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In this paper, we investigate two of the analytical approximate techniques, energy balance method and
amplitude-frequency formulation, and these approximate techniques are applied to solve the strongly nonlinear
differential equation of a mass attached to the center of a stretched elastic wire. We present a comparative study
between the energy balance method and amplitude-frequency formulation with exact solution. The approximate
results reveal that these methods are very effective and convenient for determining the frequencies of nonlinear
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Introduction

Nonlinear phenomena play important roles in applied
mathematics, physics and also in engineering problems
in which each parameter varies depending on different
factors. Solving nonlinear equations may guide authors
to know the described process deeply and sometimes
leads them to know some facts which are not simply
understood through common observations. Moreover,
obtaining exact solutions for these problems is a great
purpose which has been quite untouched.

With the rapid development of nonlinear science,
many different methods were proposed to solve various
nonlinear problems, such as perturbation method,
homotopy perturbation method, energy balance method,
amplitude-frequency formulation, variational iteration
method, variational approach method, etc. [1-16].

In this paper, we investigate two of the analytical ap-
proximate techniques, energy balance method and
amplitude-frequency formulation, and these approximate
techniques are applied to solve the strongly nonlinear
differential equation of a mass attached to the center of
a stretched elastic wire (Figure 1).
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The differential equation of this dynamical system is in
the following form [1]:

2
%u(t) -2 o o<aa, ()
g 1+ u(t)
with initial conditions [1]:
u(0) = 4,2 (o) 2)
A

This system oscillates between symmetric bounds [-A, A],
and its angular frequency and corresponding periodic
solution are dependent on the amplitude A.

In this paper, our main purpose is to present a com-
parative study between the energy balance method and
amplitude-frequency formulation with exact solution.

The description of energy balance method
In this section, we consider a general nonlinear oscillator
in the following form [2]:

d2

E”(t) +f(u(t)) =0, (3)
in which « and ¢ are generalized dimensionless displace-
ment and time variables, respectively. Its variational
principle can be easily obtained:
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Figure 1 The oscillation of a mass attached to the center of a stretched elastic wire [1].
J
tf 1 d 2 _
Ju(t) = |, [-5 - ul0)” + Fu(t)) |dt, (4) o  [PEA)-F(Acos(wt))] (10)
A?sin®(w t)

where T = 27r/w is the period of the nonlinear oscillator,
F(u(t)) = | fu(t))du. Its Hamiltonian can be written in
the following form:

AH = Eu(tﬁ + F(u(t)) = F(A) (5)
1d .,
R(t) =5 - u(t)” + F(u(t)~F(A) = 0. (6)

Oscillatory systems contain two important physical pa-
rameters, the frequency » and the amplitude of oscilla-
tion, A. So let us consider such initial conditions:

2 40) =0, (7)

u(0) = A’dt

We use the following trial function to determine the
angular frequency w:

u(t) = Acos(wt). (8)

Substituting Equation 8 into Equation 6, we obtain the
following residual equation:

R(E) = %Azwz sin( ¢) + F(Acos(e £))~F(4) = 0. (9)

If by chance the exact solution had been chosen as
the trial function, then it would be possible to make
R zero for all values of ¢ by appropriate choice of w.
Since Equation 8 is only an approximation to the exact
solution, R cannot be made zero everywhere. Collocation
at ot = 71/4 gives

Its period can be written in the following form:

2
T = i . (11)
2[F(A)-F(Acos(w t))]
A?sin(w t)

Therefore, we can obtain the following approximate
solution:

u(t) = A cos (\/Z[F(A)—F(A cos(w t))] ~t> .

A?sin’(w t)

(12)

The description of amplitude-frequency formulation
In this section, we consider a generalized nonlinear
oscillator in the following form [3]:

2

d
& ult) + £ (alt)) = 0, (13)
with initial conditions:
0) = A, L) =0 (14)
u(0) = A, u(0) = 0.

For solving nonlinear differential equation by means of
amplitude-frequency formulations, we use two trial
functions in the following form:

u (t) = Acos(w t) (15)

and
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Table 1 Comparison of the approximate frequencies with the exact frequencies when A = 0.1

A Energy balance method Amplitude-frequency formulation Exact solution
0.1 0.948880 0.948880 0.948881
1 0.961360 0.961106 0.961098
10 0.994166 0.993715 0993713
100 0.999414 0.999363 0.999364

Uy(t) = Acos(wy t 16 n

(1) (w21) (16) ZAi cos(w; t)
The residuals are i (t) = l:i . w(t)
R (t) = -Acos(w; t) +f(cos(w; t)) (17) ZB/ cos(w; t)
=1
and Ui
ZA,- cos(Q; t)
Ry(t) = —~Aw,? cos(wy t) + f( cos(wy t)). (18) = (23)

The original frequency-amplitude formulation reads

2 2
2 W1 Rz(t)—(x)z Rl(t)
= . 19
® Ry-R, (19)

He used the following formulation [3]; Geng and Cai
improved the formulation by choosing another location
point [4]. In other words, He solved the problem at the
point zero, and they discussed at 7z/3, and by this work,
they improved the method.

