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Abstract

PACS: 52.25-Xz, 52.55-5, 28.52-5

Different forms of the well-known Grad-Shafranov (G-S) equations that define the equilibrium behavior of tokomak
plasma have been already obtained. None of these equations contain explicitly the triangularity 6 and the
elongation ratio k;. The aim of this work is to obtain a new form of G-S equation which includes both the
triangularity and the elongation ratio. For verifying the correctness of the obtained equation, the triangularity is set
to 0, which leads to a G-S equation for circular cross section. Also, the magnetic field and current density obtained
from this new G-S equation is reduced to the quantities already derived for circular cross section.
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Introduction

Tokomaks are axisymmetric devices with toroidal and
equilibrium (also called poloidal) fields. There are four basic
magnet systems in the tokomak: (1) the toroidal field coils,
which produce the large toroidal field; (2) the ohmic trans-
former, which induces the toroidal plasma current required
for equilibrium and ohmic heating; (3) the vertical field
system, which is required for toroidal force balance; and (4)
the shaping coils, which produce a noncircular cross
section to improve the magnetohydrodynamic (MHD)
stability limits and alleviate plasma-wall impurity problems.

In this device, the plasma current itself also produces
the required poloidal field for equilibrium. Toroidal field
is used besides the ohmic heating of plasma for suppres-
sing MHD instabilities and will be strong enough to
confine the hot plasma.

This toroidal field is produced by external electric cur-
rents flowing in coils wound around the tours. Superim-
posed on the toroidal field is a much weaker poloidal field
generated by an electric current flowing in the plasma
around the tours, so the plasma forms the secondary
circuit of a transformer. Today, most tokomaks have an
elongated cross section. The reason for using an elongated
cross section comes out essentially from problems that are
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related to MHD instabilities like kink and ballooning in-
stabilities [1-4]. In this paper, the main advantage of using
an elongated D-shaped cross section is discussed.

In the section ‘Derivation of G-S equation in the new
approach, G-S equation including the effect of elong-
ation ratio and triangularity is derived, and in the section
‘Reduction of new G-S equation to the simple case of
circular cross section, the reduction of the obtained
equations to the case of circular cross section is shown
as a justification. Finally, in the ‘Conclusions’ section, a
brief conclusion will be given. A schematic view of a
tokomak is shown in Figure 1.

Derivation of G-S equation in the new approach

First of all, using relations between geometrical parameters
on an elongated tokomak, the partial differential equation
between these parameters is obtained. Using these rela-
tions, the new G-S equation, magnetic field, and the
current density are obtained. The basis of the paper relies
on the local and cylindrical coordinates as follows [5,6]:

R = Ry + rcos(0 + dsinb) (1)
and

Z = rkssin0 (2)
where Ry and r are respectively the major and minor radii,

and 0 is the angle between r and the direction of the major
radius.
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Figure 1 A schematic view of a tokomak.
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Substituting 6 = sin ! (é) from Equation 2 in Equa-

tion 1, one can get

_ 1 2) + 02
R=Ry+r cos (sm (rks> + rks) (3)

Differentiating both sides of Equation 3, we have

— cos(sin 1 (2] + %2
dR = cos <sm (r ks) + rks)
—r i sin”! z fﬁ sin( sin~! Z +% dr
dr rks )"2/(3 Vks rks
(4)

We use a new variable ¢, = sin~! (ﬁ), for which we

will have

d z sinf
ro_ 7 e N el I
A= (sm (rks)> r cost 5)

Substituting Equations 5 and 2 in Equation 4, we get

or 1
OR ~ cos(0 + Osinf) + [tand + Ssinblsin(6 + Ssinb)
= My (6)

(6)

Equation 3 can be rearranged in the form of

r

—cos(sin 1 (2] 4+ Z) _R=Ro _
F(r,z)—cos(sm (rks>+rks> =0 (7)

If we derivate Equation 7 with respect to r and use
Equations 1, 2, 5, and 6, we find

1
F =
" VMI(G)

(8)

Similarly, by taking the derivative of Equation 7 with
respect to Z, the following result will be achieved:

F/ — _¢f i1 E + 6£ i a1 £ + i
2 T TS s rks rks ) |dz s ks ks
9)

Again, using ¢, = sin! (i) and ', =4 (si;f1 (%))

we arrived at:

