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Abstract. For each integer n > 2, solutions of the Diophantine equations
TP+ T+ T =Y Y3+ Yon1 + Yon
and
Tl 4Ty 4+ a1+ Doy =YL T Y2+ Ysao1 + Yan

in an arbitrary ordered field are exhibited.
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1. Introduction

In [3] two authors of the present paper have been inspired by a method due to
Swinnerton-Dyer [4] (see also [2, p. 201]) to obtain rational solutions of the Diophantine
equations

x3+y3+z3+r3:u3+v3+t3+53,
BBl =B P88 e 4t
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In this work, we employ the same argument to get solutions of the Diophantine equa-
tions

T+ ay b ad, 2, =y Y by Ya,
and

Ty A g+ Xy = YL Yy T Yau1 Y
in an ordered field, where n is an integer > 2. Additionally, by using SymPy, a Python
library for symbolic mathematics (a computer algebra system), the aforementioned so-
lutions are explicitly furnished in the case n = 8.

Throughout this work K will denote an arbitrary ordered field, which has necessarily
characteristic zero [0, p. 32], that is, the mapping n € Z — n-1 € K (1 € K) is a ring
isomorphism from Z onto the subring L = {n - 1; n € Z} of K. For this reason, we shall
write n in place of n - 1. We shall also write K* = K\ {0}.

2. Solutions of a cubic Diophantine equation

Regarding the equation

P FAURE R N BEY RUNESY S

we shall establish the following

Theorem 2.1 Let n be an arbitrary integer > 2. Given non-zero elements ag, ..., a,,
bi,...,b, of K such that a; > b; for i = 1,...,n, let us define, for each k =1,...,n,

Tok—1 = AW + Cog—1,
Tok = brw — cop,
Yok—1 = apW + Cog,

Yok = brw + cop—1,
where cop—1 = A(aj + b3), cop = N(ai — b3),
w = (af = 07)° + (a5 = 03)° + - + (ap — b7)°,
and
A =6(a7bi (a1 —b1) + a3 b3 (az — ba) + -+ +ai b2 (an — by)). (2)
Then x1,...,%on, Y1, - - -, Yon, defined in (), is a solution in K of the Diophantine equation

et ad b, tad, =yl Syl U (3)
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Proof. We shall argue as in [8], where the cases n = 2 and n = 3 have been considered
when K = Q. Indeed, for w € K, let us write

1 =aw+c1, To=biyw —cy, x3=asw—+c3, Tg4=Dbow — ¢y,
coy Top1 = ApW + C2p1, Ton = bpw — cop,
y1=aw+cz, yY2=biw+eci, y3=asw+cy, Y4=bow+cs,

sy Yon—1 = QW + Con,  Yop = bpw + cop—1,

where c¢i,...,co, are elements of K. Substituting the above-mentioned elements
L1y Tom, Y1, -, Y2n Of Kin the equation under consideration, we obtain a cubic equa-
tion in w in which the coefficient of w? is 0 and the coefficient of w? is

3<a%(01 —c2) + ag(c;») —cq4)+ -+ ai(Canl — Cap)
2 2 2
—bi(c1 +c2) —b3(ecs+ca) — - — b (con—1 + C2n))-
Thus, by taking
€= (Z% + b%a
co = a3 — b,
C3 = CL% + bg,

2 2
C4:a/2_b2,

2 2
Con—1 = a,, + by,

2 2
Con = a,, — by,

the coefficient of w? will also be 0 and we arrive at the following linear equation in w:
3 — B)or —b1) + (B — Aoz —b2) -+ (s — o) o — b)) w
=23+ 44y

Moreover since, for each k =1,...,n,

Coh—1 — 3 = (Can—1 — Cc2r)(Can—1 + ca) = 4agbi,
then
12(a3b?(ay — by) + a3b3(as — bo) + - + a2b2 (an — bp))w
=2((a] = 01)* + (a5 = 03)° + -+ + (ap, — 1))*),

that is,
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(by hypothesis A, defined in (B), is greater than 0). Finally, multiplying w and each
¢i (i = 1,...,2n) by the element A € K, we obtain elements of K that we will still
denote by w and ¢; (i = 1,...,2n) which, when substituted in (0), furnish the solution
Zly...yTomy Y, .-, Y2n in K of the Diophantine equation (B). This completes the proof.
|

Remark 1 Under the conditions of Theorem B, x1,...,%on,Y1,--.,Yon belong to L if
a1, ..., 0p,b1,...,b, belong to L.

In view of Theorem P, one can use SymPy to guarantee the validity of the following

(see code at the appendix)

Example 2.2 If a; > b; (i =1,...,8) are non-zero elements of K,

T = az + 3a§b% - Ga%bi’ + 9a§’b‘1l + Ga%a%b% - 6a%a%bg + 6a%agb§ - Ga%agbg + 6a%aibi
— 6aZa3bi + 6a3adb? — 6aa2bd + 6a3adbi — 6aalbi + 6aTadb? — 6ala?bd
+ 6a%a§b§ — 6a%a§bg — 6a%b% + a1a§ — 3a1a%b§ + 3&1(1%173 + alag - 3a1a§b§ + 3a1a§b§ +araf
— 3a1a3b? + 3a1a3bi + aral — 3a1adb2 + 3a1a2bE 4+ a1ad — 3a1a4b3 + 3a1a2bE + a1af — 3a1a3b2
+ 3a1a?b% + arad — 3a1a3b? + 3a1a2bs — a1b — a1bS — a1 — a1b§ — a1 — a1bf — a1b$ — aq1b§
+ 6a3b%2b3 — 6a2b3b3 + 6a3bIb3 — 6a3b?b3 + 6a3b2b2 — 6a2bIb] + 6aSbIbZ

— 6aZb3bE + 6a2b2b2 — 6a2bIbE + 6a3b2b2 — 6a2b2b3 4 6aZbibE — 6a2b?b3

z3 = aSby — 6a3b? + 3aib} + 6a3b] — 6aTa3b2 + 6aTa2b3 — 6aTa3b3 + 6aTa3b3 — 6alaib]
+6a2a3b3 — 6a2agb? + 6a2a2b3 — 6a3adb2 + 6a%a2bd — 6a2a3b? + 6a3abd
— 6a2a3b2 + 6a2a2bs — 3a2b] + aSby — 3a3b1b3 + 6a3b3b3 — 6a2b3b3 + 3a3bibs + aShy
— 3a3b1b2 + 6436203 — 6a3b3b3 4 3a2b1bi + a§br — 3a3b1b3 + 6a3b3b3 — 6a2b7b3
+ 3a3b1 b + alby — 3a2b1b2 + 6aSb2b2 — 6a2b2b3 + 3a2b1bi + alby — 3agbib2 + 6aibIb2
— 6a2b2b3 + 3a2b1bg + aSb1 — 3a2b1b2 4 6a3b2b2 — 602623 + 3a2b1bs + aSbr — 3agb b2
+ 6a3b?b3 — 6a2bIb3 + 3a2b1bs — b] — b1 — b1bG — b16§ — b1bS — b1bE — b1bS — by bS

z3 = aSas — 3atazb? + 6ata3db? + 6436202 — 6a2a2b} + 3aZazb] — 643653 + al + 3a3b3

- Ga%bg + 9a§b§l + 6a%a§b§ - 6a%a§b§ + 6a%aibi - 6a§aibi + 6a%agb§ — Ga%agbg
+ 6aZab — 6a3a2b? + 6a3a3b2 — 6a2a2bi 4 6a3a3b3 — 6a2aZbd — 6a3b3 + azal
— 3a2a3b3 + 3a2a2bi + aza§ — 3a2a3b3 + 3aza3b; + azaf — 3a2a2b2 + 3aza2bi + a2al — 3a2a3b3
+ 3a2a2b + azal — 3a2a2b2 + 3a2a2b3 4 aza — 3a2a2b3 + 3aza2bg — a2b§ — axb§ — a2b§ — a2bf
— a2b? — azbf — asbf — asb + 6a3b2b32 — 6a3b3b3 4 6a3bibI — 6a2b3b3 + 6abibZ
— 6a2b3b 4+ 6a2b3b2 — 6a2b3b3 4 6aSb2bZ — 6a2b2b3 + 6a3b3bE — 6aZb3b3

x4 = afby — 3a$b?by — 6a3ab? + 643673 + 6aa3b? + 3a2bibe — 6a2b3b3 + aSby — 6a3b3

+ 3a3b3 + 6a3b3 — 6a2a3b? + 6aZa2bi — 6a3a3b3 + 6a3a2bI — 6aZaPb? + 6a3a?bd

— 6a3a3b2 + 6a3abs — 6a2aib? + 6a3a2b3 — 6a2a3b2 + 6a2a2b3 — 3a3b3 + aSbe
— 3ajbob? + 6433032 — 6a3b3b3 4 3aZbobi + aSbe — 3a}bab3 + 6a3b3b3 — 6a2b3b3
+ 3a3bab]i + alby — 3a3bab? + 6a3b2b2 — 6a2b2b3 + 3a2babi + alby — 3agbab2 + 6aib3b2
— 6a2b2b% + 3a2babg + aShy — 3a2bab2 4 6a3b2b2 — 602633 + 3a2babs 4 aSby — 3agbobl

+ 6agb3bg — 6a3b3b3 + 3agbabg — biba — bl — bab§ — bab§ — bab§ — bab§ — bab — babg
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x5 = aSaz — 3atazb? + 6a3a2b? + 6456202 — 6a2a3b} + 3alasb] — 6a3b3b3 + aSasz — 3atasbi

+ 6a3a3b3 + 6a3b2b% — 6a3a3b3 + 3aZazbs — 6a3b3b3 + af + 3a3b3 — 6a3b3 + 9adbi

+ 6a3a3b3 — 6a2a3b] + 6a3adb? — 6aZab? + 6a3adb? — 6aZalbl + 6a3adb?

— 6a3a?b? + 6aZab3 — 6a3a2b3 — 6a2b3 + azal — 3aza}d? + 3azaibi + azal — 3azaib?