2 w12R2(w2 t = 0)—(:)22R1(O)1 t = 0)
W =

20
Ry-R, (20)

This is the improved form by Geng and Cai:
wz _ 0)12R2 (602 t= %) —6022R1 (601 t = %) . (21)

Ry—R;

By considering cos(wf) = cos(w,t) = k and substituting
the obtained w into u(t) = cos(wt), we can obtain the con-
stant k in »” equation in order to have the frequency with-
out irrelevant parameter. To improve its accuracy, we can
use the following trial function when they are required:

u (t) = i:Ai cos(w; t), up(t) = i:Ai cos(Q; t),
(22)

Oor we can use

= n
Z B cos (Qj t)
=1

However, in most cases because of the sufficient accur-
acy, trial functions are as follows and just the first term:

u (t) = Acost, uy(t)

=acos(wt)+ (A-a) cos(3w t) (24)

and

A(l+c¢)cos(wt)

u (t) = Acost, uy(t) = 1+ ccos(2w t)

, (25)
where a and ¢ are unknown constants. In addition, we
can set cos(f) = k in u,(£) and cos(wt) = k in uy(2).

The application of energy balance method for the
nonlinear oscillator

In this section, we consider the nonlinear equation in
the following form [1]:

2
%u(t) fu-—2MD o g<a<l, (26)
t 14 u(t)
with initial conditions [1]:
0) =4, 2 u(0) =0 (27)
u ,dtu =

Table 2 Comparison of the approximate frequencies with the exact frequencies when A = 0.5

A Energy balance method Amplitude-frequency formulation Exact solution
0.1 0.708424 0.708423 0.708423
1 0.788075 0.786524 0.786171
10 0.970480 0.968168 0.968102
100 0.9997067 0.996813 0.996812
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Table 3 Comparison of the approximate frequencies with the exact frequencies when A = 0.75
A Energy balance method Amplitude-frequency formulation Exact solution
0.1 0502788 0.502787 0.502786
1 0.656958 0.654164 0652771
10 0.955378 0.951854 0.951696
100 0.995597 0.995215 0.995214
For this problem,
204 + 247 40\/1 + A?
A-u(t) o = \[1+——5————5— (34)
Flu(®)) = u(t)-—===— (28)
14+ u(t)

and Its period can be written in the following form:

F(u(t)) = %u(t)z—)m/l +ule). (29)

Its variational principle can be easily obtained:

J(u(t)) = jf) <-% .%u(tf + %u(t)z—M/l + u(t)2> dt.
(30)

Its Hamiltonian, therefore, can be written in the fol-
lowing form:

1 d 2 1 2 2
AHfi %u(t) +§u(t) A/ 1+ u(t)
_% 2 V1 + A? (31)
RU) = - u(e)?
+ %u( V-1 + u(t)z—%Az
+ V142
= 0. (32)

Substituting Equation 8 into Equation 32, we obtain
L2 a2 Lo 2
R(t) = EA ®” sin®(w t) +§A cos”(w t)-.

1
A/1 —l—Azcos2(cot)—§A2 +AW1+A%2=0

If we collocate at wt = 77/4, we obtain the following re-
sult:

(33)

Tegm =

(35)

The exact period is [1]

\/ 2M/4+ 41447
A

2

4 21
T Eract = 4}3 <1 / \/ 1- N EYCE—y AZ) dt.
+ sin“t + —+

(36)

The application of amplitude-frequency formulation for

the nonlinear oscillator

In this section, we consider the nonlinear equation in

the following form [1]:

d? Au(t

aule) + ule)-

with initial conditions [1]:

) =0 , 0<As<l, (37)

1+ u(t)?

For small values of A, we can write

1
14 u(t)?

- 1—%u(t) .

