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Abstract. In this paper, we introduce the notion of (non)commutative fuzzy subgroup-based centralizer-graph with
respect to any given non-abelian group. Basically, we investigate on dominating set of the class of (non)commutative
fuzzy subgroup-based centralizer-graphs. Also, with some additional conditions we see that the (non)commutative
fuzzy subgroup-based centralizer-graphs are connected. Also, we investigate on isomorphic (non)commutative fuzzy
subgroup-based centralizer-graphs and make a new isomorphic graph of (non)abelian groups derived from an iso-
morphic (non)commutative fuzzy subgroup-based centralizer-graph. Also, we see that if any given underlined fuzzy
subset is an extra-special fuzzy subgroup, then the related fuzzy subgroup-based centralizer-graphs are isomorphic
and if any given underlined fuzzy subset is good nilpotent of class 2, then it is an extra-special fuzzy subgroup.
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1 Introduction
In the life, one of the most important applications of mathematics is modelling real problems in the form of
mathematical data. Due to the lawfulness of nature, this modelling might be accurate when the modelled
systems are designed based on certain rules and regulations. Algebraic groups are legal systems that play an
important role in mathematics. In fact, a group is a collection of objects that forms an algebraic system under
the principles and basic laws. On the other hand, each pure set alone cannot be very efficient, so labelling
the elements of each pure set can fix this defect and strengthen the use of this set. The motivation to display
fuzzy subsets as an distribution of pure subsets can be a way to make set theory widely used. In [1], Zadeh
define a fuzzy set. This notion has been applied on several sciences such as mathematics, computer science,
chemistry and so on. With the spread of the theory of fuzzy subsets, many researchers developed algebraic
theories into fuzzy algebraic theories. Especially, the theory of fuzzy groups might be considered as one of
the first algebraic classes developed in terms of fuzzy algebras, as structures [2, 3, 4]. Due to the importance
of graph theory in mathematical modelling, the development of this important branch of mathematics to
fuzzy graph was proposed and researched by many researchers, when Kaufmann displayed the view of fuzzy
graph in [5]. In addition, fuzzy information might be analysed by adopting a fuzzy graph. Also, Azriel
Rosenfeld displayed fuzzy graph in 1975 by the notion of fuzzy relations. Then Ameri, Davvaz, Hamidi, and
Nasiri [6, 7, 8, 9] continued the investigation on fuzzy graphs and obtained several results. Recently, many
researchers have developed and related the structure and algebraic hyperstructures with fuzzy graph theory,
which has the aspect of innovation and utilization in industry and other sciences. For instance you can see
[10, 11, 12, 13, 14, 15].
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In this paper, we present a graph with respect to a fuzzy group A with membership function ð, which is
known as fuzzy subgroup-based centralizer-graph and is denoted by Γð(g)(G). Basically, the dominating set
of Γð(e)

G is studied. In addition, we investigate some properties of Γð(g)(G) such as diameter of this graph.
Also, by isomorphic graphs we obtain some results on good nilpotent fuzzy groups. Basically, extra-special
analogies of fuzzy groups are defined and we obtain a relation between extra-special groups and fuzzy groups.

Motivation: We apply the view of fuzzy subgroupoid as a distribution of fuzzy subgroups as a useful
tool in the construction of a new type of centralizer subset in the group structures. Since the commutator
operations are helpful in the construction of nilpotent groups, we extend this view to the good nilpotent fuzzy
subgroups. The main motivation o this work is based on the non- groups to generate of non-trivial good
nilpotent fuzzy subgroups. On this point we display the view of the fuzzy subgroup-based centralizer-graph
with underlying non-abelian groups. The dominating set is very important in networks, which is related to
graph theory. In today’s life, the most important issue is optimization in time, so that every user seeks to
do their work with the best quality and in the shortest possible time. In doing this important issue of choice
the most important principle is that the selection of the set of inclusions is the solution to the problem. In
this research, first, we convert an arbitrary set into a group according to the principles of algebraic rules, and
we emphasize the non-commutative of elements, and with the help of the fuzzy set theory, we convert it into
a fuzzy subgroup, and considering the importance of the centralizer set we convert it to a complex network.
This complex network is a modelled real example, and considering the importance of the dominating set, we
discuss its dominating number. According to the properties of nilpotent groups and centralizing series, we
choose the dominating set in this network in a special way.