+ 3a3a2b? + azal — 3azagb? + 3a3a2bi + azal — 3azatb? + 3a3a2b3 4 azal — 3a3aib? + 3azalby
— a3b§ — azb§ — azb§ — azb§ — azbf — azbl — azbS — azb§ + 6a3b307 — 6a2b3b3 + 6a3b3b2

— 6a2b2bE + 6a2b3b2 — 6a2bIbE 4 6aSbib2 — 6a2b3b3 + 6aZbibZ — 6a2b3b3

x6 = a$bs — 3a$b2bs — 6aSa2b? + 6a3b2b3 + 6a2a2b? + 3a3bibs — 6a2b3b2 4 aSbs — 3a3blbs
— 6a3a3b3 + 6a3b3bZ 4 6a3a3b3 + 3a2bibs — 6a3b3b3 + aSbs — 6a3b3 + 3a3b3 + 6a3b]
— 6aZajb; + 6a3a3b] — 6a3a3b? + 6aZaZbi — 6aZadbi + 6a3adbl — 6a3abi
+ 6a2a2b3 — 6a2adb? 4 6a3a2b3 — 3a2b3 + albs — 3a1bsb3 + 6a3b3b3 — 6a3blb3
+ 3a2b3b} + albs — 3atbsb? + 6a2b2b2 — 6a2b3b3 + 3aZbsbi + aSbs — 3agbsbZ + 6a3b3b3
— 6aZb2b3 + 3a2bsbg + aSbs — 3atbsb? 4 6a3bibZ — 6a2b3b3 + 3a2bsbt + aSbs — 3agbsbd

+ 6a3b3b2 — 6a2b3b3 4 3a2bsbi — bbs — bSbs — bY — b3b§ — b3bS — b3bS — babS — b3S

T7 = a?a4 - 3a‘11a4b§ + 6a?aib% + 6a?b%bﬁ - Ga%aﬁb? + Sa%cmb‘ll — Ga%b?bi + aga4 — 3a‘21a4b22,
+ 6a3a3bZ + 6a3b2b3 — 6aZa3b3 + 3(1%&41;‘21 — 6a3b3b3 + aga4 - 3a§a4b§ + 6agaib§
+ 6a§b§bz — 6a§aib§ + 3a§a4b§ - 6a§bgbi + aZ + 3a3b3 — 6a3b3 + 9aibi + GaEagbg
— 6a2a2b3 + 6a3adbi — 6a3aZb3 + 6a3a3b2 — 6a%a2b3 + 6a3a3bi — 6aabi — 6a3b]
+ asaf — 3a4a2b2 4 3040203 4 agal — 3a1agb2 + 3a4a2b + asal — 3asa3b? + 3asa2b% + asal
— 3a4a3b2 + 3a4a2b3 — asb8 — asd§ — asb§ — agbs — asbf — asdb — agb$ — a4bl + 6436302

— 6a2b3bE + 602202 — 6a2bIbE 4 6aSb2b2 — 6a2b3b2 + 6aZbib2 — 6a2b3b3

xg = afbs — 3a$b3by — 6a$a2b? + 6a3b2b3 + 6a2a2b? + 3a3biby — 6a2b3b2 4 aSby — 3a3bibs
— 6a3a2b2 + 6a3b3b3 + 6a3ab3 + 3a2babs — 6a3b3b3 + aSbs — 3aib3by — 6aZab’
+ 6a3b3b3 + 6a3a3b3 4 3aZbiby — 6a3b3b3 + albs — 6a3b] 4 3aibi + 6a3bi — 6aadb?
+6a2a2bi — 6a2agb? + 6a2a2b3 — 6a2a3b2 + 6a2a2b3 — 6a3adb? + 6a3aZb3 — 3a3b]

+ alby — 3a2bab? + 6a3b3b2 — 6aZb2bE + 3a2babi + albs — 3adbsb 4 6aZbbE — 6a2bIb3
+ 3a2bybg + aSby — 3arbab2 + 6a3b2b2 — 6a2b2b3 + 3a2babt 4 aSby — 3aibab2 + 6a3b3b3

— 6a2b3b3 + 3a2bybg — bSby — bSby — BSby — b] — babS — bybS — babS — bybS

zg = aSas — 3a‘11a5b% + Ga?agbf + Ga?b%bg - 6a%a§b? + 3a%a5b‘11 - 6a%b?b§ + aSas — 3adasb?
+ 6a3a2b3 + 6a3b3b2 — 6a2a?b3 + 3a3asbs — 6a3b3b% + aSas — 3asasb3 + 6a3a2b3
+ 6a3b3b% — 6a2ab3 + 3a2asbs — 6a2b302 + aSas — 3atasb? + 6a3aZbl + 6a3b3b3
— 6aZab + 3a2asb — 6a3b3b2 4 af + 3a2bZ — 6aibE + 9adbi + 6aZadbi — 6aZalby
+6a2a3b? — 6a2a2b3 + 6a2adb? — 6a2a2b3 — 6a2b2 + asal — 3asagb? + 3asalbi + asal
— 3a5a‘71b$ + 3a5a$b% + a5ag — 3a5a§b§ + 3a5a§b§ — a5b€1i — asbg — a5bg — a5b2 — a5bg — a5bg — a5b$

— azb8 + 6agb2bg — 6a2b203 + 6a3b2bZ — 6a2b2b3 + 6a3bIbE — 6aZb2b3
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z10 = aSbs — 3aib3bs — 6a3a2b? + 6a3b2b2 4 6a2a2b? + 3a2bibs — 6a2b3b2 + aSbs — 3aibabs
— 6a3a2b? + 6a3b3b2 + 6a3a?bi + 3aZbibs — 6a2b302 + aSbs — 3a3bibs — 6ajaZb3
+ 6a3b3b2 + 6a3a2bi 4 3a3b3bs — 6a3b3bE + aSbs — 3aibibs — 6aa2b] + 6a3bib?
+ 6a3a2b} + 3a3bibs — 6a3b3b2 + albs — 6a2b2 + 3a2bi + 6agbs — 6a2adb? + 6aZalb}
— 6a2a3b? + 6a2a2b3 — 6a2adb2 + 6a2a2b — 3a2b2 + abs — 3agbsbZ + 6agb2b3
— 6a2b2b3 + 3a2bsbi + aSbs — 3atbsb2 + 6a3b2b2 — 6a2b2b3 + 3absbs + aSbs — 3agbsb’

+ 6a3b2b2 — 6a2b2b3 4 3aZbsbg — bSbs — bSbs — bSbs — b§bs — bT — bsbS — bsbS — bsbS

T11 = a?ag - Sa%agb% + Ga?a%b% + Ga?b%b% - Ga%agb‘;’ + 3(1%(16[7411 — Ga%b:fb% + agag - 3a3a6b%
+ 6a3a2b3 + 6a3b3b2 — 6aZa2b3 + 3a3acbs — 6a3b3b3 + aSas — 3atagb? + 6ajadbl
+ 6a3b2b2 — 6a3a2b3 + 3aZaghi — 6a3b3b2 + aSas — 3atash? 4 6a3alb] + 6a3bIbZ
— 6a3a2b} + 3a3asbi — 6a3b3b3 + alag — 3atash? 4 6aZab? + 6a3b2bZ — 6a2abd
+ 3aZagbt — 6a2b3b2 + af + 3a2b2 — 6agbd + 9adbs + 6a2adb? — 6a2a2b3 + 6aZabl
— 6a2a2b3 — 6a2b3 + agaS — 3agarb? + 3acabs + agal — 3agagh3 + 3acalbs — agh$ — abS — agh§

— agb§ — ab® — agh8 — ahS — aghl + 6a3b2b2 — 6a2b2b3 + 6a3b2bZ — 6a2b2b3

z12 = a$bg — 3a}bIbs — 6a3alb? + 6a$bIbE + 6aZalbi + 3a3bibs — 6ab3b2 + aSbs — 3a3b3be
— 6a3a2b? + 6a3b2b3 + 6a3a2b3 + 3a2bibs — 6a3b303 + aSbs — 3a3bibe — 6afalb3
+ 6a3b3b3 + 6a3a2b3 4 3a2b3bs — 6a3b3b2 + aSbs — 3aibibs — 6a3ab] + 6a3bIb2
+ 6a%aZbi + 3a2bibs — 6a3b3b% + aSbs — 3asbibe — 6a3a2b? + 6a3bZbE + 6aZalbd
+ 3a2bibs — 6a2b3b2 4 albs — 6agbg 4 3agbi + 6adbs — 6aZab? 4 6aZaZbi — 6a2adb?
+ 6a2a2bs — 3a2b3 + aSbs — 3arbsb2 + 6a3b2b2 — 6a2b2b5 + 3a2bebe + aSbs — 3azbeb2

+ 6a3b2b2 — 6a2b2b3 4 3a2bebg — bSb — bSbe — bSbe — bSbe — bSbe — bT — bebS — bebS

z13 = aSar — 3a‘11a7b% + 6a?a$b% + 6a?b%b$ - Ga%agb? + 3a%a7b‘11 — 6a§b%b$ +aSar — 3a§1a7b§
+ 6a3a2b3 + 6a3b2b2 — 6a3a2b3 + 3a2arbs — 6a3b3b2 + aSar — 3atarb? + 6ada2b3
+ 6a3b3b% — 6a2a2b3 + 3aZarbs — 6a2b3b2 4+ aSar — 3atarb? + 6a3a?bl + 6a3bIb3
— 6a2a2b3 + 3a3arb] — 6a2b3b2 + alar — 3atarb? + 6aa2b? + 6a3b2b2 — 6aZa?b3
+ 3a2arbi — 6a2bEb2 + aSar — 3agarb + 6a3a2bE + 6a3b2b2 — 6a2aZb3 + 3a2arbi
— 6a2b3b2 + ol + 3a5b2 — 6a2b3 + 9a3bt + 6a2aZb: — 6a2a2bd — 6a2b5 + aral — 3araibl

+ 3ara2bg — arb$ — arb§ — arbS — arb§ — arbf — ardd — arbS — arbl + 6a3b2b2 — 6a2b2b3

z14 = aSby — 3albibr — 6aiaZb] + 6a3bib2 + 6aTa3bi + 3aibiby — 6aTbib? + aSbr — 3a3b3br
— 6a3a2b3 4 6a3b3b2 + 6a3a2b3 + 3a3b3br — 6a3b3b2 + albr — 3a3b3br — 6a3aZbd
+ 6a3b3b2 + 6a2a2b3 + 3aZbibr — 6a3b3b2 + albr — 3ajbIbr — 6ajaZb? + 6a3bIb2
+ 6a2a2b3 + 3a2bibr — 6a2b3b2 + aSby — 3a2bib; — 6a3a2b2 + 6a3bZbZ + 6aZa?bd

+ 3a2biby — 6a2b2b2 + albr — 3agbibr — 6ala?b? + 6a3bZb2 + 6aZaZbi + 3aZbibr

— 6a2b3b2 + aSby — 6a3b2 + 3a2b3 + 6ab3 — 6aZagb? + 6a2a2b3 — 3a2b3 + aSbr — 3aibrbZ

+ 6a3b2b3 — 6a2b2b3 + 3a2brbs — bSbr — bSbr — bSbr — b§b7 — b8b7 — B — bE — b7bS
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z15 = aSag — 3atagh? + 6a3a2b? + 6a3b7b2 — 6a%alb; + 3alagbi — 6ab3b2 + aSas — 3asagh3
+ 6a3a2b3 + 6a3b3b3 — 6a2a2b3 + 3aZashi — 6a3b3b3 + aSas — 3atagh? + 6a3ab?
+ 6a3b3b3 — 6a3a2b} 4 3a3asbi — 6a3b3b2 + alag — 3ajash? + 6aialb? + 6afbIb3
— 6a3a2bi + 3a3asbi — 6a3b3b3 + alas — 3atash? 4 6adab? + 6adb2bZ — 6a2albd
+ 3aZasb? — 6a2b3b2 + aSas — 3agashg + 6adadb? + 6agbgbi — 6a2albi + 3aZasbi
— 6a2b2b2 + aSag — 3atagh? + 6a3a3b? + 6a3b2b2 — 6a2a2b3 + 3aaghs — 6a2b3b2 + af

+ 3a3b% — 6aib3 + 9a3bs — 6a2b3 — agh§ — agh§ — agh§ — agh§ — agh$ — aghl — agh$ — agbs

x16 = aSbs — 3a3b?bg — 6a3ab? 4 6a3b3b2 + 6aZa3b3 + 3aZbibs — 6aTb3b3 + aSbs — 3a3b3bs
— 6a3a2b? + 6a3b3b2 + 6a3adbs + 3aZbibs — 6a3b3b3 + aSbs — 3a3bibs — 6ajalb3

+ 6a3b3b3 + 6a3a2bi 4 3a2b3bs — 6a3b3b2 + aSbs — 3aibibs — 6aja3b] + 6a3bib

+ 6a3a2b} + 3a3bibs — 6a3b3b3 + albs — 3aib2bs — 6aZa2b? 4 6aZb2b3 + 6aZalbi

+ 3aZbibg — 6a2b3b3 4 adbs — 3agbgbs — 6adadb? + 6a3b2b3 + 6aZaZby + 3aZbibs

— 6aZbEbZ + aSbs — 3atbZbg — 6a3a2b2 + 6a3b2bZ + 6a2adbd + 3a2bibs — 6aZb3bZ + albs