M, (6
F, = —%S) where M,(0)
1
= | sin(0 + dsinf)|—+ 46 10
<sm( + Jsin )Los0+ }) (10)
From Equations 8 and 10, one can get
or  M;(0)M,(0)
D A A 11
0z ks (11)
The following relation has been used in the past step:
% =— 1;—’} . For obtaining partial differentiations of 6 with
y

respect to R and Z, both sides of Equation 1 should be
divided by Equation 2 so that we find

(12)

cos(0 +sinf) . (R— Ry
sin6 U\ Z
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Differentiation of Equation 12 with respect to R
results in

96 _ Ni(6) ,where N;(0)

oR ”»
e , (13)
(cos(8sin8) + 3 sin26sin(6 + Ssind))

In the same manner, differentiation of Equation 12
with respect to Z will give

96 _ Na(6) ,where N5 (0)

o0Z ik
B cos(0 + 0sin0) (14)
B (cos(8sin) + & sin26sin(0 + dsinb))

Using Equations 6, 11, 13, and 14, the partial differen-
tial equations for an elongated cross section can be writ-
ten as follows:

ol o Ni(6)o Kl
My 2(0) 0 2(0) 9 _
- L ok a8 felnd) (15)

where Ki(r,0) and K,(1,0) are operators in terms of r
and 6.

In the cylindrical coordinates, G-S equation, magnetic
fields, and current densities are given (1,2) as

o [1oy\ J*w , dP dF
(=) = R F 1
RS (R 8R> o7z = MR g F gy (16)

Br="Raz’ Z_RaR’B¢_<az aR> (17)
R™ 7 wR 9z~ uyR R’

1 (oBr OB
— <R _ Z> (18)
o \OZ IR
Substituting Equation 15 in Equation 16, the G-S

equation for an elongated cross section is obtained
where L(r, 0) = R = Ry + r cos(0 + & sin 0):

10,00 (T ) ) + (Bl 00

dp _1dr?
dy 2 dy

= —uoL?(r,0) (19)

The relations between local and cylindrical coordinates
for magnetic fields are given by

B, = Brcos(6 + dsinb) + Bysin(6 + dsinf) (20)

By = —Bgsin(0 + dsinb) + Bzcos(0 + Jsinbd) (21)
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Also in the cylindrical coordinates, the magnetic field
components are defined as [5,6]

g Lov 1oy

RZ % T ROR (22)

Using Equations 15, 17, 20, 21, and 22, it will be easy
to find magnetic fields for an elongated cross section:

cos(0 + dsinf)
- L(r,H)

sin(6 + Jsind)
L(r,0)

B, - Ka(r,0)(y)

Ki(r,0)(y) (23)

o= Kl o))
cos(0 + Jsind) K (r.0)(y)

L(r,0) (24)

The relations between local and cylindrical coordinates
for current densities are

J» = Jrecos(0 + 8sinf) + Jzsin(6 + Jsind) (25)

Jo = —Jrsin(0 + 0sinf) + Jzcos(0 + Jsind) (26)

Also in the cylindrical coordinates, the current density
components are defined as [5,6]:

10B; . 1 9RBy

S P it 27
Jk MOGZ’Z HoR OR (27)

Using Equations 15, 25, 26, and 27, one can find the
current density components for an elongated cross sec-
tion as follows:

Jr = ;loL(lh gy (sinBKi(r. 6) — cosbKa(r. 8)) (L(r. 6)By)
(28)
1 ,
Jo = m (cosOK (r, 0) + sinOKy(r, 9))@(”7 6)347)

(29)

The following step is taken to obtain the toroidal
component of the current density:

Br = B,cos(6 + dsin) — Bgsin(0 + dsinf) (30)

