Jl (Xng) YI(er)a
(84)

Wl/ (Xngv er) = Yl/ (Xng)‘]l(er) - Jll (Xng) Yl(er)'
(85)

The boundary conditions at the edge of the beam and the
interface of the regions I and II require

5EAZ,1,,,,(R;, —¢) = (3EAZJV,,,(R;, +e¢)
. 5E9,l,m(Rb — 8) = 5E9117m(Rb + 8)

3. 6E,y,)m(Rb —&) + sr(;’,éEo_zvm(Rb —g) + 8,171513"@1‘,,,
(Ry — &) = e 110E, 1 m(Ry + €) + 60100 m(Ry + )+
grz,”(SEA‘z:l?m (Rb + 8)

4. 531‘[‘,,,(Rb — b) = 5éz,l,m(Rb + &)

By applying the boundary conditions, we obtain the
following four equations:

Al,m‘]l (Xi,l,bp,mRb) = Blﬁm‘]l (X:t,]l,p,mRb)
+ Cl,mYl(Xi,u,p,mRb)a (86)

_ X:l:.[l,p,m

iPI,mAl,m + Ql,mFl,m — [Gl,m@h,m + Hl,m@zl,m

X:l:,l,bp,m
+ iB1n O3 + iCryO41,),

(87)

X0 pm [

Sl,mAl,m + iTl‘mFl,m = iGl,mQSI,m + iHl‘m@6l,m

Xi,].bp,m

+ Bl,m@7l,m + CIA,m@SI?m]a
(88)

Fimdi(Zs1.6pmRb) = Grandt (Y11 pmRb)
+ HimY) (Xi,u,p,mRb)- (89)
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Where Py, Qs Sim and Ty, are:

1 (ckm — Bo.) ki
Py = A <+ o, A
1, Ao Ay |:°‘h b~ +opAop—=

Dm
XJI*I(X:E,pr{mRb abap{ 7:&1bmeb {( “kin _wBOe)

1 (.é' Le L'e e
" [ n Boe 4 Lo /’)0}

A0?  0dw? Aok odo,
1 ch chﬁOe ‘Qfe
+ chn {7 AWy w? Tt a)Aa),,J }
l
+—J R
Rin,I,hp,m I(Xil,hp, h)
1 QZ@VOe 1 92 yOe
x {(Ckm ~ @) Llwm B wsz] - chin Lu Awy,w? ] }}
(90)
Ql.m = {_J; (/C:t 1.bp mRh) + #
’ . AsppA_pyp
x {_ (o Ao + 0y Aop | Ji-1 (X1 4p.mR)
! 29%6?06
+ Aop T (LenpmBR0) | = o, T2
+;Jl(1ilbp nRb)
be:t,l,bp,'n o
1 Q..Po 1 Qee
C 4+ — 91
X{Awm+wAwm+w+Awm}}}} 1)
@ll,m = _J; (Xi‘ll,p‘mRb) - RP(CO, km)‘]lfl (XiJI,p,mRb)7
(92)
02, = YI, (Xi,u.,p,mRb) - Rp(kaM)Yl—l (X:l:,ll,p.mRb)7
(93)
mCRy (@, kpy
@3l,m - %‘h—l (X:t,[].p,mRh)7 (94)
mCR w, km
O4;,, = pT Yio1 (Xt pnR) (95)
w
@Sl,m = ek [(8+p + 2R CO km)Ser I)JZ*I (XiJLP-,mRb)
+ (ep — DJip (/{i 1p, mRh)] (96)
w
@6l,m = 2k [(8+p + 2R ( k )8+P - 1)Yl*1 (Xi,]l,p,mRb)
+ (E—P - I)YH-I (X:t,]l,p,'an)]a (97)
! l
@7[},,1 = Jl (Xj:‘ll.,p,mRb) -+ E [(8+p =+ ZRP((U, km)8+p — 1)
Jict (e s pmBRe) = (6=p = VWit (st pmR0) ] (98)

[(e4p + 2Rp(0, ki)esp — 1)
- 1)Yl+l(Xi,11,p,mRh)L (99)

N —

@81),,, = Yl, (X:t,[l,p,mRb) + 5

Yl*l(xi«]]‘p,mRh) - ( 7”

w (Ckm - wﬁ()e)
2cky, Awpy,

200, Aoy, ]
¢y — Vo1 (U1 mpmBb
oo (Xt pmRb)

Sl.m = J; (Xi,],bp,mRb) +
X {SHJ +

1
—> (6=b — Vi1 (X sppmR0)

1 20, Agp
* 2 { [Sﬂ) " AsopAip o

- (8*[7 - 1)Jl+1 (X:ﬁ:.],bp.mRb)} + FFla

T - w
Lm0 ek,

+ (e_p — Iy (Xj:,l,bp,mRb)

w 20!1,/101,
———ep— 1 S () R
i 2ckm [(Sﬂ) * AyppA_pp b =1 (lil-bp,m b)

— 1] Ji—1 (XiJ,bp.,mRb)

(100)

20€b/10b

o 1 1)J,- R
/1+pr ;,p? o ) ! I(XiJ,bp,m b)