— 6adbZ + 3agb3 + 6a3bs — 3a2b3 — bSbs — bSbs — bSbs — bSbs — bSbs — bSbs — bSbs — b]

Y1 = az + Sa?b% - 6a‘11b:13 - 3(1?[)11 + Ga%agb% — Ga%agbg + 6a%agb§ - 6a%a§bg + Ga%aibﬁ
— 6aTa3b} + 6a%adb? — 6aa2b3 + 6aTagbi — 6atalbd + 6aiadb? — 6aTaZbd
+ Ga%agbg — 6a%a§bg +6a3b} + araS — 3a1a3b3 + 3a1a§b3 + alag — 3a1a§b§ + 3a1a§b§ +azaf
— 3a1a3b? + 3a1a3b] + araf — 3a1a2b2 + 3a1a2b 4 a1ad — 3a1agb 4 3a1aZbE + ar1aS — 3a1a3b?
+ 3a1a2b% + a1aS — 3a1agb? + 3a1a2bs — a1b§ — a1b§ — a1b§ — a1 — a1b8 — a1bd — a1bS — a1b3
— 6a3b3b3 + 6a3b2b3 — 6a3b3b3 4 6a2bIb3 — 6a3b7b37 4 6a3bIb5 — 6aSbIb2

+ 6a2b7b3 — 6a3b3bE + 6a2bbE — 6a3bIb2 + 6a2b2bE — 6a3bIb3 + 6a2bIby

y2 = a$by + 6aib? — Qa%b:f + 6a:fb‘11 + 6aZa3bZ — 6aTaZbs + 6a%agb§ — 6a§a§b§ + 6aaib?
— 6a3a3bi + 6atadb? — 6aa2b3 + 6aTadbi — 6atalbd + 6aiadb? — 6aTaZbd
+ 6a2a3bZ — 6a3a2b3 — 3a3b7 + aSb1 — 3a3b1b3 + 6a3b3b3 — 6a3b7b3 + 3a3b1b3 + aShy
— 3a3b1b% + 6436263 — 6a3b3b3 4 3aZbibi + alby — 3a}b1b7 + 6a3bIbT — 6aZbIb]
+ 3a2b1b] + alby — 3a2b1b2 + 6a3b3b2 — 6a2b3b3 + 3a2b1bE + alby — 3agbib3 + 6a3bIb2
— 6a2b2b3 + 3a2b1bg + aSby — 3ab1b2 + 6a3b3b2 — 6a2b2b3 + 3a2b1bE 4+ a$by — 3aibib2

+ 6a3b2b3 — 6a2b2b3 4 3a2b1bg — b] — b1bS — b1bS — b1bG — b1bS — b1bS — b1bS — by1bS

Y3z = a?az — 3a‘11a2b% + 6a{’a§b% — Ga?b%b% — 6a%a§b? + Sa%agbil + Ga%b?bg + ag + Sagbg
— 6a3b3 — 3a3b3 4 6a3a3b3 — 6a3a3bl + 6a3aib? — 6a2a2b3 + 6a2adb? — 6a3albl
+ 6a3agb? — 6a3a2b3 + 6a2a3b2 — 6a3a2b3 + 6a2a3bi — 6a3ab3 + 6a3b5 + azal
— 3a2a3b2 + 3a2a32b3 + aza§ — 3a2a3b? + 3a2a3b] + azal — 3a2a2b2 + 3a2a2b + azal — 3azagh?
+ 3a2a2bg + az2aS — 3a2a2b2 + 3a2a2b3 + a2al — 3a2a2b3 + 3a2a2bi — a2b$ — azbs — axb§ — azbf
— agbf — a2bl — asbl — azb§ — 6a3b3b2 + 6a2b3b3 — 6a3bIb3 4 6a3b3b] — 6aSbib?

+ 6a2b3b3 — 6a3b3b2 + 6aZb3bE — 630302 + 6a2b2b3 — 6a3b3b2 + 6a2bIbE
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ya = a$ba — 3a1b?ba + 6aFa3b? + 6a3b2b2 — 6a2a2b] + 3a2bby — 6a2b3b2 + aShy + 6a3b3
- 9a3b% + 6(1%17‘2l + 6a%a§b§ - 6a%a§b§ + 6a§aibi - 6a%aib3 + 6a§a§b§ - 6a%a§bg

+ 6aZab — 6a3a2bi 4+ 6a3a3b2 — 6a2albi 4 6a3a3b3 — 6a2aZbd — 3a3b3 + albs

— 3a3bob3 + 6a3b3b3 — 6a2b2b3 + 3a3babi + albs — 3atbab? + 6a3b2b3 — 6a2b3b5

+ 3a3b2b} + alba — 3aibab2 + 6436202 — 6a2b3b3 + 3a2babi + aSby — 3agbab? 4 6ab3b3

— 6a2b2bg + 3a2babi + aShy — 3atbab2 + 6a3b3b2 — 6a2b3b3 + 3a2babs 4 aSby — 3agbab?

+ 6a3b3b3 — 6a2b3b3 4 3aZbobs — bSba — bT — bab§ — bab§ — babS — babl — babS — bob§

ys = a‘fag - 3a‘11a3b% + Gai;’a%b% - 6a?b%b§ — 6a%a§b? + Sa%agbil + 6a%b‘;’b% + agag — 3a§a3bg
+ 6a3a3b3 — 6a3b3b% — 6aZa2b3 + 3a3azbs + 6a3b3b3 + al + 3a3b3 — 6a3b3 — 3aibi
+6a3a3b3 — 6a3a3b3 + 6aZaibi — 6a3a?bd + 6a2aibi — 6aZadby + 6ajadb?
— 6a3a2b3 + 6a2adb? — 6a3a2b3 + 6a2b3 4 aza§ — 3azaib] + 3azalbi + azal — 3azaib?
+ 3a3a2b? + azal — 3azagb? + 3a3a2bE + azal — 3azatb? + 3a3a2b% + azal — 3a3aib? + 3azalby
— a3b§ — azb§ — azb§ — azb§ — azbf — azbl — azbsS — azbS — 6a3b363 + 6426303 — 6a3bIbZ

+ 6a2b2b3 — 6a3b3bZ + 6a2b2bE — 6a3b3b2 + 6a2b2b3 — 6aibib3 + 6a2b3b3

ye = aSby — 3a}b?bs + 6a3a3b? + 6a3b3b2 — 6aTa2b} + 3a2bibs — 6a2b3b2 + aSbs — 3a3bibs
+ 6a3a3b3 + 6a3b2b2 — 6aZa3b3 + 3a3bibs — 6aZb3b2 + aSbs + 6a3b3 — 9aib3 + 6albs
+ 6a%a3b? — 6a2a2b] + 6aZa3bi — 6aZaZbi + 6a3adb — 6a3agby 4 6aZadb?
— 6a3a?bd + 6a%adbd — 6a3adbd — 3a3b5 + albs — 3aibsb] + 6a3b3b] — 6a3bib]
+ 3a3bsbi + albs — 3a2b3b? + 6a3b3bZ — 6a2b2b3 + 3a2bsbi 4 albs — 3agbsb2 + 6agb3b3
— 6a2b2b3 + 3a2bsbg + aSbs — 3atbsb2 4 6aZbibZ — 6a2b2b3 + 3a2bzbt 4+ aSbs — 3agbsbd

+ 6a3b3b2 — 6a2b3b3 4 3a2bsbg — bSbs — bSbs — bT — bab§ — babS — babS — bgbS — bsb§

y7 = afaq — 3a‘11a4b% + 6a3a3b? — 6a3b3b3 — 6atalb; + 3a%a4b‘11 +6a3b3b3 + aSaq — 3a§a4b§
+ 6a3a3bd — 6a3b3b3 — 6aZa2b3 + 3aZaysbi 4 6a3b3b7 + aga4 - 3a§a4b§ + GaQaZbg
— 6a3b3b3 — 6a2a2b3 + 3alaqbs + 6a2b3b2 + a] + 3a3b2 — 6aib] — 3a3bi + 6aZadb?
— 6a2a2b3 + 6a3adbg — 6a2aZbi + 6a2a3b2 — 6a2a2b3 + 6a2a3b? — 6a3abi + 6a3b]
+ agaf — 3a4a2b2 + 30402 + a1al — 3a1adb2 + 3a4a2bi + asal — 3a4a3b2 + 3asa2bt + agad
— 3a4a3b2 + 3a4a2bs — asb§ — asd§ — asb8 — asd — asbf — asdd — asbS — ayb — 6a3bIb2

+ 6a2b3bE — 6a3bIb + 6aZbIbE — 6a3bIb2 + 6a2bIb3 — 6aiblbi + 6aZbIb]

yg = aSby — 3a1b?by + 6a3a2b? + 6a3b2b2 — 6a2alb3 + 3a2biby — 6a2b3b2 + aSby — 3adbiby
+ 6a3a3b2 + 6a3b2b3 — 6a2a2b3 + 3a3babs — 6a3b3b3 + aSby — 3aAb3by + 6a3abi
+ 6a3b3b2 — 6a3a3b3 + 3aZbibs — 6a3b3b37 + alba + 6a3b7 — 9ajbl + 6a3bi + 6a3adb?
— 6a2a2b3 + 6a3adb? — 6a3a2bE + 6a2a3b2 — 6a2a?b3 + 6a2adb? — 6a2a2b3 — 3a3b]
+ alby — 3azbab? + 6a3b3b2 — 6a2b3bE + 3a2babi + albs — 3aibsd 4 6adb2bE — 6a2bIb3
+ 3a2bybg + aSby — 3a2bsb2 + 6a3b2b2 — 60233 + 3a2babs + aSbs — 3agbab2 + 6a3bI3

— 6a2b3b3 + 3a2babg — b8bs — bSby — bSby — b — babS — babS — bsbS — bab
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yo = aSas — 3atasb? + 6a3a2b? — 6430202 — 6a2a2b? + 3aasb] + 6a2b3b2 + aSas — 3atasb’
+ 6a3a2b3 — 6a3b3b2 — 6a2a2b3 + 3akasbs + 6a3b3b2 + aSas — 3ajasb? 4 6ajaZbl

— 6a3b3b2 — 6a2ab3 + 3a3asbi + 6aZbibE 4 alas — 3atasb] + 6aialbi — 6a3bIb?