: (39)

We can write nonlinear equation in the following

form:

Table 4 Comparison of the approximate frequencies with the exact frequencies when A = 0.95

A Energy balance method Amplitude-frequency formulation Exact solution
0.1 0.231391 0231388 0231367
1 0529168 0.524765 0520335
10 0.943122 0.938597 0.938333
100 0.994420 0.993936 0.993934
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-1

| o Energy Balance Method =« Amplitude Frequency Formulations —— Exact Soluttun|

Figure 2 Comparison of energy balance method and amplitude-frequency formulation with exact solution when A =1, A = 0.1.

d2

1 3
Tu(t) + (1-D)u(e) + Ju(t)’ =0 (40)

by using two trial functions in the following form:

uy(t) = Acos(t) (41)
and

uy(t) = Acos(w t). (42)

For Equation 40, we obtain the following residuals:

Ry (t) = -MAk + %)LASk?’. (43)

By simple calculation, we obtain
1
Ry(t) = -3Ak-LAk + E)LA3k3. (44)

With considering cos(w;t) = cos(w,t) = k, we have

s W1°Ry-wy’Ry
=T RoR (45)

»  —BAk-MAk 4+ 3AA’KP-0? (-AAk + FAA’KY)
 (-34k-LAk + 12433 ) - (-AAk + 1A%K)
(46)

-1 -

| o Energy Balance Method = Amplitude Frequency Formulations

Exact Solution |

Figure 3 Comparison of energy balance method and amplitude-frequency formulation with exact solution when A = 1, A = 0.5.
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Figure 4 Comparison of energy balance method and amplitude-frequency formulation with exact solution when A = 1, A = 0.75.

Therefore, we have The right side of Equation 49 vanishes completely:
— Ly 22 (1 272 1 3
warr = 4/ 1-1 + EAA k- (47) B= jo EAA k u(t)—E/lu(t) (cos(w t))dt
We can rewrite u(t) = A cos(wt) in the following form: =0, T= 2 (50)
®

u(t) = Acos (\ [1-A+ ;AAzl(zt) . (48)

B, = J‘g (;AA2k2A cos(w t)) (cos(w t))dt

We can rewrite the main equation in the following 1. 4,7
form: = EAA k 4 (51)
’ L2
—u(t) + | (1-1) + AAK" |u(t z
i i) <( )1 2 ) ®) Bz:Io(—%/l(Agcosg(wt))(cos(wt))dt=-%Mﬁ?—z
iy a2 3
= 2/1A k= u(t) 2)Lu(t) . (49) (52)

o
0.5 4 o
o
o
u(t)
0 T
10
t(sec)
-0.5
-1 | 1 |
| o Energy Balance Method = Amplitude Frequency Formulations —— Exact Sulutionl

Figure 5 Comparison of energy balance method and amplitude-frequency formulation with exact solution when A = 1, A = 0.95.
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So, we have

3
—=0

16 (53)

1 T 1
B=B;+B A= - 0AP
IR 42
With solving and simplifying Equation 53, we have
(54)

With substituting Equation 54 into Equation 47, we
have approximate frequency in the following form:

/ 3
WAFF — 1-1 + EAAZ (55)
Its period can be written in the following form:
2
- (56)

Typr = —F———.
\/1-4 + 3147

The comparison of the approximate frequencies with
exact frequencies

To illustrate the accuracy of the energy balance method
and amplitude-frequency formulation, we present the
comparison results of analytical approximate tech-
niques with exact solution in Tables 1, 2, 3 and 4 and
Figures 2, 3, 4 and 5 for different values of A.

Conclusions

In this paper, we investigated and applied two of the ana-
lytical approximate techniques, energy balance method
and amplitude-frequency formulation, for solving the
strongly nonlinear differential equation of a mass attached
to the center of a stretched elastic wire.

To illustrate the accuracy of the energy balance method
and amplitude-frequency formulation, we presented a
comparative study between the analytical approximate
techniques with exact solution. The approximate results
reveal that these methods are very effective and conveni-
ent for determining the frequencies of nonlinear dynam-
ical systems.

Competing interests
Both authors declare that they have no competing interests.

Authors' contributions

AA conceived of the study and participated in drafted the manuscript. HEK
carried out the software works and the solution of equations by analytical
approximate techniques and participated in drafting the manuscript. Both
authors read and approved the final manuscript.

Authors' information

AA received the B.S. degree in Civil Engineering from the University of Razi,
Kermanshah, Iran, in 2002, and M.Sc. degree in Structure Engineering from
Tarbiat Modares University, Tehran, Iran, in 2004, and Ph.D. degree in Civil
Engineering from Tarbiat Modares University, Tehran, Iran, in 2011. He has
been working as a consulting engineer in Design Structure in the private
sector. Also, he is teaching in the fields of Earthquake Engineering and Steel
Structure at the Islamic Azad University, Tehran, Iran. His research has been

Page 7 of 7

concentrated on numerical and experimental investigations on composite
steel plate shear walls.

