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Abstract

A nonlinear soft-core ferrite (ferromagnetic mat&al) intuctor that obeys of a
polynomial current-magnetic flux relati ) (typiGedly a power series in the

magnetic flux) is introduced. The qua tonian of a nonlinear LC-circuit
consisting of a linear capacitor angfa nQnli ductor under the influence of an
external field is found. The ener obtained and the quantum behavior
of the nonlinear coefficients ¢ iedyrmerically. The quantum fluctuations of

electric charge and curren d as a function of the characteristic parameters
then the time-dependent©

1.Intr con

Nonlinedr inductors are described in terms of current through inductance and can
be made with various core shaps. The core material of the inductors plays an
important role and is usually made with ferromagnetic material which creates
magnetic flux through the inductance coil. Ferromagnetic materials are characterized
by the magnetic hysteresis. Magnetic hysteresis is the gap between the change in
magnetic induction B and the change in magnetic field strength H.The nonlinear



behavior of the inductor using ferrite nuclei (ferromagnetic material) show in [1]
and [2] experimentally. Non-linear inductors are one of the most basic devices of
nonlinear electrical LC-circuits (inductance L and capacitance C). Such nonlinear
electrical circuits were classically studied many years ago before by [3-6]. When this
nonlinear electric circuit is driven by a sinusoidal voltage source, it is known as a
Duffing electric oscillator [4-9]. As progress in experimental control at the
nanometer scale in nanotechnology, mesoscopic physics and nano onics is
under going a dramatic development [10]. People are intrested i i
integrated circuit and components to atomic-scale dimensio
transport dimension of electric devices in the electric circuit
length, the quantum effects must be taken in to acco
guantum theory for electronic devices in nanoelectkgnic i
necessary. For this propose, by comparing the electro
harmonic oscillator, the LC- design circuit was jzedby Louisell [12] and its
use expanded in [13-15]. Also, with much prog in m&ny characters, such as
quantum fluctuation, squeezing effect et dies e been done for various
mesoscopic RLC circuits in [16-19].

a suitable
rated circuits is
jorequation with a

agine a nonlinear electrical LC-
circuit with a nonlinear induct th the technology of microelectronic
chips. Typical values that pfy considered for the inductance and

capacitance are in the picofarad range, it leads to a resonant
frequency in the micro ge. Recently, it has been obtained by miniaturization
the dimensions of th§i self-induction coefficient of the nanohenry order
in [20-21]. Whe Imensions of the circuit do not exceed a few hundred
micrometers, ithi aller than the corresponding wavelength, the electrical

the ‘bulk glement; [imit where the physical size of the electronical devices in the
i illator is much smaller than the wavelength of electromagnetic

therefor@by importance of the inductor in the electrical circuit, it seems necessary
study the quantum nonlinear inductor. According to the views mentioned, in this
paper, we consider an electrical circuit consisting of a linear capacitor and nonlinear
inductor under the influence of a sinusoidal external source. we consider current-

dependence of the inductance up to the order fifth magnetic flux ¢ and find the
quantum Hamiltonian of such nonlinear circuit. The quantum extended Duffing
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equation is found by the Heisenberg motion equation. We find the energy spectrum
and the quantum fluctuations of electric charge and current flow of this circuit by
analytical and numerical methods and study squeezing effect in this quantum
electrical circuit

2. Quantization of an electrical LC-Circuit with a nonlinear induc

A nonlinear electric circuit including a linear capacitor and a n or
under the influence of an external field (a sinusoidal voltage n in
Figure 1. The nonlinear inductor nature in the such nonlinear, exhibits

the Duffing’s electrical oscillator that was classically studie

8]. \'
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E(t)=E Cos(wt)

Figure 1. A nonline ig"si Mluding a linear capacitor and a nonlinear inductor under the
influence of an external field.

When the i
magnetic flux ¢

== (1)

L

r is as$utned to be linear, the relationship between current | and
inductor core is given as follows

where [\is the self-induction coefficient of inductor or inductance. The voltage
difference V| across the inductor is equivalent to

_n92
V=N (2)



where N is the number of turns of the coil (inductor). Using the electrical laws, the
differential equation of the electrical circuit under the action of the external time-

dependent field (the potential difference across the capacitance C) e(t) is given by

dg¢ _a _

the hysteresis phenomenon is abstracted. In this paper, we co
relationship between the current and magnetic flux as a funcyi
powers series based on representation Biermanns [4] an
expand this function up to the order fifth i.e.

