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Magnetized electron-positron plasmas, a new mode,
stability conditions
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Abstract

In this paper, a set of two-fluids equations based on the quantum magnetic hydrodynamic model (QMHD) for
electron-positron plasma were considered and the role of spin in different spin-spin, and spin-field interactions
were briefly discussed. Furthermore, effects of density and heterogeneity in the equations were considered. For
each of the two electron and positron fluids, the complete theory of spin-1/2 electron-positron quantum plasmas
when electrons and positrons move with velocities much smaller than the speed of light was discussed. By
considering the two regimes of non-spin and spin plasma separately, new dispersion relations was extracted and
analyzed. We also examined the limits of weak and strong magnetic fields and the effect of spin polarization on
ripple waves in plasma medium. Results show that the spin-current evolution in a magnetized plasma creates a
new dispersion mode. The fast mode generates in the direction perpendicular to the direction of propagation of
the waves. The speed of this mode is equal to the speed of the mode in the parallel direction plus an additional
term that depends on the characteristics of the system. For high-density plasma, this correction is negligible, but
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for very low densities and weak magnetic fields, this effect is significant.
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1. Introduction

Magneto-hydrodynamics (MHD) can be considered a suitable
formalism for studying magnetized plasma at scales larger
than the electronic length A, = ¢/ @, where @, is the electronic
plasma frequency [1,2]. Quantum works become highlighted
when the thermal de Broglie wavelength of the plasma parti-
cles Ag(= 1/+/kgTm) is about the average particle distance
L(= n61/3) i.e.,Ap = L. A method for considering the quan-
tum effect is to correct the classical equations. It is natural
to see differences between the classical and quantum models,
for example, using the quantum hydrodynamic model to see
new oscillating modes in a magnetic quantum plasma [3-5].
We discuss the complete theory of spin-1/2 electron-positron
quantum plasmas when electrons and positrons move with
velocities much smaller than the speed of light and consider
the annihilation interaction’s contribution in the quantum hy-
drodynamic equations and in the spectrum of waves in mag-
netized electron-positron plasmas.

This work organizes as follows. Section 2 uses the two-fluid
plasma equations and their oscillation modes concerning quan-
tum effects such as Fermi pressure, Bohm pressure, and spin
interactions [6,7]. We also get a new dispersion mode here.
Section 3 investigates the instability of two quantum fluids
in magnetized plasma. Unlike the classical case, which has

instability for large wavelengths, we can show that there is
a minimum cut-off wavelength for instability. Finally, some
conclusions are drawn in Section 4.

2. QMHD equations and the effects of
electron spin

We first consider a plasma consisting of two fermionic fluids
below the Fermi temperature and consider electron-positron
as two different species and obtain our equations for the evo-
lution of the spin current. We write the QMHD quantum
equations for the two-fluid plasma of electron-positron lo-
cated in the external magnetic field B.

2.1 Two-fluid plasma equations

We use the method of many-particle quantum hydrodynamics
for the two-fluid plasma equations. The main idea of this
method is the representation of the many-particle Pauli equa-
tion in terms of collective observable variables suitable for
the description of quantum plasmas. Let us start with the
many-particle Pauli equation,

ihatl//(rl,...,rN,t):Hl//(rl,...,rN,t) (1)

where y(ry,...,ry,t) is the many-particle wave function, r;
is the coordinates of particle with number “i” and N is the
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total number of particles in the system. Explicit form of the
Hamiltonian allows to derive a set of quantum hydrodynamic
(QHD) equations. Hamiltonian for electron-positron plasmas
of particles moving with velocities v is [8, 9],
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where N,, N, are numbers of electrons and positrons corre-
spondingly, N = N, +N,, m = m, = m,, ®{xt is the scalar
potential of an external electromagnetic, A ; .y is the vector
potential of an external electromagnetic, and o; is the Pauli
matrixes. In Eq. (2), the first term describes the kinetic en-
ergy; the second term is the potential energy of charges in the
external electric field. The third term is the potential energy of
magnetic moments in the external magnetic field. Other terms
describe interparticle interactions: the spin-spin, spin-external
electromagnetic fields, and annihilation interactions, corre-
spondingly [10-12]. We can write the continuity equation for
electrons,

atne( ) +V. (”eue) =0 3)

and for positron,

onp(r,t)+V-(nyu,) =0 %)
Consider a neutral degenerate plasma and assume we have a
two-fluid electron-positron system with number densities 7,
and fluid velocities u,,. The scalar pressure of each fluid £,
is
2 s
3