— 6a3a2b} + 3a3asbi + 6a3b302 + al 4 3a3b2 — 6a2bE — 3adbi + 6a2adb? — 6aZalbd

+ 6a2a3b2 — 6a2a2b 4 6a2ab — 6a2a2bd 4 6a2b2 + asal — 3asagb? + 3asabs + azal

— 3asatb? + 3a5a2b% + asal — 3asagb? + 3asabi — asb — asbs — asb§ — asb§ — azbf — asbd — asbS

— asb§ — 6agbZbZ + 6a2b2b3 — 6a3b2b2 4 6aZb2bE — 6a3b2b3 + 6aZbIbE

y10 = aSbs — 3a$b3bs + 6ata?b? + 6a3b2b2 — 6a2ab? + 3a%bibs — 6a2b3b2 4 aSbs — 3a3b2bs
+ 6a3a2b3 + 6a3b3b% — 6aZa2b3 + 3a3b3bs — 6a2b3bE 4 albs — 3a3bibs + 6a3albl

+ 6a3b3b2 — 6a2a2b3 + 3a2bibs — 6a3b3b2 + albs — 3aib2bs + 6ala?b? + 6a3bIb3

— 6a3a2b} + 3a2bibs — 6a3b3b2 + albs 4 6a2b2 — 9agbE + 6agbi 4 6a2adb? — 6aZalbl

+ 6a2a3b2 — 6a2a2b3 + 6aZaib — 6a2a3b3 — 3a2b3 4 albs — 3agbsb2 + 6a3b2b3

— 6a2b2b3 + 3a2bsbg + aSbs — 3anbsb2 + 6a3b2b2 — 6a2b2b3 + 3a2bsbt 4 aSbs — 3asbsb3

+ 6a3b2b2 — 6a2b2b3 4 3a2bsbs — bSbs — bSbs — bSbs — bSbs — bT — bsbS — bsbS — bsbS

Y11 = a?as — Sa%aeb% + 6a?a§b% - Ga?b%b% — 6a%a(23b:13 + 30@(16511 + Ga%b?bg + agag — 3a%a6b§
+ 6a3a2b3 — 6a3b2b2 — 6a2a2b3 + 3a3acbs + 6a3b3b3 + aSas — 3atagb? + 6afalbl
— 6a3b3b3 — 6a2a2b3 + 3a3acbs + 6a2b3bE + alas — 3atach] + 6alalb? — 6a3bIb3
— 6aZabi + 3a3aeb] + 6a3b3b 4+ alas — 3atash? + 6adalb? — 6a3b2bg — 6aZalbi
+ 3a2agbs + 6a2bEb2 + af + 3a2b2 — 6agb3 — 3adba + 6a2a3b? — 6a2a2b3 + 6a2a3bi
— 6a2a2b3 + 6a2b3 + agaS — 3agarb? + 3acabs + agal — 3agagb? + 3agalbs — agh$ — aebS — agh§

— agh§ — agb® — agh8 — abS — aghS — 6a3b2b2 + 6a2b2b3 — 6a3b2b2 + 6a2b2b3

y12 = aSbs — 3atb3bs + 6ata2b? + 6a3b?b2 — 6a2ab? + 3a2bibe — 6a2b3b2 + aSbs — 3a5b3be
+ 6a3a2b3 + 6a3b2b2 — 6a2a2b3 + 3a2bibs — 6a2b3b3 + aSbs — 3a5b3be + 6a3alb?
+ 6a3b3b2 — 6a2a2b3 + 3aZbibs — 6a3b3b2 + albs — 3aibibe + 6a3aZbi + 6a3bib2
— 6a2a2b3 + 3a3bibs — 6a3b3b2 + albs — 3agb2bs + 6a3aZb? + 6aZbZb2 — 6aZalb3
+ 3a2bibs — 6a2b3b2 + albe + 6a3bg — 9aghi + 6adbg + 6a2abZ — 6aZaZbd + 6aZadbd
— 6a2a2b3 — 3a2b3 + aSbs — 3atbeb? + 6a3b2b2 — 6a2b2b3 + 3absbs + aSbs — 3agbsb3

+ 6a3b2b2 — 6a2b2b3 + 3a2bebs — bSbe — bSbe — bSbe — bSbe — bSbe — bT — bebS — bebS

y13 = aSar — 3a‘11a7b% + Ga?agb% - Ga?b%bg - 6a%a$b? + Zﬂ}cﬁcwbzl1 + Ga%b?bg + aSar — 3a3arb?
+ 6a3a2b3 — 6a3b3b2 — 6a2a?b3 + 3a2arbi 4 6a3b3b2 + aSar — 3ajarb3 + 6a3a2b3
— 6a3b3b2 — 6a3a2bs + 3aZarba + 6a2b3b2 + aSar — 3atarb? + 6a3a2bl — 6a3b3b3
— 6a2a2b3 + 3a2arb] + 6a3b3b2 + aSar — 3atarb? + 6aaZb? — 6agb2b2 — 6a2a2b]
+ 3a2arbi + 642632 + aSar — 3atarb? + 6adaZb? — 6agb2b? — 6a2a2b? + 3a2arby
+ 6a%b%b% + ag + 3a§b$ — 6a‘71b$ — 3a§b$ + 6a$agb§ . 6a$a§bg + Ga%bg + a7ag - 3a7a§b§

+ 3ara3bs — arb$ — azb§ — a7b§ — arb§ — a7bf — a7bl — a7bS — a7b§ — 6aZb2b2 + 6a2b2b3
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y14 = aSby — 3a1b%b7 4 6a3a2b? + 6a3b3b2 — 6a2a2b} + 3a2biby — 6a2b3b2 + aSby — 3a3biby

Yis

+ 6a3a2b3 + 6a3b3b2 — 6aZa2b3 + 3a3bsbr — 6a3b3b2 + aSbr — 3a3bibr + 6a3a2b3
+ 6a3b2b2 — 6a2a?bi + 3aZbiby — 6a3b3b2 + aSbr — 3a3bibr + 6aia2b] + 6a3bibE
— 6a3a2b} + 3a3bibr — 6a3b3b2 + alby — 3atb2by + 6adaZb? 4 6aZb2b2 — 6aZalbi
+ 3a2biby — 6a2b3b2 + aSbr — 3agbibr + 6aga2b? + 6abEb2 — 6aZa2b3 + 3a2bibr
— 6a2b3b2 + aSbr + 6a2b2 — 9a2b2 + 6a3b + 6a2adbZ — 6a2a2b3 — 3a2b3 + albr — 3agbrbZ

+ 6a3b2b3 — 6a2b2b3 + 3aZbrbg — bSbr — bSbr — bSbr — b§br — bSbr — bSbr — T — b7bS

= a?ag - 3a‘11a8b% + 6a?a§b% — 6a?b%b§ - Ga%agb? + Sa%aggb‘ll + 6a%b:fb§ + agag - 3a‘21a8b§
+ 6a3a2b3 — 6a3b2b2 — 6a3a2b3 + 3a2agbs + 6a3b3b2 + aSas — 3atagh? + 6adab3

— 6a3b3b3 — 6a2a2b3 + 3a3agbs + 6aZb3b2 + afas — 3atasb? + 6alaZbs — 6a3bIb3

— 6a2a2b3 + 3a3asb] + 6a3b3b2 + alas — 3azasgh? + 6adab? — 6a3b2b3 — 6aZalb3

+ 3a2agbs + 6a2bEb2 + aSas — 3agagh + 6ada2bi — 6a3bEb2 — 6aZaZb3 + 3a2asbi

+ 6a2bgb2 + aSas — 3atagh? + 6a3ab? — 6a3b2b2 — 6a2alb3 + 3aZaghbt 4+ 6a2b3b2 + al

+ 3a3b2 — 6aib3 — 3a3bs + 6a2b3 — agh$ — agb$ — agh§ — agb§ — aghl — agbl — aghS — aghl

y16 = aSbg — 3a1b%bs 4 6a3a2b? + 6a3bIbZ — 6a3ab} + 3aTbibs — 6a3b3b2 4+ aSbs — 3adbibs

+ 6a3a3b3 + 6a3b5b3 — 6a3a3bi + 3azbsbs — 6a3b3b3 + a3bs — 3a3b3bs + 6a3azb3
+ 6a3b3b2 — 6a2a2b3 + 3abibs — 6a3b3b3 + albg — 3aibIbs + 6a3abs + 6a3b3b3
— 6a2a2b3 + 3a2bibs — 6020303 + aSbs — 3asbibs + 6aZalb? + 6a3b2b3 — 6aZalbi
+ 3a2bibs — 6a2b3b3 + aSbs — 3agbibs + 6aiadbi + 6abEb3 — 6aZabi + 3ababs
— 6a2b3b2 + aSbs — 3a2b2bg + 6afab? 4 6a3b2b3 — 6aZadb 4 3a2bibs — 6a2bibE 4 aSbs

+ 6a3b2 — 9agb3 + 6adbs — 3a2b3 — bbs — bSbs — bSbs — bGbg — bSbs — bibg — bSbs — b

is a solution in K of 3 + 23 + - + a3 + 25 = v3 + 95 + - + vds + vs.

3.

Solutions of a quartic Diophantine equation

Regarding the equation o + x5 + -+ x5, |+ 23, =yt + 95+ + s, 1 + Y3, we

shall establish the following

Theorem 3.1 Let n be an arbitrary integer > 2. Given elements aq,...,a,,b1,...,b,
of K such that a; > b; >0 for ¢ =1,...,n, let us define, for each k =1,...,n,

Tok—1 = AW + Cog—1,
Tok = brw — cop,
Yok—1 = apW + Cog,

Yok = brpw + cop—1,

where cop_1 = p(a} +b3}), cor, = p(ai — b}),

w =(by — al)(a? + b?)?’ + (b1 + al)(a? — b‘;]f)3 + .-
+ (b — an) (a3 + b2)3 + (by + an)(ad — b3)3
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and
p=06(ai b} (af —b]) + - +ay b (ap — b)) (5)
Then x1,...,Zon, Y1, ., Yon, defined in (B), is a solution in K of the Diophantine equation
BT A Ty T 2y = YL Yo o Yot T Y (6)

Proof. We shall argue as in [3], where the cases n = 2 and n = 3 have been considered
when K = Q. Indeed, for w € K*, let us write

T1=aw+cy, To=biyw—cy, x3=asw—+c3, T4=Dbow —cy,
ey Xop—1 = GpW + Cop—1, Top = bpw — Con,
Y1 =aw+cz, Y2 =biw+cy, y3=aw-+cy, Y4=bow+cz,

sy Yon—1 = QW + Con,  Yop = bpw + cop—1,

where ¢y, ..., ca, are elements of K (clearly, if w = 0, then x1 = ¢1, 20 = —ca, ..., Top—1 =
Con—1,T2n = —Con, Y1 = C2,Y2 = Cly. .-, Yon—1 = C2on, Yon = Con—1 would be a solution of
the equation for all ¢1,co, ..., con—1, con € K).

Substituting the above-mentioned elements xz1,..., %o, Y1, ..., Y2, of K in the equa-

tion under consideration, we obtain a quartic equation in w in which the first and last
coefficients are 0. The coefficient of w? is

4<a§’(01 — ) — b?(cl +c)+ -+ ai(Czn_l — Cap) — b%(CQn—l + CQn))-
Thus, by taking

cl :a?—l—b‘;’,

3 3
C2 =CL1 _b17

3, .3
Con—1 = a, + by,

3 3
Con = Ay, — bn?
we get

cl1+cy = 2&?,

Cl — Cy = 2[):1)’,

3
Con—1 + Con = 2ay,,

3
Con—1 — Can = 2by,,
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and the coefficient of w? will be 0. Therefore the equation for w will simplify to

2

6(ai(ci —c3) +b7(c3 —cf) + - +ap(B, 1 — 3n) + 0p (3, — 3 y)) W

=4((by — a1)c3 + (b + al)cg ot (b — an)c3,_y + (bn + an)cs,)w
Moreover since, for each k =1,...,n,
o1 — Cop = (Cok—1 — i) (Con—1 + Co2x) = 4aiby,
we arrive at
6(aibi(al — b7) + - + adbp(ah — b2)) w”

= pw® = ((by — a1)(ad + 63)° + (b1 + a1)(a} — b})?
'+(bn_an)(a;}z+b2) + (b, +an)( _b3) Jw

(by hypothesis p, defined in (B), is a positive element of K). Finally, multiplying w and
each ¢; (i =1,...,2n) by the element p € K, we obtain elements of K that we will still
denote by w and ¢; (i = 1,...,2n) which, when substituted in (@), furnish the solution
Tiy..oy Loy Y1, - -, Y2 in K of the Diophantine equation (B). This completes the proof.
]

Remark 2 Under the conditions of Theorem B, x1,...,%on,Y1,--.,Yon belong to L if
a1, ...,0p,b1,...,b, belong to L.