| =ag+ag’ +ag’ (4)
where aj, as, as, ... are constants char w core i.e., they depend on the type
of the inductor [5, 22-23] and t dpgenSiprial are [ai]:%Z,[ag]:?_:,[as]:JA_:

respectively. Although theor do not have any of these real-world
nonlinearities, engineers realistic inductors usually need to consider

these nonlinear effects e thal’their design works properly in the expected

conditions. In the differertia equation (3), we consider £(t) = E cos(wt) then
2
N %+% =wE Sﬁ(wt) (5)

where, th@curren the nonlinear circuit generates a magnetic field, which
induges an@lectrig current in the coil. Substituting Eqg. (4) into Eq. (5), we find
d’¢

3 5 _& ;
a2 T Ng AP A Fagg”) = msin(al) (6)

1 a
Where —=— and n =
L N n=13>5

n

! . The

When n =1 the linear natural frequency of this circuit is given by o =

i
(@)

Eq. (6) can be written as



d’ 1 1 1
dt?+L1C¢+L3C¢3+LC
5

$ = %sin(a)t) (7)

Equation (7) occurs in several studies [24-27], Based on the classical equation of
motion (7), we can be formulated the classical Hamiltonian of nonlinear electric
circuit (nonlinear inductor) as follows

H =u +U

6

nonlinear inductor capacitor
2 4 2
_prL Pt a (8)
2L, 4L, 6L, 2C

For n=1, parameters are a = N a, =a, =0, then the Ham an becomes

2 2

H :p_+q_ 9)
oL 2

The classical equation of motion for an elg circuiyef LC design is the same as
that for a harmonic oscillator, Since the'tg Qpic dissipation less LC circuit has

principle the canonical conj antitigs g and ¢ are replacing by the

corresponding operators g e know P=¢ then the quantum
Hamiltonian operator (9

A2

H :af)2+/1f)4+7/f)6+2 (10)

== (11)

We assume that thermal fluctuations are smaller than quantum fluctuations. As we
know, higher order momentums are caused by the presence of nonlinear elements
in the quantum electrical circuit, which are included in the Hamiltonian interaction
term and can be the contribution of quantum noises.



It also promises the existence of the squeeze effect in quantum nonlinear circuits,
which is only a quantum phenomenon.That is, this nonlinear crystal-like circuit can
squzzing the light in one direction, but the uncertainty principle will not change.
Higher order quantum theory is an extension of the quantum theory that is discussed
in this work. In this way, the discussed higher order quantum theory has a
fundamental value, which is a new perspective to analysis the properties of quantum
theory. In a new method to study electrical circuits in the nano quan cale by
introducing a thermal momentum operator that is similar to the mo @or

that only introduces a nonlinear term [28-30].

1
We assume @, = [ asa result o = i therefore, the quan amilghian (10)

under the influence of an external field ¢@)becomes

N 1 A A A qz o
H=—p"+Ap" +yp°+—=+e(t
2Lp AL 2C #0d (12

The current-dependence of the inductag
electrical LC-oscillator (nonlinear LCA8i

xcept on the plates of the capacitor. This
lk element’ limit where the physical size of
uch smaller than the wavelength of electromagnetic
oscillator. Therefore, the Duffing electrical LC-
- gfrcuit) of Figure 1 can now be treated quantum

hat the rigorous study and design optimization of such
ferromagnetic cores in the quantum mechanic is difficult

which does not build up char
is a very good approxi
the nonlinear LC-oscj
waves at the fre

(13)

4,48 |=1 (14)



1 i . . .
where wzﬁ. The quantum Hamiltonian (12) in the terms of creation and

annihilation operators is given by

2 3
A = ho(@a+ ) +e(t), |- @+a)e2 P a-any 1, B2 g1y (15)
2 20l 2 8

We can rewrite Hamiltonian (15) in the rotating-wave approximation ] as
|:| ~ h[(”"’ 2] _a)z)(é-Té-)l + (a)l - a)z)("f"gl)2 — 0, (éTéf] (16)
where
W, = E/Ih(a)L)Z,co2 = Eyhz (wL)? (

2 2
The Hamiltonian (16) is probably for study qu noRlinear dynamics in such
electrical nonlinear circuits. In the Hamiltonian ¥6) when @, =0, it is well
described nonlinear Kerr medium and shg sical effects in the context
of quantum optics [34]. A simple way ] superposition of different number
states is to displace the quantum o Zclassical external driving force so

that the ground state is mapped coherent state”. For this propose, we
suppose that the initial state of’t circuit (16) is coherent state i.e.