+ (6-p —

1)Jl+1(Xj:,1,bp,mRh) +FF2,

(101)

o v
Ck /1+/,p/1 bp

a)i Awy, 0 Agp ckm(fJ Yoe
T o? (4w, wi) o o (o

FF1 =

Aoy (ckm — 0f,)
— Y0eLce) Aoy,

(Srr,IRl + ir941R2)7

xJi_1 (Xi,1.bp4,mRb) + %

(102)

w2
a)b Awpo, Aoy “/Oe“b/lob }

(Aa)m )

Ckm A+pr—bp (CL) - '))()che)

(SrrJR3 + i8r9,1R4) )

1
FF2="2 {

X J1-1 (X1 pmRb) + %

(103)

1

; ith u),km
R1 _{J[ (Xi,hbp,mRb)Abp(kaM) + P( )

AgppA_pp Xi,l‘bp‘mRb

Loyl

X Ji(+.1.5pmR) + Tty Ji (X 15pmRb)

1 VOche 1 ch
X {(Ckm _wﬁ()e) |:Aa)2 +0JA(U2] +Ckm |:E+w2Awm:| }}’

1

L 1Ap, (0, k
RR=——— {_l‘]l (Xi,pr,mRb)Dh/’(a)’k’") + M

A+pr_bp X:t,[,bp.mRb

X ‘Il (Xj:ﬁl‘bp‘mRb) - OCbOCpJ; (Xi,l,bp,mRb)

1 Y0ef2ce 1 Qce
X{(Ckm_wﬁoe){Aaﬂ—i_wAa)z + ¢k E—i_szwm ’

(105a)

)
% @ Springer
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lep(O),km>

X:l:,l,bp,mR}?

1
R3 = — J[ yé Rb
A+hp/1—hp { ( +,1,bp,m )

/ 1 "/()eQCE 1 Q.
ot (eane) | 3ot T o wdon) §
(105b)
R4 — ;{ — Bup(, k), (e pR)
A+bp/1 bp o,
[
— oo, ——J;i (1 Ry
’ pXi,I,bp,mRb l< +.1,bp, )
1 Yo ch 1 ch
e 1 106
’ [Awm+wAa)m+w+a)Awm ’ (106)
2
W, Aa)m
E+b 1 wz (Awm F ch) ) ( )
2
(0]
Exp = 1 — p'y()e (108)

(o F Qe,) ’

Equations (86)—(89) include six unknown coefficients
and allow us to find the solutions in terms of the two
unknown coefficients. After some straightforward algebra,
the axial electric and magnetic fields are written as
follows:

At (X g ) 0<r<R,
5y — Al [a;_ﬂ][ (Xi‘u,p‘mr) + ”ﬁlyl(%i,u.p_mr)]
o +iFpm {Cl(wl,,)lfl (earpmr) + Cﬁz Y, (Xi.ll.p.mr)} , Ry<r<Ry
Dy W (2mRe, Am?),  Run<r<R,
(109)
Fimdi (Xi.l.bp,mr), 0<r<R,
5By = Fim [b;},zm (Haearpmr) + hﬁl YI(Xi,II,p.mr)]
L. +iAim {d}jj]l (Leatpm?) + AV (Lt st pon r)] . Ry<r<Re,
KinW, GnRes fr)s Ru<r<Rq

(110)

where  aj,, afon, bis, bincim. cin. diy and di, are as
follows:

1
ag"l”)l = G( [ Jl (’{i J1,bp, mRb)gM + Yl (Xi JAlp, mRb)CIZ]
Lm
(111)
1
ang)l = T [Jl (Xi,l‘hp,mRb)gB —Ji (Xi.,”‘p,mRb)glsz
lm
(112)
1
Cm - el Y (X:l:,ILp,mRb)gllL
P (113)
Cﬁi = ( ) [Jl(xilhmeb)g]]]
lm

@ Springer

1
Bl = Ol (=10t 16p mR5) 914 + Yi (A1 p BB ) V12]
Lm

(114)
1
by = o (=71 (L1 R0) 013 = Ji (2 1. R) D12]
Lm
(115)
1
dﬁﬁ O] Y1 (a1 pnR) 011
) bm (116)
d/(,n), RO) [Jl(Xﬂ:llmeh)ﬂll]
Gl m
G;n?l Y1 (e p R ) 913 = J1 (21 R0) V14 (117)
ngni = {Yl (Xi,][,p.mRb) 13 —Ji (Xi,ll,p‘mRb)qgm} ) (118)
9y = M @7l‘mm‘]l(xiﬁlﬁbmeb)
/CiAIAhp,m Xi,l,hpm
- Sl,m‘ll (Xj:A,II,p.,mRb):l [@4I,m@7l,m - @31,m@81,m]
- M [@7l.m Y, (Xi,[IAp‘mRb) - @8l4m-]l (Zi711,p,mRb)]
X+.1Lbpm
X [Pl,m@71,m - SL,m@31,m] (119)
A0 pm
P = i [Tyt (K11 pmRb) |
)C:l:,[,bp,m
X [@41,",@71’," — @3[7,”@817"1]
- [Ql,m@7l,m + Tl,ln@3l,tn] Xi,ll.,p,m
Xi,],bp,m

X [@717mY1 (Xi,ll,pﬁmRb) — @817,11]1 (Xi,ll,pA,mRh)] (120)