In view of Theorem B, one can use SymPy to guarantee the validity of the following

(see code at the appendix)
Exzample 3.2 If a; > b; >0 (i = 1,...,8) are elements of K,

1 = 2a3%; — 64503 + 6a3bS + 6atb] + 6a3a3b3 — 6a3a3b3 + 6adadbl — 6a3adbl + 6a3albd
— 6ataib] + 6a3a2bd — 6a3abl 4 6adadby — 6a3adbl + 6a3adb3 — 6aFabd
+ 6a3adb3 — 6a3agbl — 6a3b§ — 20369 + 2a1a5b2 — 6a1alb3 4 6a1a3bl — 2a1a2b3 + 2a1a3b3
— 6a1a3b3 + 6a1a3b3 — 2a1a3b3 + 2a1a4b4 — 6a1a4b4 + 6a1a4b4 — 2a1a4b4 + 2a1a5b5 — 6a1a5b3
+ 6a1a3bl — 2a1a5b2 + 2a1a9bs — 6a1albE + 6a1a3bl — 2a1a6b3 + 2a1a9b7 — 6a1alb3 + 6a1adb]
— 2a1a7b9 + 2a1a9bg — 6a1a%b3 + 6a1a3by — 2a1asby + 6a3bIb3 — 6a3bIb5 + 6a3b5b3
— 6a3b3b3 + 6a36303 — 6a3b3b] + 602363 — 6aZb3b2 4 6aZb3bE — 64333

+ 6a3b5b% — 6a3b3b3 + 6a3b3b3 — 6agbIb]

x3 = 2a9b? — 64§03 — 6a] bl +6aSb3 + 6a3bS — 6a3a3bs + 6a3adby — 6a?agb§ + 6a?agbg
— 6a3a3b3 + 6a3alb] — 6a1a5b + 6a?agb5 - 6a1a6 + 6a1a2b6 - 6a1a7b3
+ 6a3a3b? — 6a3adbs + 6a3agbl — 241610 + 2a9b1 by — 6alb1b3 + 6a5b3b3 — 6a3bIb3
+ 6a3b1bl — 2aab1b3 + 2a3b1b3 — 6a%b1b3 + 6a3b3b5 — 6a3b3b3 + 6a3b1b] — 2a3b1b3 + 2ab1by
— 6ab1b3 + 6a5b3b3 — 6a3b3b3 + 6a3bi1b] — 2a4b1b] + 2ab1bs — 6albibd + 6aZb3b3
— 6a3b3b2 + 6a3b1bL — 2a5b1bY + 2a3b1bs — 6afb1bg + 6a3bIbE — 6agbIbE + 6adbibg — 2a6b1bY
+ 2a9b1b7 — 6aLb1b2 4 6a3b3b3 — 6436305 + 6aSb1bT — 2a7b1bd + 2a3b1bs — 6alb1bi + 6a3b3b3

— 6a3b3b3 + 6adb1bl — 2asb1b3
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z3 = 2afasby — 6a]asb? + 6aadb} + 6a3b3b3 — 6a3a3b] + 6aTazb] — 6a3bIb3 — 2a;1a2b] + 2a10by
— 6aSb3 + 6a3bS + 6adbs + 6a3a3bi — 6adaib] + 6a3albi — 6adalb] + 6a3albd
— 6a3a3b2 + 6a3adbd — 6a3adbl + 6a3adbd — 6a3adb? + 6a3a3b — 6a3adbl — 6a3bS
- 2a§bg + QaQagbg — 6a2a§bg + 6a2agbg - 2a2a3bg + 2a2a2b4 — GaQaZbi + Gagaibz - 2a2a4b2
+ 2a2agb5 — 6a2agbg + 6a2a§bg — 2a2a5bg + 2a2agb6 — 6a2agbg + GIIQngg — 2a2a6bg + 2a2a€7)b7
— 6a2alb3 + 6a2a3bl — 2az2a7bY + 2a2a3bs — Gazalbd + 6azadbl — 2a2agby + 6aZb3b3 — 6a3b303
+ 6a3b3b3 — 6a3b3b3 + 6a2b3bE — 6a3b3b2 + 6aJb3bg — 6432 + 6a3b3b3

— 6a3b3b3 + 6a3b3b3 — 6a3b3b3

x4 = 2a9b1ba — 6a]b3ba — 6a3adbi + 6a5b3b3 + 6a3a3b] + 6a3b]ba — 6a3bTb5 — 2a1b7ba + 2a5b3
— 6a5b3 — 6albs + 6a3b3 + 6a3b3 — 6a3adbi + 6a3a3bl — 6ajalbl + 6a3aibi — 6a3aldbd
+ 6a§a§bg — 6a%aébg + 6a%a%bg — 6a%a?b§ + 6aga$b$ — 6a§a§bg + Ga%agbg — Qagbéo
+ 2a3babs — 6a5bab3 4 6a3b3b3 — 6436303 + 6a3babl — 2a3b2b) + 2a3babs — 6afbebi + 6436303
— 6a3b3b3 + 6aibabl — 2a4bab) + 2a2babs — 6albab3 + 6a2b3bE — 6aEb3bT + 6ababl — 2a5bab?
+ 2ababe — 6albabd + 6agb3b3 — 6a3b362 + 6adbabl — 2acbab] + 2aIbabr — 6albabd + 6a3b3b3

— 6a3b3b2 + 6a3babl — 2a7b2b2 + 2a3babs — 6albab3 + 6a3b3b3 — 6agb3bT + 6a3babl — 2a5babd

z5 = 2aJaszb; — 6a{a3b? + 6a?a§b? + Ga?b?bg - 6a‘1’a§b? + 6ataszb] — 6a§’b?b§ — 2a1a3b)
+ 2aJazbe — 6alazb3 + 6a5a3b3 4+ 6a5b3b3 — 6a3a3bl + 6a3azbl — 6a3b5b3 — 2a2a3b3 + 2a3 b3
— 6a$b3 + 6a3b5 + 6a3b5 + 6a3albi — 6a3aib} + 6a3albd — 6a3adb + 6adalbd
— 6a3abg + 6a3adbi — 6a3asbd + 6a3adb3 — 6a3adbl — 64305 — 2033 + 2azalby
— Bazaibl + 6azaibl — 2azasb] + 2a3a2bs — 6azalbl + 6azalbl — 2azasbd + 2azalbs — Gazagbd
+ 6a3agbg — 2a3a6bg + 2a3a$b7 — 6a3a;b§ + 6a3a§b$ — 2a3a7b? + 2a3agbg — 6a3agbg + 6a3a§bg
— 2azaghd + 6a3b3b3 — 6a3b3; + 6a2b3bE — 6aZb3b3 + 6a2b3bE — 6aZb3b] + 6a3b3b3

— 6a$b3b3 + 6a3b3b3 — 6adb3vy

x6 = 2alb1bs — 6a]b3bs — 6a3a3bs + 6a3b3b3 + 6aSadb} + 6a3bTbs — 6a3b3b3 — 2a1b7b3
+ 2a9babs — 6a5b3bs — 6a3adbd + 6a3b3b3 + 6a3a3b + 6a3blbs — 6a3b3b3 — 2a0b3bs
+ 2a3b3 — 6a5b3 — 6alb] 4 6a$b] + 6a3b3 — 6a3a3b 4 6ajaibi — 6a3albd + 6a3adbl
— 6a3a3b3 + 6a3adby — 6a3adbd + 6a3a3b> — 6a3adb3 + 6a3a3b] — 2a3b1° 4 2a3b3by
— 6a]b3b3 + 6a3b3b3 — 6a3b3b3 + 6a3bzb] — 2a4b3b] + 2absbs — 6albzbd + 6aZb3b3
— 6a2b3b2 + 6a3bsbl — 2a5b3bl + 2a2b3bs — 6afbsbs + 6a3b3bE — 6aib3bE + 6agbsby — 2a6b3by
+ 2a9b3br — 6atb3b2 4 6a3b3b3 — 6436305 + 6aSbsbl — 2a7b3bd + 2aJbsbs — 6albsbi + 6a3b3b3

— 6a3b3b3 + 6adbsbl — 2asbs3bl
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z7 = 20l asby — 6a]asb? + 6a3aib} + 6a3b3b3 — 6a5a3b + 6aTasd] — 6a3bIb3 — 2a1a4b)

+ 2a3a4b2 - 6aga4b% + 6a§aib% + Gagbgb?’ 6a2a4b2 + 6a2a4b7 6a%bgbi - 2a2a4bg

+ 2aasbs — 6a%asbi 4+ 6a3a3b3 + 6a3b3b5 — 6a3aib] + 6a3asb] — 6a3b3b3 — 2azasbd 4+ 2a1°bs

— 6a5b3 + GaZb + 6a4b4 + 6a4a bd — 6a4a b + 6a;1a b5 - 6a4a b + Gaia?bg

— 6a3a3b3 + 6a3adbd — 6aiaddl — 6afb§ — 2a3b] + 2a4a2bs — 6a4alb3 + 6aqafbl — 2a4a5b3

+ 2&4&2!}6 — 6a4agbg + 6a4agbg — 2a4a6bg + 2a4a?b7 — 6a4a;b§ + 6a4a$b; — 2a4a7b$ + 2a4agb8

— 6agagbl + 6a4a3bl — 2a4a8b3 + 6a2b3b3 — 6a3bIbS + 6a3bIbE — 6aZbIbE + 6a3b3b3

6a3b3b5 4 6adb3b3 — 6a3b3b3

xg = 2ab1bs — 6a]b3by — 6a3a3bs + 6a3b3b3 + 6a$aib} + 6a3bTbs — 636363 — 2a1b7bs

9

+ 2a9baby — 6a5b3bs — 6a3aibd + 6a3b3b3 + 6a3a3b + 6a3blby — 6a3b3bT — 2a0b9bs

+ 2a3bsby — 6alb3by — 6ajaib3 + 6436303 + 6a3alb] + 6a3blby — 6a3b367 — 2a3b3bs
+2a3b3 — 6a5b3 — 6alb} + 6a5b3 + 6a3bS — 6a3abi + 6a3aibl — 6a3alb3 + 6aiadb]

— 6a3a3b3 + 6a3a3b? — 6a3adbi + 6a3asbl — 2a4b50 + 2a2bybs — 6albsb? + 6a3bIbE

— 6a2b3b2 + 6a3babl — 2a5bsbl + 2a3bsbs — 6afbabg + 6a3bIbE — 6aZb3bE + 6apbaby — 2a6biby
+ 2a9babr — 6aTbsb3 4 6a3b363 — 643305 + 6aSbabl — 2a7babd + 2a3babs — 6albabd + 6a3b3b3

— 6a3b3b3 + 6adbabl — 2asbabl

= 2alasb1 — 6alasb + 6afad? + 6a3b3bE — 6a3aibt + 6atasb] — 64303 — 2a1a5b]

+ 2a3asby — 6adasbs + 6a5aib3 + 6a5b3b3 — 6a3ab] + 6a3asbl — 6a3b3b3 — 2a2a5b3

+ 2a3asbs — 6a%asb3 + 6a3adbd + 6a3b3bE — 6a3a3b3 + 6adasb] — 6a3b3bE — 2a3a5b)

+ 2a2a5b4 - 6a1a5bi + 6aiagb2 + 6aibibg — 6a‘2a§bi + 6aia5bz — 6ay b5b3 — 2a4a5b4 + 2a 0b5
— 6aSb2 + 6a2b¢ + 6atbl + 6a3albi — 6a2ab] + 6a3adb? — 6adabd + 6adadbd

— 6a3adbl — 6agbd — 2a2b3 + 2a5adbs — 6asafbl + 6asagbl — 2asash) + 2a5adby — Gasalbd

+ 6asa3bl — 2a5a7b? + 2a5a3bs — 6asafbi + 6asaiby — 2asasbg + 6agb3by — 6aibiby + 6a3b3b3