By = B,sin(0 + 6sinf) + Bgcos(0 + Jsinb) (31)
1 (0By 9By

Jo = (ﬁ W) (32)
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Thus, using Equations 15, 30, 31, and 32 leads to the ) ) 1
toroidal component of the current density for an elon- My(0) = <S””(9 + dsind) {a + 5}) (43)

gated cross section:

in6
1 ‘ ‘ ’ N(O) = — sin
Jp = tho [Ky(r, 0)(Brsin(6 + dsin)) + Bgcos(6 + dsind)) 10) (cos(8sind) + L sin20sin(6 + sind))
0
— Ky (r, 0)(B,cos(6 + dsinb) — Bysin(6 + dsinb))] (44)
(33)
cos(6 + Jsinb)
Here, we summarize all equations governing tokomaks N>(0) = (cos(Bsind) + g sin20sin(6 + 5sin9)) (45)
with an elongated cross section:
Ki(r,0) 5 Reduction of new G-S equation to the simple case of
L(r, 0)Ky(r,0) L(r.0) (¥) + (Ka(r,0))"(v) circular cross section
dP7 1 dE? Now, we are in a stage where we can prove the correct-
= —uoL*(r, )w - EW (34)  ness of Equations 34 to 39. For this, the triangularity is
set to 0 (knowing that in this case the elongation ratio is
unity) in Equations 34 to 39, which reduces the results
cos(0 + dsinf to equations for circular cross section:
B = OO0 v o) .
L(r,0)
20n(8 £ 059) ki (. 6)(w) (35) 1o 2) 12
(r,6) ror \ or r296° 4
sin(6 + dsinf) _ 1 gi _Sinf o
0= T Ine) Ky(r,0)(y) (Ro + r cosH) O T T 90 )
cos(6 + dsinb) dpP dr
——=F — Rl =il
10.6) K1 (r,0)(y) (36) = —po(Ro + 1 cost) v Fdl//
(46)
I, = sinbK; (r, 0) — cosOK,(r,0))(L(r,0)B
#oL(r,G)( 1(,6) 2 E) (L(r. ©)5) p_ Loy o 1dy "
67 P moe T Ror 7)
1 1 0RB, 1 9RBy
=—————(cosOKk inok L(r,0)B Jr=— =i Jo = = o).
Jo L) (cosOK(r, 0) + sinbK(r,0))(L(r,0)Bg) LoRr 90 woR or e
(38) 13(rBe) 105, (48)
roor r a6
1 )
Jp =— |Ki(r, 6)(B,sin(0 + dsinf) + Bgcos(6 + sind)) Kl _ 9 %i
o R~ % % (49)
— Ky(r, 0)(B,cos(0 + dsinf) — Bysin(0 + Jsinf))
39 D g w00
oz~ ""oarT Ty 96 (50)
9 = M, (6) 9 + N.(6) 9 = K,(r,6) (40) Setting § = 0 and ks = 1 in Equations 42 to 45 leads to
oR or r o the following equations:
3 MU(O)Mx6) D Ny(6) D
— = — — =K 41 M;(0) = cosO
oz ko ok ap en® () 1(8) = cos
M,(0) = tan6
1
m1(0) Ny (6) = —sinf

B cos(6 + dsinb) + [tan6 + Ssinb]sin(0 + dsinb)
(42) N, (0) = cosO
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Substituting the obtained results in the partial differ-
entiations of Equations 40 and 41 leads to

) o sinf o
ﬁ—C0S6577£—1<1(7’,0) (51)
d . 0 cosf 0
i:smﬁg—kT@—Kz(n@) (52)

Also, substituting Equations 51 and 52 in Equations 34
to 39 leads to

10 9 +182(
23 \"3r) TragE )W

1 d _sin@ d

~ (Ro+r cos) OVar T%) v)
3 ,dP dF
= —uy(Ro +r cos) v ay
(53)
_loy . loy
"7 R0’ Ror (54)
1 3RB, . 1 3RB,
Jr = uoRr 30 7’ uR or Hols
_ la(ng) . 1 aB, (55)

r or raof

The comparison of Equations 46 to 50 with Equations 51
to 55 respectively shows the reduction of partial differen-
tial and G-S equations, magnetic fields, and current dens-
ities from an elongated cross section to a circular one.

Conclusions

In this paper, new formulae are obtained for partial
differential and G-S equations, magnetic fields, and
current densities that are special on elongated cross
section. Thus, with these new formulations, one can
easily understand the effect of the elongation ratio on
tokomak parameters like magnetic fields and current
densities. Furthermore, solving the G-S equation with
this new formulation, the exact solution for the mag-
netic surfaces of the tokomak plasma with elongated
cross section is obtained. Obviously, with this infor-
mation one can easily plot the real magnetic surfaces
of the elongated tokomak.
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