2
Ji3 = (7&’”’1)’"’) (041,07, — ©3,,,08,,,]
X:t,l,bp,m

2
X [@Sl,mjl<xi7ll7p7mRb>:| — (M)

Xi,],bp,m
X [@7[7mY[ (Xi,ll,pﬁmRb) - @8l,m]l (Xi,l[,p,mRb)]

X [@711”@117,” + @51),,,@31,,,,] (121)

2
1914 = <M> [Qél,mJZ(Xi,Il,p,mRb)]

2
X [@41,m@711m - @3[7”1@817,”] — (M)
| X+.1,bp,m
x [@71,mYl (Xi,ll,p,ian) - @Sl,mJ[ (Xi‘ll,p,mRb)]

X [@2[,,,@711,,, + @617,,,@31’",] (122)
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X:t,ll,p‘m
Im

Jl (X:t,l‘bp,mRb) - Tl,mJI (Xj:,ll‘p‘mRb):|
/f:t,l,bpm

x (021,05, — 01,,06,,,] — =2
Ki,l,bp.m
X [@51_,,,Y1 (Xi,l].p,mRb) - @6l4m‘/l(li,11.p,mRb)]
X [Ql,mgsl,m - Tl,mglltm}

(123)

S 1Sy ) (Y1 pmRD) |
X [@21,m@51,m — @117,”@617,”]

— [Pl,m@517m + Sl,n1@117m] A+, pm

Xi,l,hp,m

— @611”1]1 (Xi,ll,pA,mRb) ]
(124)

X [O51mY1 (1wt pR0)

2
Si3 = <W> (02,05, — ©1,,,06,,]
Xi,l,bp,m

2
X [@7l,m‘ll(}fi,ll7p,mRb)] - <m>

Xi,l,bp,m
X [@Sl,mYl (X:l:,ll,p,mRb) - @617171-]1 (Xj:,]l,p.mRb)}
X [@3[,,1@5[”1 + @71,,,,@]11,,,] (]25)

2
G4 = <m> [@Sl,mfl(li.u.p.mRbﬂ
A+.1bpm S

2
% 02,0510 — 01,,,06,,,] — <m>
: ' Xi,l,bp,m
X [05m Y1 (A 1 puBR6) — O61mdi (Xse1 pmRb) ]

X [@41,m@51,m + @ll,m@&,m] (126)

By imposing the following conditions at the helix
1 OE. m(Ry — &) = OE- 1 m(Ry + ) (127)
2 5E9’1’m(Rh — 8) = 5E9’[’m(Rh —+ 8) (128)

D,,, and K, are given by

1
Dip=—7—"7—"+
’ WI (7ng7ymRh)
{Alm {al(nijl(/i llmeh) + al(mYl Xi nmehﬂ
+ lFlm |:Cl(11)1‘]l(7:t lemRh) + an)zyl /{:l: JAlp, mRh :|
(129)
Kim = Tt 01 pm [Fl‘md)g;z + iAlﬁmqbﬁl], (130)

Xm WIN (Xnga XmRh)

where

¢1m = [ lm‘ll(yillmeh) +b1(,,)l (/(:tl[mehﬂ

cknuR (w,k ) 1) 2) </
+ % [Cz(,n)LJz (LarpmBi) + CEJB,Y f (Xi,n,p,mRh)}

l ck,,
Xt 11 p, mRh w
2
X [CEA’W):J[ (Xi,ll,p,mRh) + C;Ji’)l Yl (Xi,ll,p,mRh)]
1) 4 2) v/
+ Rp ((l), km) {bgn),J[ (Xi,ll,p,mRh) + bl(nz Y[ (XiJl,p,mRh):|
l
" R(w.k
Zi,ll,p,mRh p( 2
b Ry) + b2y, (; R
X Lm l([:t,[l.p,m h) + Lm ’(A:t,ll,p.m h)

cknRy (0, ky,)
)

—Ry(w, k)

(131)

= [dmfz(yiumeh) +dy, (/inmeh)] -

X [af,ljtjl (Xi.[[,p‘mRh) + a;,h’)LY[ (XiJI,p.mRh)}
) ck,,

Xi.l[,[),mRh w

X [aﬁr)tjl(XiJl,p,mRh) + al(,zrr)zYl(Xi,le,mRh)]

+ Ry(o, ky) [dl(LZJI, (Xijl.p,mRh) + dzam) YI/ (Xi,ll,p.mRh)]

l 1 2
+ 7Rp(w7 km) [dl(m)‘/l (XLILp,mRh) + dl(nz Y/ (Xi,ll‘p,mR/T)]

Xi‘”‘p.mRh
(132)

Ry(o,ky,)

To obtain the final dispersion relation, we must employ
the discontinuity conditions in the axial and azimuthal
magnetic fields due to the helix current sheet as follows:

. . . .
1 OB, 1m(Ry—€) — 0B, m(Ry+¢) = gé]HARh cos @,
(133)

4
2 0Boim(Ry +¢) — 0Bom(Ry — &) = —néJHAR;, sin ¢,
c

(134)

where, 6J is the surface current density parallel to the
helix [18].

The only non-vanishing terms in the decomposition of
the helix current are those for = —m [18].