— 6a3bEb3 + 6a3b3b3 — 6a3bib3

x10 = 2a3b1bs — 6a]b3bs — 6a3aib3 + 6a3b3b2 4 6a3afb} + 6a3bIbs — 6a3bIbE — 2a1b7bs

+ 2a3babs — 6alb3bs — 6a5a3b3 4+ 6a3b3b3 + 6a3aiby + 6a3blbs — 6a3b3b3 — 2a2b3b5
+ 2abzbs — 6alb3bs — 6a3a3b3 4+ 6a3b3b3 + 6a3aibi + 6a3blbs — 6a3b363 — 2a3b305
+ 2a3bsbs — 6ab3bs — 6a5aib3 + 6a3b3b3 4+ 6a3alb] + 6a3bibs — 6a3bib3 — 2a4b3bs5
+2a2b2 — 6aSb3 — 6albs + 6aSb3 + 6a3bS — 6a2adbd + 6aZadbl — 6a3adb3 + 6adadbd
— 6a3alb + 6aadby — 2as5bi0 + 2aJbsbs — 6agbsbi + 6agbIb3 — 6abIbE + 6a3bsbl — 2asbsb)
+ 2a9bsbr — 6aLbsb 4 6a3bEbE — 6a3b2b3 + 6aSbsbl — 2a7bsb2 + 2aJbsbs — 6albsbs + 6a3b3b3

— 6a3b3b3 + 6a3bsbl — 2asbsb]
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z11 = 2alaeb1 — 6alach? + 6aTad? + 6a3b3b3 — 6a3adbt + 6atach] — 6a5bTbE — 2a1a6b]
+ 2a3a6b2 . GaZagbg + 6agagb% + 6agb%bg — 6a%a2bg + 6a%a6bg - Gagbgbg = 2a2a6b3
+ 2a3agbs — 6alashi 4 6a3ab3 + 6a3b3b% — 6a3adbl + 6a3ash] — 6a3b3b3 — 2azash)
+ 2a3agbs — GaZaebi + 6aiagbi + 6aibibg - GaZagbZ + 6aia6bz — GaEbeg — 2a4a6b2
+ 2a2agbs — 6alagh 4+ 6a2abd + 6a2b3b3 — 6a2abd + 6adashl — 6aZb2b3 — 2a5a6b? + 2L bs
— 6aSb2 + 6a3b8 + 6adbs + 6a3adb? — 6agabd + 6adadbd — 6adab — 6adbE — 2a2b3
+ 2aa2by — 6agalbs + 6agaibt — 2asarb 4+ 2asalbs — 6asagbs + 6agazbl — 2agaghy + 6a3b3b3

— 6a3b3b3 + 6a3b3b3 — 6a3bEb3

x12 = 2aib1bs — 6a]b3bg — 6afalb? + 6a3b3b3 + 6a3adb + 6a$b]bs — 6a3bIbE — 2a1b7bg
+ 2a9babs — 6a5b3bs — 6a3agbi + 6a3b3b3 + 6a3adb + 6a3bibe — 6a3b3bE — 2a2b9be
+ 2a3bsbs — 6afb3bs — 6a3adb3 4 6a3b3b3 + 6a3adb] + 6a3blbs — 6a3b363 — 2a3b3bs
+ 2ababs — 6afbibs — 6aladb} 4+ 6a3b3bE + 6a3aib + 6a3bibs — 6a3bib3 — 2a4b3bs
+ 2absbs — 6albibs — 6aZadbl + 6a2b3bE + 6a3aibi + 6aSblbs — 6aZbEb3 — 2a5bbg
+ 2a2b2 — 6a8b3 — 6afbs 4+ 6adbl + 6a2bS — 6adaSb 4 6agadb? — 6adadbd + 6aadb]
— 2a6bg 4 2a3bebr — 6aTbeb3 + 6a3bEbs — 6433 + 6a3bebl — 2a7bebd + 2absbs — 6agbebi

+ 6a3b2b3 — 6a3b2b3 + 6a3bsbg — 2agbsb)

z13 = 2alarb1 — 6alarb? + 6afab? + 6a3b363 — 6a3adbt + 6atard] — 643003 — 2a1a7b?
+ 2a3arbe — 6abarbi + 6a3a3b3 + 6a3b3b3 — 6a3ab] + 6a3arbl — 6a3b3b3 — 2aza7b)
+ 2a%a7bs — 6a%arb3 + 6a3a3bi + 6a3b3b3 — 6a3a3b3 + 6adarb] — 643365 — 2a3a7b)
+ 2aia7b4 — 6aZa7b2 + GaZaibi + 6a2b2b§ — 6aia$bi + 6aia7bz - 6a2bib§ — 2a4a7b2
+ 2aarbs — 6afarb 4+ 6a2a3b3 + 6a2b3bE — 6a2abd + 6adarbl — 6aZbIb3 — 2a5a7b?
+ 2a3arbs — 6agarbd 4+ 6a3a3b3 + 6a3b3bE — 6a3adb? + 6adarbl — 6a3b2b3 — 2apa7bd 4 22 b7
— 6aSb3 + 6a2bS + 6a2bT + 6aZadby — 6aSaibl — 6a3b — 23202 + 2aragbs — 6aralbd

+ 6ara3bl — 2avaghd + 6a3b3b3 — 6a3b3b3

z14 = 2ab1b7 — 6aTb3br — 6a5a3b3 + 6a3b363 4 6a3adb} + 6a3bTbr — 636363 — 2a1b7b7
+ 2a9baby — 6alb3by — 6a5a3b3 + 6a5b3b3 + 6a3adbl + 6a3biby — 6a5b3b3 — 2a2b9b7
+ 2a3b3br — 6afbiby — 6a3a3b3 + 6a3b3b3 4+ 6a3a3b] + 6a3bliby — 6a3b363 — 2a3b3b7
+ 2a3babr — 6ab3by — 6ala3b3 + 6a3b3b3 + 6a3a3b] + 6a3biby — 6a3b3b3 — 2a4b3b7
+ 2a2bsby — 6albiby — 6a2adb3 + 6a2b3b3 + 6a3alb + 6a3blby — 6aZb2b3 — 2a5b3by
+ 2adbgby — 6agbiby — 6a2a3bi + 6a3b3bE + 6adaibl + 6agblibr — 6a3b3b3 — 2a6b2br
+ 2a$b$ - 6a§b§ — 6(1;17‘7l + 6a$b$ + 6a§b$ . 6a§agbg + 6a§a§bg — 2a7b%0 + 2a2b7b8 — 6a§b7bg

+ 6a3b3b3 — 6a3b3bg + 6a3brbl — 2agbrby
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z15 = 2alagby — 6alagh? + 6aTaib? + 6a3b3b3 — 6a3aibt + 6atagh] — 643D — 2a1agh?
+ 2aga8b2 - 6a;a8b% + 6aga§b% + 6a§b%bg - Ga%agbg + Gagagb; - 6a§bgbg - 2a2a8b3
+ 2a3asbs — 6a%agbi 4+ 6a3a3b3 + 6a3b3b3 — 6a3ab] + 6a3ash] — 6a3b3b3 — 2azash)
+ 2aia8b4 — 6aZa8b2 + 6aiagbi + 6aib2bg — 6aiagbi + ﬁaiagbz - 6a2bibg — 2a4asb]
+ 2a2asbs — 6afagb + 6a2ab3 + 6a2b3b3 — 6aZabd + 6adasbl — 6aZbIb3 — 2a5asb?
+ 2aagbs — 6alagbl + 6agadbd 4+ 6a2b3b3 — 6a3a3by + 6adaghl — 6agb2b3 — 2acagby
+ 2a2agbr — 6alaghs + 6a3a3b3 + 6436303 — 6a3a3bd + 6aaghl — 6a3b3b3 — 2a7agb? 4+ 2ai%bs

— 6ab + 6a3bS + 6agb — 6a3b§ — 2a2b3

z16 = 2aib1bs — 6a]b3bs — 6aagbi + 6a5b3b3 4 6a3a3b] + 6a3bTbs — 6a3bTb3 — 2a1bIbs
+ 2a3babs — 6asbibs — 6a5asb3 + 6a5b3b3 4+ 6a3a3by + 6a3bibs — 6a3b3b3 — 2a2b3bs
+ 2a3bsbg — 6a5b3bs — 6ajadbi + 6a3b3b3 + 6a3adb] 4 6a3blbs — 6a3b3b3 — 2a3bIbs
3 33 3%8Y3 3¥3Y8 3%8Y3 3Y3 373Y8 3
+ 2a3babg — 6abibg — 6alasb3 + 6a3b3b3 4+ 6a3a3b] + 6a3bibs — 6a3bibs — 2a4b3bs
+ 2a2bsbg — 6albibs — 6aZaib3 + 6a2b3b3 + 6a3ab? + 6aSblbs — 6aZb2b3 — 2a5b3bs
+ 2adbgbg — 6agbibs — 6ala3b + 6a3babs + 6adaibl + 6agblbs — 6aSbIb3 — 2a6b2bs
6 6“6 648Y6 6“6Y8 6486 6“6 6Y6Y8 6
+ 2a2b7bg — 6alb3bg — 6aZaibd + 6a3b3b3 + 6aSadbd 4 6adblby — 6a3b3b3 — 2a7bIbs

+ 2a3b3 — 6a3b3 — 6afbs + 6adb3 + 6a3bs — 2asbi’

y1 = 2a1%y — 6487 — 64708 + 6a1b] + 6aTa3bs — 6a3a3by + 6a3adbi — 6ataibl + 6adalb}
— Ga?aibi + 6a§agbg — Ga:fagbg + 6a§’a2b% — 6a§a2bg + 6a§a§b$ — 6a§’a§b§
+ 6a?a§b§ - 6a§agbg + Ga:fb? — 2a%b? + 2a1agb2 - 6a1a;b§ + 6a1agb; - 2a1a2bg + 2a1agb3
— 6a1agb§ + 6a1agb§ — 2a1a3bg + 2a1a2b4 — 6a1aZbi + 6a1aibz — 2a1a4bg + 2a1agb5 — 6a1agbg
+ 6a1aZb? — 2a1a5b2 4 2a1adbs — 6a1albd 4+ 6a1adby — 2a1a6bd 4 2a1a3b7 — 6a1alb 4 6aradd?
— 2a1a7bY + 2a1adbs — 6aiadbd + 6a1adbl — 2a1agb) — 6a3b3b3 + 6a3bIb3 — 6a3b3b3
+ 636303 — 6a3b3b3 + 6a3b3b5 — 6a2b3b3 + 6a2b3b2 — 6426363 + 6a3bIbY

— 6aSb3b3 + 6436365 — 6a3b3b3 4 6a3b3b3

y2 = 2ab? + 6a5b3 — 60{()‘11 — 6a$b3 4 64508 4 6a3a3b3 — 6a3a3bl + Ga?agbg — Ga?agbg

+ 6a3a5bi — 6a3aibi + Ga?agbg — 6a?ag’bg + 6a?agbg - Ga?agbg + Ga?a?bg

— 6a3a3b3 4 6a3albs — 6a3agbl — 2a1b10 + 2aJb1by — 6albib3 + 6456363 — 6a3bIb3

+ 6a3b1b% — 2a2b1b3 + 2a3b1b3 — 6a%b1b3 + 6a3b3b3 — 6a3bIb3 + 6a3b1b] — 2a3b1b3 + 2ab1by
— 6a]b1b3 + 6a3b3b3 — 6a3b3b5 + 6a3bib] — 2a4b1b] + 2ab1bs — 6albibi + 6alb3b3