2 2 I
“nepEr = (31%)3 e (5)
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where Er is the Fermi energy. The basic set of equations that
we use for the quantum hydrodynamic electron model is

h2 V2
() =

mne(d; +u,-V)u,+Vp, —

2m Ve
2h2 2h2
—en.(E4+u, xB)+ 51V, + e 51y Vi,
ehn, hzne e e B B
Ime (S V) et %V(aﬂsvaﬂsv) +27rneue V(nplup )
(6)
e
d[Se - _7S X %8 (7)
mc

JTAP16(2022) -162223 2/7

and for positrons is,
2
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and similar to the relation of the evolution in the angular
momentum in the magnetic field B, d;L. oc L x B, one can
write,

T (9,87, 7) +27mpu£V(neuf ) ®)

e
d/Sp=+-—8x B, )

where p,, is the partial scalar pressure, and the 25, is the
generalized magnetic field for each species,

B, =B- V(nV,S) (10)
ene
B, =B+ < V(n,V.8) (11)
P 2en,, P

In Eq. (6), the second and third terms on the left show the
contribution of pressure to the motion of the particles and
the spinless part of the quantum Bohm potential (When the
Schrodinger equation is separated in the polar system, a po-
tential term of V = —%i?/2m(V?r/r) is created known as the
Boehm potential). The first term on the right represents the
Lorentz force; the second term shows the Darwin interac-
tion between electrons (positrons) [11]. The third terms are
also the Darwin interaction between electrons and positrons
(The Darwin interaction term is due to one particle reacting
to the magnetic field generated by the other particle. The
Darwin Lagrangian describes the interaction to order V2 /c?
between two charged particles in a vacuum and is given by
L =L+ Ly, where L is the free particle Lagrangian and the
L, is the interaction Lagrangian, L. = Lcoy + Lpar, Where
the Coulomb interaction Lc,, is —(q1¢2)/r, and the Dar-
win interaction Lagrangian is Lpa, = (q192)/(2¢%r)(p1/my),
(14 #7), p2/ma, here qi1, g2, mi, my, vi, and v, are the
charges, masses, and the velocities of the particles 1 and
2, respectively, also c¢ is the speed of light, r is the dis-
tance between the two particles, and 7 is the unit vector
in the direction of r. Darwin’s contribution to the parti-
cle motion equation is 1 is d,pp,, = (q192)/(2mimac?r?)
[P (P2 7) +Pa(p; - #) — #lpy - (1+377) - py}. For fluid case,
we can use alternative p; = n;(7/i)V, and simplify the re-
sult.). Other terms describe; the spin interaction with the non-
uniform magnetic field, spin interaction with non-uniform
spin, and the annihilation interaction (The pair annihilation
is the process that occurs when a subatomic particle collides
with its respective antiparticle to produce other particles, such
as an electron colliding a positron to produce two photons.),
non-uniform spin, and the annihilation interaction correspond-
ingly [12-14]. Now, we convert the two-fluid equations to a
single fluid.
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2.2 Investigation of spin-wave propagation and vi-
bration modes

Let define, n, ~ n, =n, 20 =uv,+u,, S, = —S, =S and

the current density J = e(n,u, —n.u,) = en(u, —u,). It can

conclude,

ue—uf%J (12)
_ e
up=u+§J (13)

According to the definition of the mean velocit @i and the total
density n, the continuity equation is obtained by adding Eqgs.