By employing Egs. (129)—(134) and onerous manipu-
lations, we get:

 40Jy AR, [—iW”m (JuuRe» ZnRi) cOs @Ts — 2 sin qul]

T c T'Ty + 13T,

(135)

_ 4ndJy ARy, |:W/m (Xng, meh) cos Ty — y2 sin (pTg]
—mmn — 5

c T'Ts + 13T,

(136)
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where T, T», T3, T, are:
[b(qu m (Xi,l].p,mRh) + bg)nm Y_, (Xi.[l,p,mRh):|
wim (s ZR) = L2 (1, R, 2R D
(137)
I, = I:d(flr)n,m‘]*m (Xi,ll,p,mRh) + bg)nm Y_, (Xi,][,p,mRh)j|
W' (nRes 2R8) = 222 (1R 1R D),

(138)

m

m

mk yil[me (7m g7ymRh) (1)
Rh Xm W_m (Xm 8 XmRh) o
Am

I || S—

W (YR 1uRn)
X {Y’m (lme&’)]fm (XmRh) —Jom (XV'?RS) YLm(XmRh)]
X {c(_lfn el —m (Xj:,ll.p,mRh) +c (—2r)n,m Yo (Xi,u,p,mRh )]

ko
n;e |:b7))n m‘]*m (7i I.p, mRh) + bfm m Yo (XiJIAp,mRh)]

ck

T3 =

|:7:tllpm+k R (w k )
C

Ai I p, m:|

x {C(—lr)n.m‘]—m (7i 1.p, mRh) + c(—zgn,m Y—m (Xi,”,ﬁsth)}
ck,, m
o Ry
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The final condition is that the electric field parallel to the
helix must be zero,

Z explikyuz — im0) [0, _ym Sin @ + OE. . cos ] =0,

m=—oQ

(141)

The dispersion relation obtained by employing Egs.
(135) and (136) as follows:

m=00

Z expliknz — zm@]{ 4 ‘P(Z)} 0, (142)

_ 47t(5j”ARh —iw’, (Xng, XmRh)cosgng — iy2 singT
TW'Ty+ 15T,
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c
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( ¢ 1R ol 4 )})
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e
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Fig. 2 Plot of the normalized
frequency (@) as a function of
the normalized wave number (12)
for several value of the
cyclotron frequency for

a (Xy, — X,). b (O, — O,).

c (Xbp - p)a d (Obp - p)~
The parameters are

w, =0.04, v, =0,y =10,
and Q.. = 0.0, 0.04, 0.08 and
0.12
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Numerical results and conclusions
Cold helix analysis

We analyze the dispersion characteristic of the slow-wave
structure from the numerical computation of the dispersion
equation (142). The nominal parameters of this system
correspond to a helix with a period 4, = 1.966 cm, a width
¢, = 0.764 cm and a radius of R, = 1.4 cm enclosed within
a wall of radius R,, = 3.63 cm.

Figure 2a—-d shows the plot of the frequency versus
wave number of four modes for several values of cyclo-
tron frequency. It is clear that in these figures for wave
number approximately greater than 0.45, the frequency for
(Xpp — X,,) and (Op, — X,,) modes increases with cyclotron
frequency, while decreases for (O, — Op,) and (X;,, — O,)
modes.

Figure 3a—d illustrates the phase velocity as a function
of frequency for different values of cyclotron frequency.
Figure 3a and d indicates that for (X, — X,,) and (O, — X,,)
modes, for f < 1.5 GHz the phase velocity decreases with
cyclotron frequency and for f> 1.5 GHz increases.
Figure 3b and ¢ shows that for (O, — O,) and (X, — O,,)
modes, for f< 1.4 GHz phase velocity increases with
cyclotron frequency and for f > 1.4 GHz decreases.

Figure 4a—d illustrates the frequency as a function of
wave number for different values of the plasma density. As
seen in these figures, the frequencies of all modes increase
with plasma frequency for 0.5 < k < 0.8.

Figure 5a—d illustrates the phase velocity as a function
of frequency for different values of the plasma density.
From the mentioned figures, it is clear that the phase

o
% @ Springer

velocity of four modes increases with the plasma density
for 1.3 GHz < f < 2.4 GHz.

Hot helix analysis

Considering the hot helix analysis of the system for a beam
voltage V, = 16 kv, beam current I, = 1.25A and beam
radius Ry, = lcm.

Figure 6 shows the frequency versus cyclotron fre-

quency for k= k/k, =0.5. As seen in this figure, the
frequency of all modes decreases with cyclotron frequency
for 0.0 < Q.. < 0.03. It is clear from Fig. 6 that the fre-
quency of (X,, — X,,) and (O, — X,,) modes increases with
cyclotron frequency and the (O, — O,) and (X, — Op)
modes decreases, for 0.04 < Q. < 0.12. The order
of frequency for four modes is wy_xy > wy_o > ®Wo_x >
Wo_o-

Figure 7a—d illustrates the phase velocity as a function
of frequency for different values of cyclotron frequency.
From Fig. 7a and d, the phase velocity of (X,, — X,,) and
(Op, — X,,) modes increases with the cyclotron frequency
for 0.8 GHz <f< 2.8 GHz and Fig. 7b and c shows
that the phase velocity of (O, — O,) and (X, — O,,)
modes decreases with the cyclotron frequency, for
1.9 GHz < f < 2.3 GHz.