— 6a3b3bE + 6abibl — 2a5b1b2 + 2a0b1bs — 6alb1bg + 6aJbIbE — 6agb3b3 + 6adb1bg — 2a6b1 b
+2a2b1b7 — 6alb1b3 4 6a3b5b3 — 6a3b3b3 4 6aSb1bT — 2a7b1b2 + 2aJb1bs — 6alb1bd + 6a3b3b3

— 6a3b3b3 + 6a3b1 bl — 2asb1b3
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y3 = 2alasby — 6a]azb$ + 6ajadb — 6a7bIb3 — 6aTa3b] + 6a3asb] + 6a3b7b3 — 2a1a2b) + 2a30by
— 6a$b3 — 6a3bS + 6a3bS + 6a3a3bi — 6a3adby + 6a3a3bF — 6a3ab] 4 6adalb?
— 6a3a3b2 + 6a3adbd — 6a3adbd + 6a3adbd — 6a3adbd + 6a3abd — 6a3adbl + 6a3bs
- 2a%bg + 2a2a2b3 — 6a2agbg + Gazagbg — 2a2a3bg + 2a2a2b4 - 6a2a1bi + 6a2a2bz — 2a2a4b2
+ 2a2agb5 — 6a2agbg + 6a2agbg — 2a2a5bg + 2a2agb6 — 6a2agbg + 6a2agbg — 2a2a6bg + 2a2agb7
— 6agalbd + 6a2a3b? — 2a2a7bd 4 2a2a3bs — 6az2alb3 + 6a2aiby — 2asaghy — 6a3b3b3 + 6a3b3b3
— 6afb3b3 + 6a3b3b5 — 6a3b3bE + 6aZb3b3 — 6a3b3b3 4 6agb3bE — 6a3b3b3

+ 6a2b3b2 — 6a3b3b3 + 6agb3b3

ya = 2ab1ba — 6a]b3by 4 6a5a3b3 + 6aTb3b3 — 6a3a3b} + 6a3b]by — 643703 — 2a1bTba + 2aJb3

+ 6a5b3 — 6a3b5 — 6aSb3 4 6a5bS + 6a3a3b3 — 6a3a3b3 + 6a3aibi — 6a3aibi + 6a3albd

— 6aga§bg + 6a§agbg — 6a%agbg + 6a§a§b§ — 6aga§b§ + 6aga§bg — 6a§agbg — 2agb%0

+ 2a3babs — 6albabl + 6a3b3b3 — 6a3b3b3 4 6a3babl — 2a3b2b) + 2aJbabs — 6albab3 + 6a5b3b3
— 6a3b3b3 + 6a3bab] — 2a4bab] + 2abobs — 6albab? 4 6a3b363 — 6aZb3bE 4 6adbabl — 2a5babl
+ 2adbabs — 6afbabd + 6a3b3bE — 6a3b3b3 + 6adbabl — 2acbab] + 2aIbabr — 6albabd + 6a3b3b3

— 6a2b3b3 + 6a3babl — 2a7b2b2 + 2ababg — 6albabl 4 6a3b3b3 — 6a3b3b3 4 6a3babl — 2agbabl

ys = 2afaszb; — 6alasbi + 6a‘;’a§b? - 6a?b?b§ — 6a:1)’agb? + 6a3azb] + 6a‘°{b?b§ — 2a1a3b)
+ 2aJazbe — 6alazb3 + 6a5a3b3 — 6a5b3b3 — 6a3a3bl + 6a3azbl + 6a3b5b3 — 2a2a3b3 + 2a3°b3
— 6a5b3 — 6a3bS 4 6a3b] + 6a3albl — 6a3ab] + 6a3afbl — 6a3aibl + 6a3adbd
— 6a3adbg + 6a3adhi — 6a3asbd + 6a3adb3 — 6a3adb] 4+ 6a3bS — 203 + 2a3albs
— Bazaib + 6aza3bi — 2azasb] + 2azalbs — 6azalbl + 6azalbl — 2azasb + 2azaQbs — Gazagby
+ 6a3a2bg — 2a3a6b2 + 2a3a$b7 — 6a3a;b§ + 6a3a§b$ — 2a3a7b$ + 2a3a§b8 — 6a3a§bg + 6a3agbg
— 2azaghl — 6a3b3b3 + 6a3b3b3 — 6a2b3bE 4 6aZb3b3 — 6a2b3bE 4+ 6aZb3b] — 6a3b3b3

+ 6a2b3b3 — 6a2b3b3 + 6agb3b3

ye = 2a7b1bs — 6aIb3bs + 6a3a3b? + 6430303 — 6a3a3b? 4 6a3b]bs — 6436363 — 2a1b7bs
+ 2a3babs — 6afbibs + 6a5a3b3 + 6a5b3b3 — 6a3a3by + 6a3bibs — 6a3b3b3 — 2a2b3b3
+ 2a3b3 + 6a3b3 — 6albi — 6a3b3 + 6a3b5 + 6a3abl — 6adaiby + 6a3ab — 6adadbl

+ 6a3adbg — 6a3agbl + 6a3a3b3 — 6a3a3b> 4 6a3a3b3 — 6a3a3bi — 2a3bi0 + 2absby

— 6a]b3b3 + 6a5b3b3 — 6a3b3b5 + 6a3bzb] — 2a4b3b] + 2absbs — 6albzbi + 6aZb3b3

— 6a3b3b2 + 6abzbl — 2a5b3bY + 2a0b3bs — 6albsba + 6aJb3bE — 6agb3b3 + 6adbsbg — 2acbsbl

+2a2b3br — 6albsb + 6a3b3bE — 6a3b3b3 4 6aSbsbl — 2a7b3b2 + 2aJbsbs — 6albsbs + 6a3b3b3

— 6a3b3b3 + 6a3bsbl — 2asbsb]
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y7 = 2alasby — 6a]asb$ + 6ajaid? — 6476303 — 6aTab] + 6a3asb] + 6a3b7b3 — 2a1a4b]
+ 2aga4b2 - 6aga4b§ + 6a3aib% . 6a§b‘;’bi - 6a%’aibg + 6a%a4b; + 6agbgbi - 2a2a4bg
+ 2aasbs — 6a%asbi 4+ 6a3a3b3 — 6a3b3b5 — 6a3aib] + 6a3asb] 4+ 6a3b303 — 2azasbd 4 2a3°by
— 6a$b] — 64308 + 6a1b] + 6ada2bi — 6a3alb? + 6a3a3bd — 6a3adby + 6aladbd
— 6a3a3b3 + 6a5adbd — 6a3adbl + 6aib§ — 2a3b] + 2a4a2bs — 6a4albd + 6asafbl — 2a4a5b3
+ 2a4agb6 — 6a4agbg + 6a4agbg — 2a4a6bg + 2a4a€7)b7 — 6a4a;b§ + 6a4a§b; — 2a4a7b$ + 2a4a§bg
— 6agagbd + 6a4a3bl — 2a4a8b3 — 6a2b3b3 + 6a3b3b3 — 6a3bIbE + 6a3bI2 — 6aSb3b3

+ 6a2b3b2 — 6a3b3b3 + 6agb3b3

ys = 2aJb1by — 6a]b3by + 6aTa3b? + 6aTb303 — 6a3aib} + 6a3b]by — 643503 — 2a1b7b4
+ 2a3baby — 6adb3by + 6a5aib3 + 6a5b3b3 — 6a3aiby + 6a3biby — 6a3b3b3 — 2a2b3by
+ 2a3b3by — 6alb3by + 6a3aib3 + 6a3b3b3 — 6a3aib] + 6a3biby — 6a3b3b3 — 2a3b3by
+ 2ab3 + 6a§b3 — 6albi — 6a5b] + 6a3b§ + 6a3adbd — 6a3adbl + 6a3adbd — 6a3aibd
+ 6a3a3b3 — 6a3ab? + 6a3agbs — 6a3aib — 2a4b0 + 2a2byibs — 6albsb? + 6aZbIbE
— 6a3b3b2 + 6aSbabl — 2a5b4b3 + 2a0babs — 6albaby + 6aJb3bE — 6agb3b3 + 6aibabg — 2acbabl
+2a9babr — 6albabd 4+ 6a3b3b3 — 6ab3b3 4 6aSbabl — 2a7bab2 + 2aJbabs — 6albabd + 6a3b3b3

— 6a3b3b3 + 6a3babl — 2asbsb]

yo = 2alasb; — 6alasb3 + 6afaid? — 6456303 — 6aTalb] + 6a3asb] + 6a3b7b3 — 2a1a5b]
+ 2a3asbs — 6asasbs + 6a3aib3 — 6a3b3b3 — 6a3alb] + 6a3asbl + 6a3b3b3 — 2aza5b)
+ 2a3asbs — 6a%asb3 + 6a3aibd — 6a3b3bE — 6a3a3b3 + 6adasb] + 6a3b3bE — 2a3a5b3
+ 2a2a5b4 - 6a1a5bi + 6aia§bi — 6aibibg - 6aia§bi + 6aia5bz + 6aibibg - 2a4a5b2 + 2a%0b5
— 6a8b2 — 6a2b8 + 6azbl 4 6aZalbd — 6a2adb 4 6adadbd — 6aZadbd 4 6aadbd
— 6a3adb? + 6a2bE — 2a2b3 + 2a5a2bs — 6asalbl + 6asagbl — 2asashd + 2asadby — Gasalbd
+ 6asadbl — 2asa7b? + 2asafbs — 6asagby + 6asaiby — 2asagby — 6aZbEbg + 6abIb3 — 6a3b3b3

+ 6a2b2b2 — 6a3b3b3 + 6aZbEb3

y10 = 2a3b1bs — 6alb3bs + 6a3ab? + 6a3b3bE — 6a3albl + 6a3b]bs — 643363 — 2a1b7bs
+ 2a9babs — 6a5b3bs + 6a3afb3 + 6a3b3b3 — 6a3ab + 6a3bibs — 6a3b3b3 — 2a2b9bs
+ 2a3bzbs — 6alb3bs + 6a3adb3 4 6a3b3b3 — 6a3ab] + 6a3blbs — 6a3b363 — 2a3b3bs
+2abybs — 6afbibs + 6alalb] 4+ 6a3b3b3 — 6a3ab] + 6a3bibs — 6a3b3b3 — 2a4b7bs
+ 2a9b2 + 6a8b3 — 6albl — 6a3b3 + 6a3bS + 6aZadby — 6adadbl + 6afadbd — 6aadbd
+ 6aadbi — 6aagbl — 2a5bL0 + 2a2bsbs — 6albsb + 6a2bSbg — 6a3bEbE + 6agbsbl — 2a6bsby
+ 2a2bsby — 6atbsbS 4 6a3bEb3 — 6a3b3b3 + 6aSbsbl — 2a7bsbY + 2adbsbs — 6albsbi + 6a3b3b3

— 6a3b303 + 6adbsbl — 2asbsb)
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y11 = 2alagby — 6a]agh} + 6a3aib — 647363 — 6aTadb] + 6a3ash] + 6a3bTb3 — 2a1a6b]
+ 2aga6b2 . 6aga6b‘;’ + Gagagbg - 6agb§b2 — 6a§agbg + 6a%a6bg + 6a%bgbg — 2a2a6bg
+ 2a3agbs — 6a%achi + 6a3ab — 6a3b3b3 — 6a3ab] + 6a3ash] 4 6a3b3b3 — 2azasb)
+ 2a2a6b4 - GaZagbZ + Ga?lagbi — 6aibibg - Gaiagbi + GaZaﬁbZ + 6a2bibg - 2a4a6b2
+ 2alagbs — 6alaghi 4+ 6a2adbd — 6a2bEbE — 6a2abd + 6adashl 4+ 6aZb2b3 — 2a5a6bY + 2L bs
— 6aSb2 — 6a3b8 + 6adbg + 6adadb? — 6adabd + 6adadbd — 6adabl + 6adbE — 24263
+ 2apa2b7 — 6agatbs + 6agaiblt — 2agarb? 4+ 2acaibs — 6agagbs + 6asaibl — 2agaghy — 6a3b3b3