(3). 4).

on—+V-(na) =0 (14)
and equations of motion for each species become
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and, for evolution of spin,

4S= L SxB+-V(nv.S)

2m 2en a7

Adding Egs. (15), (16), and considering p, + p, =~ pr =
[(2(372)2/3K%) /(5m)|n°/3 = non®/3, and using total spin cur-
rents density, we obtain the equation of evolution for u,

_ I Mo o 2

dgu=—(a-V)a— E(JV)J— %VnH—
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S 2 (S V)B + o —VxXxVxS—

zmQV(V;\{) %nVﬂ (18)

By calculating E of Eq. (15) and then taking the curl on
both sides of the result, all terms resulting from the gradient
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become zero. So, the evolution of the magnetic field V X E =
—0;B becomes,

OB =V x (ﬁxB)+%8,(V><ﬁ)+%thSxVB (19)

In the first term in the right hand, (@ x B) is Hall term, and the
second term represents a battery effect due to electron inertia.
The first two terms are the classic ones of MHD, the last term
is a spin electromotive force.

Let us consider the equilibrium state where B = BZ + 0B,
(u) =0, k = k(0,sin @, cos @), where ¢ is the angle between
wave vector and magnetic field.

For parallel propagation, k||B, the linear perturbations around
the equilibrium state, k = kZ, 6B = 8B.£ + 0B,J. Using Egs.
(15-19), we can write,

Cy —io/k 0 0 —Cs 0 0 0
—io/k  —Cy 0 Cs 0 0 0 0
0 0 o/k 0 0 0 0 -1
0 0 0 C —C3 —C, cosH 0
0 0 0 cos6 0 0 o/k 0
0 0 0 0 cos® w/k 0 0
0 0 0 Cs Ci cos® C, sin@
| O 0 -n 0 Cq 0 0 a)/k_
ST
Sy
n
6By| _
X 5B, =0 (20)
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My
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The spin effect appears only in the four elements

T

and does not appear in the rest of them. The frequency of this

spin mode is equal to @;pin, SO,

hen?/3

2eB, 0
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We considered spin effects for only the spin- magnetic field
coupling, as it is linear in /. The other spin interactions are of
the second order in % and have weaker effects.

Use the properties of determinants, we have [15, 16],

Cy —ia)/k

det(8 x 8) Lok -,

=det(6 x 6) x det

‘:0 (22)

Solving det(6 x 6 = 0), normal modes without spin can obtain.

o/k 0 0 0 0 -1
0 C1 —C3 —C2 cos B 0
0 cos® O 0 o/k 0
0 0 cosO w/k 0 0
0 C3 Ci cos®@ C, sin@

-1 0 Ce 0 0 ow/k

n
OB,
6B,

w | = 0 (23)
Uy
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In the Egs. (23), (uz,n) correspond to the fast mode, but
(uy, 8By, u,, 0By) correspond to the Alfven-slow mode. For
parallel propagation (6 = 0), one of the solusions is

o/k -1 _
%0 ] <[] oo
2.2/3 (1)2
_ In p(k2+47t2k4)
(X)

= 24)
At very long wavelengths, the value of k is small and @ can be
approximated as @ = (fin'/3) /(2v/2m) (@), / )k , which does
not show any dispersion. At low wavelengths, the value of k is
high and @ can be approximated as @ ~
The others have modes with the characteristic equation,
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After calculating the determinant and placing the values and
simplification, we get,

2 40
2 40t 212 2/3p 2 At (25)
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where @y, = (= %) is the plasma frequency. At very
long wavelengths, the value of k is small and can be approxi-

mated as
? /K ~ (202) /(207 + *K*n?/3),
and for very short wavelengths, it can be approximated,

?/I? &~ (402) /(22K @f — kn*l3).

This relationship indicates that for very short wavelengths,
there is a cut-off frequency.

The answer (ui is always positive, and the system oscillations
are stable. The answer > can be negative, and system os-
cillations become unstable. For perpendicular propagation,
k 1 B,k =ky, 6B = 0B,y — 8B.Z, 6 = m/2, we can write,

— K2
C = Z[l + Snnl/er]
_ ./ 2
Cz =1 787171::10/382 ,
C3 = O,

2/3
Cy =/ Bmpe 1+ i),
/ 1/3,2
C5: 871'::w2€’
5/6
Co = [1+k2’§ﬁf;0 ).
ok 0 0 -1
0 0 ok 0
0 ¢ G 1
-n G 0 ow/k

=0 (26)

after calculating the determinants and placing the values and
simplification, we get,
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At very long wavelengths, the value of k is small and can
be approximated @ ~ ¢*(k* + (h®;)/(2cm?)k?), and for
very short wavelengths, the value of & is high and can be
approximated