The plot of the normalized frequency at k = 0.605 as a
function of plasma frequency is shown in Fig. 8. The fre-
quencies of all modes increase with plasma frequency and
the order of these frequencies is wy.x > wx.0 > Wo.x >
Wo_o-

Figure 9a—d illustrates the phase velocity as a function
of frequency for different values of plasma frequency. The
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Fig. 3 Variation of the
normalized phase velocity (V)
with frequency (f) for several
values of the cyclotron
frequency (£,.) for a (X;,, —
Xp)a b (Obp - Op)’ c (Xbp - p)a
d (O, — X,,). Parameters are
wp, =0.04, w, =0,y = 1.0,
and Q.. = 0.0, 0.08 and 0.09
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phase velocity of all modes increases with plasma
frequency.

The phase velocity as a function of plasma frequency at
f = 2.305 GHz is shown in Fig. 10. As shown in Fig. 10,
the order of the phase velocity is Vpnox > Vpno > Vpnx >
Vpnxo- This figure has good agreement with the simple
dispersion relation of electromagnetic wave propagation
inside the plasma that is, w* = k*c* + w,z, According to
this relation, the phase velocity of electromagnetic wave
inside the plasma is proportional to plasma frequency and
the plasma frequency increases the phase velocity.

The plot of the normalized frequency as a function of
beam—plasma frequency at k = 0.605 is shown in Fig. 11.
As seen in this figure, the frequency of (O, — O,) mode
with (O, — X,,) mode and (X,, — X,,) mode with (X, —
0,) mode approximately coincides with each other and
decreases and increases with beam density, respectively.
The order of the normalized frequency is wy.x > wy.o >
Wo-x > Wo-o-

The plot of the normalized phase velocity corresponding
to f = 2.34 GHz as a function of beam density is illustrated
in Fig. 12. The phase velocity of (X;, — X,,) with (X;, —
0,) modes and (Op, — O,) with (O, — X;,) modes
approximately coincides with each other. As shown in
Fig. 12, the order of the phase velocity is v,xx >
Vphx0 = Vphox = Vphoo-

The plot of the normalized frequency corresponding to
k =0.605 as a function of beam energy (y) is shown in
Fig. 13a and b. As seen in Fig. 13a, for 1.005 < y < 1.03,
the frequency of the (O, — O,) and (O, — X,,) modes
decreases with beam energy and for 1.03 <y < 1.1
increases. Also from Fig. 13b, for 1.005 < y < 1.06, the
frequency of the (X, —X,) and (X,, — O,) modes
increases with beam energy and for 1.08 <y < 1.1

o
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decreases. As shown in Fig. 13a and b, the orders of the
normalized frequency are: wy.x > wWx.0 > Wo.x > Wo_o-

The plot of the normalized phase velocity corresponding
to f = 2.34 GHz as a function of beam energy is illustrated
in the Fig. 14. Figure 14 shows that, the phase velocity is a
increasing function of the beam energy and remains con-
stant after y > 1.05. The order of the phase velocity is
Vphxx = Vphox = Vphxo = Vphoo for V> 1.05.

Dispersion relation analysis

Figure 15 shows the plot of the growth rate as a function of
frequency for all of the modes. As seen in the figure, the
growth rate and the frequency bandwidth of the (X, — O,)
mode are greater than the other modes.

The variation in the normalized maximum growth rate

((ImlE)MaX) and frequency of maximum growth rate (fyax)
with the cyclotron frequency for four modes are shown in
Figs. 16, 17, 18 and 19. It is clear from the Fig. 16 that, for

the (X,, — X,) mode the (Imk)y,,. and fi.x increase with
cyclotron frequency up to Q.. = 0.02 and remain relatively
constant thereafter. It is clear that at sufficiently strong
magnetic field, the electron motion will be effectively one
dimensional since the transverse motion of the electron
beam in the combined axial magnetic field and the RF
fields of the helix will be suppressed. It is noteworthy that
using plasma in the helix, not only the maximum growth
rate will increase, but also the frequency increases as well.
As seen in Fig. 17, for the (O,, — 0,) mode the (Imk)y,,
and fyax reach their highest value at Q. = 0.05. The
maximum growth rate and the frequency decrease with
increasing the cyclotron frequency and remain approxi-
mately constant after Q.. = 0.07. Figure 18 shows that for
(Xpp — O,) mode the maximum growth rate and the
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Fig. 4 Plot of the normalized
frequency (@) as a function of
the normalized wave number (12)
for several values of the plasma
frequency (w,) for a (X;, —
Xp)s b (Obp - p)’ c (th -
0,). d (Oy, — X,,). The
parameters are

w, =0,y=10, Q. = 0.06
and w, = 0.0, 0.02, 0.04, 0.06
and 0.08
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frequency are increasing function of €. and remain
relatively constant after Q. = 0.09. Figure 19 illustrates
that for (O, — X,) mode the maximum growth rate
and the respected maximum frequency have opposite
behavior. It is clear from this figure that maximum
gain and frequency are constant for . > 0.11. From
Figs. 16, 17, 18, and 19, one can conclude that the point
where the maximum growth rate and frequency becomes
constant is different for every mode. The angular rotation
velocity for infinitely long non-neutral plasma col-
umn confined radially by a uniform magnetic field given

by [4, 24] o = ch/zy{l + (1 —2w§/Q§e)1/2}. In the
presence of plasma or some positive ions laminar

by: cuf; =Q./2y
{1 +(1-2w/Q2,(1—f— ﬁi))l/z}. Here, f is the frac-

tional charge neutralization. The Brillouin flow in the case

rotation  frequency  expressed

of propagation in vacuum corresponds to Q. > /2w, /y/?
and in the presence of plasma; we should be rewriting
the right-hand side of the above equation as
2w% (1 —f— ﬁi) /7. In this case, there is no variation in the
axial velocity across the beam. There is a maximum pos-
sible radial variation in the axial velocity of the beam as the
axial magnetic field increases, chy% / V2w, — co. This
radial variation depends on the parameters of the beam and
plasma. According to the above equation, the angular
rotation frequency goes to zero as the magnetic field goes
to infinity.