a) =exp(—%|a|2)i%r: (18)

With this choic c find the eigenvalues of energy as

E, =h(o+ + (@, } d,)n° —hw,n® (19)

To determ@ine the)behavior of A and y nonlinear coefficients in the Eq. (19), we
plotteg.the s energy diagram for different levels of n by numerical approach.
In Fi can appreciate, when the value A increases, the amount of energy in

the levdls increases (Figure 2(a)) and by increasing y energy decreasing (Figure

2(b)).
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Figure 2. (a) Energy vs A (#=1,L=100,C =1, =10°,n=1,2,3)
A=1,L=100,C=1,4=10",n=1,2,3)

As we see in Figure 2 the nonlinear inductor, as any rest eral, possesses
a discrete energy spectrum. In this nonlinear electy energy difference
between the ground and the first excited state i icangly different. (i.e. larger

excited states). Such LC-circuit resonatg e used”as a qubit that is studied in
[35].

3. The quantum dynamic of -circ@t'with a nonlinear inductor

In order to study the ical the electrical circuit, we employ the
interaction picture h((a)l w,)(8'8)’ —w,(8')’) as the interaction part.
Then the time-d ectors of Hamiltonian (16) are given by

lw(t)), = e (in*(- a)l+a)2+na)2)t) | ) (20)

he Keisenberg equation of motion for the annihilation operator a is

“{(w+w,—,)+2(0, — w,)a’a—3(a'a)’}a (21)

Since a*a is a constant of motion with the exact solution (21) we have
a(t) =exp(-it((o+ o, - 0,) + (0, — w,)a'a-3(874)*))a (22)

Also, the evolution equations for the operators  and P in the Heisenberg
representation using the quantum Hamiltonian (12), can be computed explicitly as



R =
' Zi—h[q’H]

Il
o

A (23)
:I+4/1f)3 +6yp°

and

By differentiating from relation (24) and substituting Eqg. (2 Ive fave

5, 1o 4 By oo 5
prigh+ P+ 0 =0
Equation (25) is the fifth order quantum Duffing 4

Duffing equation[36-38] .

ioror gliantum extended

P (25) one needs to calculate
expected value the operators in the EQ Is Purpose, quadrature operators
are introduced as follows [31-33]

X, = % (4" +a'e™), (j=12) (26)
where 6,=0,0,=-7/2, ~ G, p

Now using the E we can obtain

(X;)=Reflale "™ 74 "Bp(lal’ @~y (27)
and

(X, gl + A 2 Reflar|? € 2 000 1420, gy (@non-en-oo _pyyy - (28)

3-1. The degree of squeezing

Squeezing states have no classical counterpart and states are non-classical.
Squeezed light is produced by various nonlinear processes, and as a means of
reducing noise in optical interference, it has attracted much attention in the creation
of optical communication networks. Because even in an ideal laser that works in

9



coherence state, it still has quantum noise due to zero-point fluctuations [39-42].
So, prliminary experimental research is reported in references [43-44]. Therefore,
the squeezed states are important because they have less quantum noise than
coherent states. The nonlinear LC-circuit with L-nonlinear is suitable to study
Squeezing states. To study the squeezing effect, we need to analyze the quantum
fluctuations of the quadrature operators. Because the quantum fluctuations in a
coherent state are equal to the zero-point fluctuations. We can find the

varying behavior of the quadrature variance using Egs. (27) and (2Q)a
2 2
<(A§)” >= Zmu{(% + % - %expdaf (-1+cost(4o, +2m,)))
c0s(~2t(+ 20, —50,) —|atf’ sin t(4w, +20,))) -

(—Joexp(of (~1+cost(2m, —5w,)))sin(t(®+ o, — 20 ? sitg20, —5m,)))%}

(29)

2 2
< (apy =+ 2 —";'

2
exp(lal (<1+co 20
2on gt 2 p(lorf ( 2))

) -

cos(—n — 2t(w+ 2w, —5m,) —|o

(30)

The quadrature varia
uncertainty princig

nd (30) satisfy the following Heisenberg's

< (AQ)? >< (AR)? (31)

The Heisdgberg's yncertainty principle in the measured values of these quantities
pla entiaky derstanding quantum noise [45]. For coherent states obey (or
i) case of the vacuum state),

< (A§)? >¥ (AP)? >:% (32)

We illustrate the time- evolutions of quantum fluctuation < (AG)* > and < (Ap)* > by
numerical approach in Figures 3(a), 3(b).