+ 6a2b2b2 — 6a3b3b3 + 6a3bEb3

y12 = 2a3bibe — 6a]b3bs + 6a3ab? + 6a3b3bE — 6a3adbl + 6a3bTbg — 6433 — 2a1bbs
+ 2a9babe — 6a5b3bs + 6a3agbd + 6a3b3b3 — 6a3ab + 6a3blbe — 6a3b3b3 — 2aabYbe
+ 2a3bsbs — 6afbibe + 6ajadb3 + 6a3b3b3 — 6a3adb] + 6a3blibs — 6a3b3b3 — 2a3b3bs
+ 2ababs — 6abibe + 6aladb] + 6a5b3b3 — 6a3aib] + 6a3bibs — 6a3bib3 — 2a4b3bs
+ 2a2bsbg — 6albibe + 6aZadbd + 6a2b3b3 — 6a3abi + 6aSblibs — 6aZb2b3 — 2a5bbg
+ 2adbg + 6aSbE — 6albg — 6adb] + 6a2b8 + 6agadhd — 6aadb? + 6agadbd — 6adadby
— 2a6bg° 4 2a3bebr — 6aTbebS + 6a3bEbs — 603363 + 6abebt — 2a7bebd + 2aJbsbs — 6albebl

+ 6a3bEbs — 6a3bEb] + 6agbebs — 2asbsby

y13 = 2alarby — 6a7arb} + 6a3a3b — 6476303 — 6aTadb] + 6a3arb] + 6a3b7b3 — 2a1a7b]
+ 2a3arby — 6adarbi + 6a3a3b3 — 6a3b3b3 — 6a3aSb] + 6a3arbl + 6a3b3b65 — 2aza7b)
+ 2a3arbs — 6a%arb3 + 6a3a3bi — 6a3b3b3 — 6a3a3b3 + 6adarb] + 643305 — 2a3a7b)
+ 2a2a7b4 - 6a1a7bi + 6aia§b2 — 6aibib? - 6a‘2a%bi + 6aia7bz + 6aibib$ - 2a4a7b2
+ 2aarbs — 6alarb 4 6a2a3b — 6a2b3b% — 6a2a3bd + 6adarbl 4 6aZb3b3 — 2a5arb?
+ 2aarbs — 6atarbg 4+ 6a3adb — 6a3b3b3 — 6a3adb? + 6adarbl + 6a3b2b3 — 2a6a7bg 4 2007
— 6aSb3 — 6a3bS + 6a2bT + 6aZabg — 6aSadbl + 6a3bS — 2a2b2 4 2aragbs — 6aralbd

+ 6ara3bl — 2avaghy — 6a3b3b3 + 6a3b3b3

Y14 = 2aJb1by — 6a]b3br + 6a3a3b3 + 6a3b3b3 — 6a3aSbS + 6a3b]br — 6a3bTbE — 2a1b7br
+ 2a9baby — 6a5b3br 4 6a3aSb3 + 6a3b3b3 — 6a3ab3 4 6a3blibr — 6a3b3bS — 2aabJby
+ 2abzby — 6alb3by 4 6a3a3b3 4 6a3b3b3 — 6a3abi + 6a3blby — 6a3b363 — 2a3b3b7
+2ababy — 6afbiby 4 6ala3b3 4+ 6a3b3b3 — 6a3abi + 6a3blby — 6a3b303 — 2a4bJb7
+2absby — 6albiby + 6a2a3b 4+ 6a2b3b3 — 6aadbi + 6a2blby — 6a3b2b3 — 2a5b3b7
+ 2adbgby — 6agbiby + 6a2a3b 4+ 6a3b3b3 — 6adaiby + 6agbiby — 6a3b3b3 — 2a6b2b7
+ 20902 + 66802 — 6albt — 6aSh2 + 6a3bS + 6aZa3bi — 6aSafbl — 2a7b0 + 2abrbs — 6afbrbi

+ 6a3b3b3 — 6a3bEbg + 6a3brbi — 2asbrb]

33
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y15 = 2alagby — 6a7agh$ + 6ajaib? — 647363 — 6aTalb] + 6a3agh] + 6a3b7b3 — 2a1agb]
+ 2a3a8b2 — GaZagbg + 6aga§bg - 6agb§b§ — Ga%agbg + Ga%agbg + Gagbgbg - 2a2a8bg
+ 2a3agbs — 6a%aghi + 6a3a3b3 — 6a3b3b3 — 6a3adb] + 6a3ash] 4 6a3b3b3 — 2azagh)
+ 2ajagby — GaZagbi + 6aiagbi — 6aibibg — 6a2agbi + 6aia8bz + 6aibibg — 2a4asb]
+ 2alagbs — 6alaghi 4+ 6a2ab — 6a2b3b3 — 6a2abd + 6adasbl 4 6aZb2b3 — 2a5ash?
+ 2aagbs — 6alagbi + 6agadbd — 6a3b3b3 — 6adadvy + 6adashl + 6a3b3b3 — 2acagby
+ 2a%agbr — 6a%agh3 + 6aSadbd — 6a3b3b3 — 6a3abd + 6aSash? 4+ 64333 — 2aragh? 4 2albs

— 6adbl — 6a2bS + 6agbg + 6a3b§ — 2a2b3

y16 = 2aib1bg — 6aTb3bg + 6ajaib] + 6a7b3b3 — 6aTalb] + 6aTb]bg — 6a3bTb3 — 2a,1b7bs
+ 2a9babg — 6alb3bs + 6a5a3b3 + 6a3b3bs — 6a3aiby + 6a3bibs — 6a3b3b3 — 2a2b3bs
+ 2a3b3bg — 6a5b3bs 4 6aZagbi + 6a3b3b3 — 6a3ab] 4 6aiblbs — 6a3b3b3 — 2a3bIbs
+ 2a3babg — 6a]b3bs 4 6aZafbi + 6a3b3b3 — 6adab] 4 6aiblbs — 6a3b3b3 — 2a4bbs
+ 2a2bsbs — 6aZbibs + 6a2adb? + 6a2b3b3 — 6agabl + 6a3bibs — 6aEb2bT — 2a5bIbs
+ 2a2bebs — 6afb3bs 4 6adagby + 6aZb3b3 — 6adadby 4 6agblbs — 6a2bIb3 — 2asbdbs
+ 2a2brbg — 6albibs + 6a3a3b3 4 6a3b3b3 — 6a3aibs + 6a3bIbs — 643303 — 2a7b70s
+2a9b2 + 6a5b3 — 6afbs — 6a3b3 + 6a3bS — 2asbl®

is a solution in K of the equation

Tl 4+l T = Y+ Ya + o + Uls + Ui
Appendix. Python Code

We can use the following code excerpts to generate solutions of the cubic and quartic

Diophantine equations that we presented is this paper for any integer N.
We first import from SymPy library:

from sympy import symbols
from sympy import expand
from sympy import latex

The following function generates a solution of

i ah iy iy =yt Y b Yo Uy

def solve_cubic(N):
""" Return a solution of the cubic equation:
x_1°3 +x.2°3 + ... + x_ {2N}"3 = y_1°3 + y_2°3 + ... + y_{2N}"3 """
# Create symbols a_i, b_i
a = [symbols(f’a_{i}’) for i in range(N + 1)]
b = [symbols(f’b_{i}’) for i in range(N + 1)]
# Create lists x and y to hold solution
x, y = [None]l * (2#N + 1), [None] * (2N + 1)
W

=0
1bd = 0
for k in range(1, N + 1):
w += (alk]**2 - b[k]**2)*x3

lbd += a[k]**2 * b[kl**2 * (alk]l - blkl)
1bd *= 6
for k in range(l, N + 1):
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c_even = lbdx(al[k]**2 - b[k]**2)
c_odd = lbd*(al[k]**2 + b[k]**2)
x[2*%k - 1] = alk]l*w + c_odd

x[2*k] = blk]*w - c_even
y[2xk - 1] = al[k]*w + c_even
y[2xk] = blk]l*w + c_odd

return x, y

The following function generates a solution of

Tl s+ aoy o F Ty =Y Fya o Yan1 + Yon

def solve_quartic(N):
""" Return a solution of the quartic equation:
x_ 174 + x. 274+ ... + x_{2N}"4 =y_1"4 + y_ 274 + ... + y_{2N}"4 """
# Create symbols a_i, b_i (created but not used a_0,b_0)
= [symbols(f’a_{i}’) for i in range(N + 1)]
= [symbols(f’b_{i}’) for i in range(N + 1)]
Create lists x, y to hold solution (x[0],y[0] are not used)
, vy = [Nonel * (2#N + 1), [Nonel * (2N + 1)
=0
mu = 0
for k in range(1, N + 1):
w += (blk] - alk])*(alk]**3 + b[k]**3)**3
w += (b[k] + alk])*(alk]**3 - b[k]**3)*x3
mu += al[k]**3 * b[k]**3 * (alk]**2 - b[k]**2)
mu *= 6
for k in range(1l, N + 1):
c_even = mu * (al[k]**3 - b[k]**3)
c_odd = mu * (a[k]#**3 + b[k]*x3)
x[2*xk - 1] = al[k]*w + c_odd

= X HOWE

x[2%k] = blk]l*w - c_even
y[2xk - 1] = al[k]*w + c_even
y[2xk] = blk]*w + c_odd

return x, y

We can test a solution, with exponent e = 3 or 4:

def check_cubic(x, y, e):
""" Check if x,y is a solution of
x 1"e+x2%e+ ... +x {20}’e = y_1"e + y.2"e + ... + y_{2N}"e """
tot = 0
for k in range(1l, len(x)):
tot += x[k]l**e - y[k]**e
print (’Should be zero:’, expand(tot))

To display a solution we can generate the LaTeX code with the following function.

def gen_latex(x, y):
""" Return latex expression for each variable after
simplifying the expression """
x1, yl = [None] * len(x), [None] * len(x)
# Given a polynomial, expand() will put it into a canonical form
# of a sum of monomials.
for k in range(1l, len(x)):
x1[k] = latex(expand(x[k]))
y1[k] = latex(expand(y[k]))
return x1, yl

With the following code we can generate and check the solution shown in Example
2.3.

X, y = solve_cubic(8) # solve cubic equation
x1, yl = gen_latex(x, y) # obtain latex expression
check_cubic(x, y) # check this solution

This code takes, in a Intel i5-7200 CPU, about 2 seconds to generate the solution and
4 minutes and 24 seconds to check it.

With a similar code we can generate and check Example 3.3, with 2.5 seconds to
generate it and 1 hour, 49 minutes and 8 seconds to check it.



36 M. A. P. Cabral et al. / J. Linear. Topological. Algebra. 14(01) (2025) 15-36.

References

[1] N. Bourbaki, Algebre, Chapitre 6, Deuxieéme édition, Actualités Scientifiques et Industrielles 1179, Hermann,
Paris, 1964.

[2] G. H. Hardy, E. M. Wright, An Introduction to the Theory of Numbers, Fifth edition, Oxford University
Press, Oxford, 1979.

[3] F. C. Marques, D. P. Pombo Jr., Rational solutions of certain Diophantine equations, JP J. Math. Sci. 31
(2022), 1-18.

[4] P. Swinnerton-Dyer, A solution of A* 4 B4 = C* 4 D*, J. London Math. Soc. 18 (1943), 2-4.