The variation in the (Irnlg)Max and fy.x With the plasma
frequency for the four modes is shown in Figs. (20)-(23).
Figure 20 shows that for (X, — X,,) mode for w, < 0.04,
the maximum growth rate increases with plasma frequency
and the frequency of the maximum growth rate decreases
with plasma frequency. It is clear from the Fig. 20 that, for

o
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w, > 0.07, the maximum growth rate increases with
increasing plasma frequency and the frequency of the
maximum growth rate remains relatively constant.

Figure 21 shows that for (O, — O0,) mode, for
w, < 0.04, the maximum growth rate increases with
plasma frequency and the frequency of the maximum
growth rate decreases. It is clear from Fig. 21 that for
, > 0.1, the maximum growth rate increases with plasma
frequency and the frequency of the maximum growth rate
remains relatively constant.

Figure 22 shows that for (X;, — O,) mode for w, > 0.1,
the maximum growth rate increases with the increasing
plasma frequency and the frequency of maximum growth
rate remains relatively constant. Figure 23 shows that for
(Opp — X,,) mode the behaviors of the variation of the

(Imlg)Max and fy.x With increasing plasma frequency are
the same as each other. The highest values of the growth
rate and the frequency are at w, = 0.06. The presence of
plasma strongly increases the growth rate. The presence of
plasma should increase the growth rate of the electro-
magnetic wave. The growth rate is proportional to the
Pierce gain parameter known in the theory of TWTs

C = (ZL /4Vb)1/ 3. Where, I, is the electron beam current
and Z is the coupling impedance of electrons to the wave,
which depends on the transverse structure of the wave in
the beam region. The coupling impedance of solid electron
beam in the presence of plasma can be much larger than the
vacuum case [25]. On the other hand, presence of plasma
leads to higher field concentration inside the helix than
outside.

Figure 24a shows the comparison between the maxi-
mum growth rates of the four modes as a function of the
plasma frequency. It is clear that the behaviors of the
(Xpp — X,,) with (X, — O,) modes and (O, — O,) with
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Fig. 5 Variation of the (a) 034 T T T T T T
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(Opp — X,,) modes approximately have similar behavior.
As seen in this figure, for w, <0.02, all the modes
approximately have an equal maximum growth rate. It is
clear that for w, > 0.04, the maximum growth rate of
(Op, — X,,) mode is greater than the others.

Figure 24b shows the comparison between the maxi-
mum frequencies of the four modes as a function of the
plasma frequency. It is clear that the behaviors of the
(Xpp — X,,) with (X, — O,) modes and (O, — O,,) with
(Opp — X,,) modes approximately have similar behavior.
The variation in the normalized growth rate and the fre-
quency of the maximum growth rate with the beam—plasma
frequency for the all modes are shown in Figs. 25, 26, 27,
and 28. Figure 25 shows that for (X, — X,) mode, for
oy, < 0.0125, the maximum growth rate increases with
beam density and the frequency of the maximum growth

rate remains relatively constant. It is clear from the figure
that for w, > 0.0225, the maximum growth rate and the
maximum frequency have the opposite behavior.

Figure 26 shows that for (O, — O,) mode, the maxi-
mum growth rate has a maximum value at @, = 0.025. As
seen in this figure for w, > 0.025, the maximum growth
rate decreases and the maximum frequency remains rela-
tively constant.

Figure 27 shows that for (X, — O, mode for
wp < 0.0225, the maximum growth rate increases and the
maximum frequency decreases as the wj, increases. As seen
in this figure for w; > 0.03, the maximum growth rate and
the maximum frequency remain relatively constant.

Figure 28 shows that for (O,, — X,) mode, for
wy, > 0.015, the maximum growth rate increases and the
maximum frequency remains approximately constant. The

Fig. 6 Plot of the normalized T
frequency (@) as a function of
the cyclotron frequency (€..)
for k = 0.5. The parameters are
w, = 0.04, w, = 0.04,

y = 1.03122
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Fig. 7 Variation of the
normalized phase velocity (V)
with frequency (f) for several
values of the cyclotron
frequency (£,.) for a (X;,, —
Xp)s b (Obp - p)v ¢ (Xbp -
0,), d (Op, — X,). The
parameters are w, = 0.04,

wp = 0.04, y = 1.03122, and
Q.. = 0.04, 0.08 and 0.1
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efficiency of a plasma-filled device estimated in the same
way as for vacuum Cherenkov device [26]. The electron

efficiency is 1 22 (y + 1)/24/(y2 — 1)C, and for low-volt-
age devices described by 5 = (v/V,ZI,)"/>. The effect of
beam energy and current is to increase the efficiency of
device.