) c2k2( w2 h o’ &)~ oy
cz‘zikj 4m3c3 w? 2m3c3 w?
[0}

D

In the absence of spin effects, for parallel propagation, in
the fast magnetosonic domain, the frequency is determined
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by the Fermi pressure, Bohm forces (quantum effects), and
in the Alfven-slow domain, is determined by the Hall effect
(non quantum effects). Indeed, for the high wavenumbers, the
MHD Alfven mode separates into whistler and ion-cyclotron
modes but for perpendicular propagation, there is only fast
mode.

3. Study of instability

When a disturbance occurs in the environment, it affects

many physical quantities. The relationship between dispersion

waves as they propagate through matter and these quantities is

an interesting subject to study. The behavior of a quantity can

be very different at different frequencies, and even for a range

of frequencies, it wastes less wave energy and, conversely,
absorbs wave energy strongly over a range of frequencies

and does not allow it to pass. The relationship between this

quantity and vibrational modes is called the stability and in-
stability of those modes against this quantity. The stability

and instability of those modes depends on the type of material

and the type of quantity. Historically, in the discussion of
multi-fluid plasma, one of the first quantities to be studied is

the dielectric function.

This section discusses the stability and instability of turbulence-
induced modes in electron-positron plasma. An external mag-
netic field can have a stabilizing effect. This section aims to

investigate the instability of two quantum fluids in magnetized

dense plasma in a specific transverse configuration. In the fol-
lowing, the application conditions of the model and its specific

parameters are discussed. Unlike the classical case, which has

instability for large wavelengths, Fermi pressure effects have

a minimum cut-off wavelength for instability; Therefore, a

comparison of the strengths of each of these effects is consid-
ered. We assume the plasma as a non-relativistic Fermi gas

and obtain a new transverse mode in the two-current magnetic

quantum plasma.

3.1 Dielectric function
The dielectric function of plasma expresse as follows, [17,18]

4717262

ek, 0) =1+ —5—(Xe +%p) (29)

where ¥ is the susceptlblhty of the particles; If the equation
e(k, ) = 0 as a function of ® has roots in the upper half of
the complex plane, the plasma is unstable. In classical plasma,
the susceptibility is given by [19, 20],

eznep /d3V[ kﬁaﬁfep ]
m —kﬁuﬁ

Xep(k, @) = (30)
where f; is the normalization distribution function; for de-
generate electrons, the susceptibility y, of the electrons and
protons is obtained by the Lindhard equation,

3n,

(J)) = QL(u7ﬁ)

mvg

12 (K, G1)
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and

220k, 0) = 2 1(u,B)

mve

(32)

where vp is Fermi velocity and kr is Fermi wave vector,
B =k/2kp, u = @/kvp, and L is Lindhard function; sup-
pose that two currents of electrons and positrons are moving
in opposite directions in a one-dimensional space. The longi-
tudinal dielectric function of this one-dimensional plasma for
the electron and positron currents spin is written as [21-24],

4Te
£= 1+—[xe (k. 0+KPuyp)+ 28 (k0 —kPu,p)] (33)

where u, and u,, are the drift velocity of the electrons and
positrons, respectively L(u, ) is Linard function,

1 1 |B-utl| u+l|
|ﬁ+u+H

Using Egs. (33,34), expansion of the logarithmic terms, lin-
earization of the result, and a little mathematical work, we
obtain,

2 2
eko)=1—r— > 1O
ot T Rtk
(35)

The condition for the stability of the answer is £(k, ) > 0.