HEK was born in Tehran, Iran, on September 7, 1984. He received the BS.
degree in Civil Engineering-Building from the Shomal University, Amol, Iran,
in 2006 and M.Sc. degree in Civil Engineering-Structure from the Shomal
University, Amol, Iran, in 2008. At present, he is doing his researches toward
Ph.D. degree in Friedrich Schiller University of Jena, Germany. He has
published several technical manuscripts in refereed scientific journals. His
research has been concentrated on numerical and approximate analytical
solution of strongly nonlinear ODEs and PDEs, dynamical systems, and
structural deformations.

Acknowledgments
The authors would like to acknowledge the financial support by the research
deputy of Islamic Azad University, Shahr-e Qods Branch.

Author details

'Department of Civil Engineering, Islamic Azad University, Shahr-e Qods
Branch, Shahr-e Qods 37515-374, Iran. *Fakultatfir Mathematik und
Informatic, Friedrich-Schiller-Universitat, Jena 07743, Germany.

Received: 26 December 2012 Accepted: 31 July 2013
Published: 7 August 2013

References

1. Xu, L: Application of He's parameter-expansion method to an oscillation of a mass
attached to a stretched elastic wire. Physics Letters A 368(3), 259-270 (2007)

2. He, JH: Preliminary report on the energy balance method for nonlinear
oscillators. Mech Res Commun 29(3), 107-111 (2002)

3. He, JH: An improved amplitude-frequency formulation for nonlinear
oscillators. Int J Nonlinear Sci Numerical Simulation 9(2), 211-212 (2008)

4. Geng, L, Cai, XC: He's frequency formulation for nonlinear oscillators.

Eur J Phys 28(5), 923-931 (2007)

5. He, JH: Comment on He's frequency formulation for nonlinear oscillators.
Eur J Phys 29(4), 307-314 (2008)

6. He, JH: Recent development of the homotopy perturbation method.
Topological Methods in Nonlinear Analysis 31(2), 205-209 (2008)

7. He, JH: Asymptotic methods for solitary solutions and compactions.
Abstract and Applied Analysis (2012). doi:10.1155/2012/916793

8. Saravi, M, Hermann, M, Ebrahimi Khah, H: The comparison of homotopy
perturbation method with finite difference method for determination of
maximum beam deflection. J Theoretical and Applied Physics 7(8), 1-8 (2013)

9. Ayazi, A, Ebrahimi Khah, H, Ganji, DD: The investigation and application of
two approximate analytical methods for the solution of nonlinear
differential equation of beam elastic deformation. J Theoretical and Applied
Physics 5(2), 53-58 (2011)

10.  He, JH: Variational iteration method - some recent results and new
interpretations. J ComputAppl Math 20(1), 3-17 (2007)

11, He, JH, Wu, XH: Variational iteration method: new development and applications.
Computers & Mathematics with Applications 54(7), 881-894 (2007)

12. Ebrahimi Khah, H, Ganji, DD: A study on the motion of a rigid rod rocking
back and cubic-quinticduffing oscillators by using He's energy balance
method. Int J Nonlinear Sci 10(4), 447-451 (2010)

13. Zhang, HL, Xu, YG, Chang, JR: Application of He's energy balance method
to a nonlinear oscillator with discontinuity. Int J Nonlinear Sci Numerical
Simulation 10(2), 207-214 (2009)

14.  He, JH: Variational approach for nonlinear oscillators. Chaos Solitons&
Fractals 34(5), 1430-1439 (2007)

15. Demirbag, SA, Kaya, M, Zengin, F: Application of modified He's variational
method to nonlinear oscillators with discontinuities. Int J Nonlinear Sci
Numerical Simulation 10(1), 27-31 (2009)

16.  Ayazi, A, Ebrahimi Khah, H, Daie, M: A study on the free oscillation of
pendulum using variational approach method and comparison with exact
solution. In: 41th Iranian International Conference on Mathematics, pp.
12-15. University of Urmia, Urmia, Iran (2010). 12-15 September 2010

doi:10.1186/2251-7235-7-38

Cite this article as: Ayazi and Khah: Determination of the amplitude-
frequency for strongly nonlinear oscillator by two approximate
analytical techniques. Journal of Theoretical and Applied Physics 2013 7:38.



http://dx.doi.org/10.1155/2012/916793

	Abstract
	Introduction
	The description of energy balance method
	The description of amplitude-frequency formulation
	The application of energy balance method for the nonlinear oscillator
	The application of amplitude-frequency formulation for the nonlinear oscillator
	The comparison of the approximate frequencies with exact frequencies

	Conclusions
	Competing interests
	Authors' contributions
	Authors' information
	Acknowledgments
	Author details
	References