Figure 29 shows the comparison between the maximum
growth rate of the four modes as a function of w,,. It is clear
that the behaviors of the (X;, — X,,) and (X;, — O,) modes
as a function of w, are the same as well as the behavior of
the (Op, — O,) and (O, — X,,) modes. As seen in Fig. 29
for w;, > 0.0125, the maximum growth rate of (O, — O,)
mode is higher than the others. Figure 30 shows the com-
parison between the maximum frequency of the four modes
as a function of the w,. It is clear that the behaviors of the

(Xpp — X,,) and (X, — O,,) modes as a function of w,, are
the same as well as the behavior of the (0,, — O,) and
(Op, — X,,) modes. As seen in Fig. 30 the maximum fre-
quency of (X, — X,,) mode is higher than the others.

The variation in the normalized maximum growth rate
and frequency of maximum growth rate with the beam
energy effect for the four modes are shown in Figs. 31, 32,
33, and 34. As seen in Fig. 31, the maximum frequency
remains relatively constant as the beam energy increases.
Figure 31 shows that the highest value of the maximum
growth rate occurs at a special value of beam energy.
Figs. 32, 33 and 34 show that the maximum growth rate
and frequency are constant for y > 1.03, y > 1.01 and
y > 1.015, respectively. It is consistent with Fig. 14 where
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Fig. 9 Variation of the (a) T T T T T T T T
normalized phase velocity (V) oo, f{)p=0-08
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Fig. 9 continued

Fig. 10 Plot of the normalized
phase velocity (V) as a
function of the plasma
frequency (w,) for

f = 2.305 GHz. The parameters
are Q., = 0.04, w, = 0.04,

y = 1.03122

Fig. 11 Plot of the normalized
frequency (@) as a function of
the beam—plasma frequency
(wy) for k = 0.605. The
parameters are

Q.. = 0.04, w, = 0.011,

y = 1.03122
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Fig. 12 Plot of the normalized 03 T T T T o
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Fig. 14 Plot of the normalized
phase velocity (V,;) as a
function of the beam energy (y)
for f = 2.34 GHz. The
parameters are Q. =

0.04, w, = 0.011, w, = 0.01

Fig. 15 The plot of the growth

rate (Imk) as a function of
frequency (f) for all of the
modes. The parameters are
y = 103122, v, =

0.011, wp = 0.01 and

Q. =0.11

Fig. 16 The variation in the
normalized maximum growth
rate ((Imlg)Max) (solid line) and
frequency of maximum growth
rate (fuax) (dashed line) with the
cyclotron frequency (Q,.) for
the (X, — X,,). The parameters
are y = 1.03122, w, = 0.011,
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Fig. 17 The variation in the
normalized maximum growth
rate ((Imk)yy,,) (solid line) and
frequency of maximum growth
rate (fyax) (dashed line) with the
cyclotron frequency (£2,.) for
the (Op, — O,). The parameters
are y = 1.03122,

w, = 0.011, w, = 0.01

Fig. 18 The variation in the
normalized maximum growth
rate ((Imk)y,,,) (solid line) and
frequency of maximum growth
rate (fyrax) (dashed line) with the
cyclotron frequency (£2..) for
the (X, — Op). The parameters
are y = 1.03122, w, = 0.011,
w, = 0.01

Fig. 19 The variation in the
normalized maximum growth
rate ((Imlg)Max) (solid line) and
frequency of maximum growth
rate (fuax) (dashed line) with the
cyclotron frequency (,.) for
the (O, — X},). The parameters
are y = 1.03122, w, = 0.011,
w, = 0.01
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Fig. 20 The variation in the
normalized maximum growth
rate ((Imk)yy,,) (solid line) and
frequency of maximum growth
rate (fyax) (dashed line) with the
plasma frequency (w),) for the
(Xpp — X,,). The parameters are
y = 1.03122, Q.. = 0.04 and
w, = 0.04

Fig. 21 The variation in the
normalized maximum growth
rate ((Imk)yy,,) (solid line) and
frequency of maximum growth
rate (fuax) (dashed line) with the
plasma frequency (w),) for the
(Opp — 0O,,). The parameters are
y = 1.03122, Q.. = 0.04 and
w, = 0.04

Fig. 22 The variation in the
normalized maximum growth
rate ((Imk),,,) (solid line) and
frequency of maximum growth
rate (fyvax) (dashed line) with the
plasma frequency (w),) for the
(Xpp — Op). The parameters are
y = 1.03122, Q.. = 0.04 and
wp = 0.04
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Fig. 23 The variation in the
normalized maximum growth
rate ((Imk)yy,,) (solid line) and
frequency of maximum growth
rate (fyax) (dashed line) with the
plasma frequency (w),) for the
(Opp — X,). The parameters are
y = 1.03122, Q.. = 0.04 and
w, = 0.04

Fig. 24 Comparison between
the a normalized maximum

growth rate ((Tmk)yy,,)s

b frequency of maximum
growth rate (fyr,x) of the four
modes as a function of the
plasma frequency, w,,. The
parameters are

y = 1.03122, Q.. = 0.04 and
w, = 0.04
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Fig. 25 The variation in the normalized maximum growth rate ((Imlg)Max) (solid line) and frequency of maximum growth rate (fyr.x) (dashed
line) with the beam—plasma frequency (w;) for the (X;, — X,). The parameters are y = 1.03122, Q.. = 0.04 and w, = 0.011
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Fig. 26 The variation in the normalized maximum growth rate ((Imlg)Max) (solid line) and frequency of maximum growth rate (fyr.x) (dashed

line) with the beam—plasma frequency (w,) for the (O, —
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Fig. 29 Comparison between 007 T T T T T
the normalized maximum -
growth rate ((Imk)y,,) of the Xep-Xp O
four modes as a function of the 0.06 | Xip-0p * - -
beam—plasma frequency, .
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the phase velocities of all modes are constant as the beam
energy increases.