10
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Figure 3. (a) <(AQ)"> vs time and (b) <(AD)" > vs 1 V 4
@,/w=03,w,/w=0.1|a|=0.2

As shown in Figure 3, both variances show os
indicating a significant amount of squeezing.

-l

b&havior with a minimum

It in their product [46-49]. According to

equations (29) and (30) y principle can be concluded and we are

9 —
0.0 ol 0.2 L= 0.4 o5
ftima

Figure 4. Uncertainty principle in this system (@,/@=0.3,@,/@=0.1|a|=0.2)

It is can also be seen from the figures that the fluctuations are exact periodic
O+ o,

and
0, — 0, ®,

functions, when are an integer. The squeezing effect occurs

11



with the evolution of time, this behavior is compatible with the results found in
[41,50].

With the numerical conditions that we have defined in Figure 3, the amounts of

<(AP)* > is less than 0.25 and < (AG)* > is larger than 0.25, therefore, the squeezing is
happing in the direction of p component (The squeezing condition for the p
quadrature is that its variance should be less than the value of vacuum a result,
if the quantum fluctuation in a component decrease, in the conju onent
increases correspondingly. For more attention, let us to ch ree of
squeezing, for the p component , which is defined as follows

<(AX,)?N > —(2N)1/(N12*Y)

SN =
J (2N)1/(N12%)

(33

In this equation, when S <0 the state is squee the\¢ Nt order. By plotting

) ) : : :
S, and S; on a long-time scale p-component is squedged, the quantum fluctuation

appreciate, by increasing the a
component disappears.

a) b)
- |a]=0.2(gray), |a|=0.3(blue), |a | =0.4(red), |a | =0.6 (black)
-0.78 A lr
=TS
W nen
~ e
“
081
-0.82 v
=083
0 100 200 300 400 500 600

1
time 0 50 o0 150 200

time

Figufe 5. Squeezing p s time, (2) @ /®=0.3,@,/@=0.1]a|=0.2 and (b) by changing ||
o /0=0.1a0,/0=001)
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Therefore, it can be concluded that the quantum electrical circuit with a nonlinear
inductor and a linear capacitor can be considered similar to the crystal with nonlinear
structure, which has removed the uncertainty from the symmetric state and has led
to the creation of squeezed states.

3-2. Time-dependent the persistent current

In the following, in order to study of the behavior persistent curr of
the nonlinear coefficients y and A in the Eq. (23). We have pl m of
the time-dependent current in the Figure 6, by numerical rding to

Figures 6(a) and 6(b), it can be result that with increasin®/and ¥ the current
amplitude increases. By comparing the two graphs, it be se®p that the rate of
change of A is greater than .

a) b)

A=0001 (bdisa), A=0.015{rad), A=0.02 (black) ¥ 02 (bus], ¢ = 0,003 [red], = 0,004 |black)
1.5

expectad valua §
g acted valus /

il ] 10 0,00 0.0z [V 0.06 0,08 (=R 1]

tirme

4
Figure 6. (a) Expe a
and (b) Expgcted values

4.C cluQ)

Thep fn experimental control on the nanometer scale in nanoelectronics and
nanoteclnology have enabled the study of electronic devices in the nano-scale. One
of these devices are nonlinear inductors that with the presence of a ferromagnetic
core as the main component of many electronic devices. Soft ferrites demonstrate
properties very useful and appropriate for use in electronic devices applications,
therefore, there is need to a quantum model that can accurately describe the operation
of nonlinear inductors. Accordingly, we quantized a nonlinear LC-circuit consisting
of alinear capacitor and a nonlinear inductor under the influence of an external field

ectric current vs time by changing v (0.1, la|=0.5,4 = 0.01)

13



and found the quantum Hamiltonian of this nonlinear LC-circuit. Unfortunately, the
nature nonlinear inductors and the wide variety of core topologies make modeling
difficult to study the quantum behavior the characteristic parameters. So, we studied
the quantum dynamical effect of the nonlinear parameters in the rotating-wave
approximation. The energy spectrum equation as a function of the linear and
nonlinear coefficients for such electrical circuit is found and by numerical approach,
it was shown that such a nonlinear electrical LC-circuit can to behav qubits.

By quantum dynamical approach, the quantum fluctuations of re
operators current and charge in a coherent state is studied the j avior
characteristic parameters A and y and the digger squge IScussed

numerically. Our formulation presented a method from a r % int lew to the
analysis of quantum effects in the quantum nonlineg [
nonlinear inductor device. We are well aware that, the t glical study shows the
numerical strength and computational efficienc
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