Assuming u, ~ —u,, = uZ, the equation £(k, @) = 0 has two
answers to ®2,
1 k1 8k2u* | ArkSu?
2 22 2 1
02 = 02 KP4 @[l ]
LA e Ll w? mZmﬁ]
(36)

The first solution (36) describes a sound-like wave existing in
magnetized dielectrics due to different equilibrium distribu-
tion of particles. The quantum pressure produces a nonlinear
contribution ~ k* that may be important at large k. The quan-
tum correction associated to the Bohm potential is taken into
account. The answer a)_% is always positive, and its oscilla-
tions are stable. The answer @> can be negative 0> < 0, and
its oscillations become unstable. By defining dimensionless
variable R = ku/ ®,, Eq. (36) can rewrite as follow,

AR’ 26 |
m?u* I?
(37

1 S|

2 _ 22 2
0] -0, +k'u"+——-m SR+
- =3 p+ +4m2 2 p[ +

then by approximating the radical term in Eq. (36) and
assuming R < 1 (long wavelengths or small k) and also
(4h2w12,9%6) /(m*u*) < 1, we obtain,

Rk
—Pu? 4 —— (1 —4R?)

o (38)
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The condition of instability is that @?> < 0, which is equiv-
alent to (for R < 1) [(B2k?)/(4m?)](1 —4:%?) < u?. In this
case, the amplitude of the dispersion wave is proportional to
exp[—7¥t], where 7 is the instability parameter and is given by,

272
_ 2y14
now, suppose again,
U =u, =, B = B:, E=0 (40)

Moreover, a small amplitude is applied to the system where
k = kX is the wave vector. In addition, we assume that the
disturbance of the electric field is along the magnetic 6B =
OBY. Since the current velocities are in the direction of field
B, they have no role in transverse modes. By linearizing the
quantities in Eq. (30) and Fourier analyzing into space and
time, we obtain the following dispersion relation,

u?k?

3.2 24 ]

2 32 p2
o SVF ; 4m2

0> — 2K = a),%[l +

(41)

This equation can quickly solve in terms of ®. In Eq. (34),
factors such as w, and @. can significantly stabilize unstable
modes. In low-density plasmas, the role of the magnetic field
in stabilizing these modes is significant. In dense plasma,
the two effects of Fermi pressure and Bohm pressure have a
stabilizing effect. The answer to Eq. (34) is given by,

2 212 2 214
o 1, o} 1 1’k
w2 3Vt Gt gl
P p P p
1 AP 3,0 @ 1R, 4Pk
+-{[1 1-ZVhH— =< —— ——? 142
P o 3V~ e T 4P

It is possible to omit terms appropriate to /% due to their small
size compared to other terms. Like Eq. (29), the answer aﬁ
is always positive, and its oscillations are stable. Answer ®>
can become unstable, provided this relation is established,

272 2

uk o 3

pra o + SkVE 43)
p

In the quantum regime @, < kVf, the instability condition
(36) becomes simpler,

2 3w+ k2

5

2 2
w: 5
Vlgork2 <2 (f—u -1

(44)
w? 3V3

c2

According to this condition and using A = 27 /k, we obtain a
cut-off wave number

2 2
O, Su
kow= 735051
c "3Vg
o, 5 u’ 1
kew = p(gw— 1)2
F
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then

2rc [ 5u®
®, ‘3v?

=

lcut =

— 1] (45)

as aresult, A < A is definitely stable.

4. Conclusion

In this paper, we write a set of two-fluid electron-positron
plasma equations based on the hydrodynamic model and
briefly discuss its various terms and the role of spin in different
spin-spin, spin-field, and spin interactions. We discussed their
density and the effect of heterogeneity in the equations. These
equations can determine what dispersion relations to expect if
turbulence occurs in equilibrium plasma. Here, we take a path
for discussion that differs from the typical path taken in other
articles and obtain new dispersion equations. We also exam-
ined the limits of weak and strong magnetic fields and the
effect of spin polarization on ripple waves in plasma. Again,
assuming that the external magnetic field is weak, we found
a quasi-sound wave due to differences in electron-positron
states’ distribution in the two-fluid electron-positron model.
We found that the spin-current evolution in a magnetized
plasma creates a new dispersion mode. We also showed that
we have only the fast mode in the direction perpendicular to
the direction of propagation of the waves. The speed of this
mode is equal to the speed of the mode in the parallel direction
plus an additional term that depends on the system’s character-
istics. For high-density plasma, this correction is negligible,
but for very low densities and weak magnetic fields, this effect
is significant. Then, we discussed the stability and instability
of oscillating plasma modes, including electron-positron as
two stream plasma, and determined these vibration modes’
range of stability and instability. Finally, we calculated the
cut-off wavelength.
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