Conclusions

Now, we can summarize the specific results of this project
as follows.

1. 1In cold helix analysis, increasing in cyclotron fre-
quency values, increases the normalized oscillation

et
‘ﬁ @ Springer

frequency () and normalized phase velocity (V) for
(Xpp — X)) and (Op, — X,,) modes while decreases @
and v, for (O, — O,) and (X;, — O,) modes.

In cold helix analysis, increasing in plasma frequency
values, increases the normalized oscillation frequency
(w) and normalized phase velocity (V) for all of the
four modes.

In hot helix analysis, in special value of k the
normalized frequency of all four modes for
0.0 < Q., < 0.03 decreases and for higher values of
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Fig. 31 The variation in the
normalized maximum growth
rate ((Imk)yy,,) (solid line) and
frequency of maximum growth
rate (fyax) (dashed line) with the
beam energy (y) for the (X;, —
X,). The parameters are

Q.. = 0.04, w, = 0.04 and

w, = 0.1

frequency. The order of the phase velocity as a
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Fig. 32 The variation in the 09 T T T T T T T T 09
normalized maximum growth
rate ((Imlg)Max) (solid line) and I — S - G G- F—F S K7
frequency of maximum growth DB Ve 108
rate (fyrax) (dashed line) with the
beam energy (y) for the (O, — 07L o7
Op,). The parameters are ' '
Q.. = 0.04, w, = 0.04 and
w, = 0.1 06} =406
i 05} Hos
vy fna)
E Max
< o4} 40.4
03F 403
0.2+ —40.2
0.1 1 1 L 1 1 1 1 1 0.1
1 1.01 1.02 1.03 1.04 1.05 1.06 1.07 1.08 10
it
Q. the (X, —X,) and (O, — X,) modes are function of plasma frequency is Vp,ox > Vpno >
increase and (O, — O,) and (X, — O,) modes VphX > Vphxo-
decrease. Increasing in the cyclotron frequency 5. Inhot helix analysis, the normalized phase velocity of
increases the phase velocity of (X, — X,) and the (X, — X,,) and (X;, — O,) modes approximately
(Op, — X,) modes and decreases the phase velocity coincides and increases as the ), increases, while the
of (Op, — 0,) and (X;,, — O,) modes. modes (O, — O,) and (O, — X,,) coincide with
In hot helix analysis, all of the four modes increase as each other and approximately stay constant as the w,,
the plasma frequency increases. As seen in these increases.
figures, the phase velocity is a decreasing function of 6. The phase velocity of all four modes in f = 2.34 GHz

is increasing function of the beam energy and

% @ Springer
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Fig. 33 The variation in the 1 T T T T T T 1
normalized maximum growth
rate ((Imk)yy,,) (solid line) and asl Jos
frequency of maximum growth
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Fig. 34 The variation in the 1.1 1.1
normalized maximum growth v
rate ((Imlg)Max) (solid line) and i
frequency of maximum growth r i &
rate (fuax) (dashed line) with the i
beam energy (y) for the (O, — a9k i loo
X,,). The parameters are ' i '
Q.. = 0.04, w, = 0.04 and ;
@p =01 08F @ Ve g g T R s 08
= o7l¥ Lo.7
é fiGHz)
~ Max
06 r0.6
05+ r0.5
04F : ’\v \ r0.4
1

remains constant after y > 1.05. The order of the
phase velocity is V,uxx > Vpnox > Vpnxo > Vpnoo for

y > 1.05.

1
1 1.01

1 1 1 1 1
1.02 1.03 1.04 1.05 1.06 1.07 1.08
Y

frequency, ), shows that the behaviors of the (X;, —
X,) and (X,, — O,) modes approximately are the
same and the (Op, — O0,) and (O,, — X,,) modes have

7. One can conclude that the cyclotron frequency where

the maximum growth rate and frequency becomes
constant is different for every mode.

The comparison between the maximum growth rates
of the four modes as a function of the plasma

ﬁ @ Springer

similar behavior. As seen in this figure, for w, < 0.02,
all the modes approximately have an equal maximum
growth rate.

The comparison between the maximum growth rate
of the four modes as a function of w;, shows that
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10.

Open Access

the behaviors of the (X, — X,) and (X, — O,)
modes as a function of w; are the same as well as
the behavior of the (0, — 0,) and (O, — X))
modes.

The maximum growth rate and frequency are constant
for, y > 1.03, y > 1.01 and y > 1.015, respectively.

This article is distributed under the terms of the

Creative Commons Attribution License which permits any use, dis-
tribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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