2 Preliminaries
We remember some preliminary definitions used in this paper. A simple graph G contains two finite non-
empty sets, vertices V = V (G) = {vi}n

i=1 and edges E = E(G) = {ei}m
i=1. For u, v ∈ V we use u ▷◁ v, when

they are adjacent, i.e get an edge joining u and v. A simple graph with n vertices, in which each one u, v ∈ V
we have u ▷◁ v, is a complete graph and is indicated by Kn. A path in G is a finite distinct sequence of vertices
and edges of the form v0, e1, v1, e2, v2, . . . , vn−1, en, vn and v0 = vn, make it a cycle. In a connected graph get
a path between each u, v ∈ V . A graph is named disconnected, if it is not connected and t(G) is the number
of connected components of a graph G. For the simple graph G and x, y ∈ V (G), d(x, y) is known as the length
of a path with the minimum number of edges and diam(G) = sup{d(x, y) | x, y ∈ V }. We write G ∼= H, for
two isomorphic graphs. It means that get a bijective function φ : V (G) −→ V (H) that preserves edges. The
function φ is then known as an isomorphism. A subgraph H of G with V (H) = V (G), is named as spanning
subgraph of G and is indicated by H ⊑ G.

Definition 2.1. [16]Presume X be a non-void set. Then A = {(x,ð(x)) | x ∈ X} is known as a fuzzy subset
of X(simply as a fuzzy set), in which for the membership function ð : X → [0, 1] and any x ∈ X, ð(x) is titled
as the degree of membership of x in the fuzzy set A. Using Að ∈ F(X), means that A is a fuzzy set of X with
the membership function ð. Sometimes for simplify we write A ∈ F(X).

For any x, y ∈ X we use x =ð y, instead of ð(x) = ð(y).

Definition 2.2. [17]Presume (G, ·) be a group and A ∈ F(G). Then A is named a fuzzy subgroup if each one
x, y ∈ G, ð(xy) ≥ min{ð(x), ð(y)} and ð(x−1) ≥ ð(x). Moreover, A with additional condition xy =ð yx is
named normal. We use FS(G) and FN(G) for the class of all fuzzy subgroups and normal fuzzy subgroups of
G, respectively. Also, A ∈ FS(G) is called commutative, if Ce(A) = G which

Ce(A) = {x ∈ G | xy =ð yx and xyz =ð yxz, ∀y, z ∈ G}
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is named the centralizer of A in G.

Using [18], each one group (G, ·) the commutator of x, y ∈ G is Cx, y = x−1·y−1·x·y, and inductively,Cn
i=1x, yi =

Cx, y1, y2, ..., yn = C(Cn−1
i=1x, yi), yn ∀ y1, y2, ..., yn ∈ G. Also, G is called nilpotent if Cen(G) terminates at

finite steps, where
Cen(G) = {x ∈ G;Cn

i=1x, yi = e, ∀ y1, y2, ..., yn ∈ G }.

For any non-empty subsets X1 and X2 of G define

CX1,X2 = ⟨Cx1, x2|x1 ∈ X1, x2 ∈ X2⟩.

Moreover, define Cn
i=2X1,Xi = C(Cn−1

i=2 X1,Xi),Xn, where n ≥ 2 and CX1 = ⟨X1⟩. Also, derived series of
G is defined by ... ⊆ Gn ⊆ . . . ⊆ G0 = G; where for each integer n > 1, Gn = CGn−1 = CGn−1, Gn−1.
Mohammadzadeh et al., defined the notion of nested normal series as follows. Presume A ∈ FS(G). Put
Ce0(A) = {e}. Clearly Ce0(A) ⊵ G. Presume Ce1(A) = {x ∈ G | Cx, y =ð e, ∀ y ∈ G}. One can see that
Ce1(A) = Ce(A) that is a normal subgroup of G. Mohammadzadeh et al. defined a subgroup Ce2(A) of G

for to Ce2(A)
Ce1(A)

= Ce
( G

Ce1(A)

)
and Ce1(A) � Ce2(A), because of Ce1(A) � G. Assume that x ∈ Ce2(A)

and g ∈ G. Thus xCe1(A) ∈ Ce2(A)
Ce1(A)

= Ce
( G

Ce1(A)

)
, which implies that CxCe1(A), gCe1(A) = Ce1(A)

each one g ∈ G. Accordingly Cx, g ∈ Ce1(A). Hence CCe2(A), G ⊆ Ce1(A) and so xg = xCx, g ∈ Ce2(A),
which imply that Ce2(A) � G. In a similar way each one k ≥ 2, it is defined a normal subgroup Cek(A) for

to Cek(A)
Cek−1(A)

= Ce
( G

Cek−1(A)

)
. It is clear that . . . ⊇ Ce2(A) ⊇ Ce1(A) ⊇ Ce0(A).

Lemma 2.3. [19] Presume A ∈ FS(G), x ∈ G and i ≥ 1. Then

(i) for any k ≥ 2, Cek(A) = {x ∈ G | (Ck
i=1x, yi) =ð e, ∀y1, y2, . . . , yk ∈ G }.

(ii) each one y ∈ G, Cx, y ∈ Cei−1(A) iff x ∈ Cei(A).

Presume A ∈ FN(G). For any x, y ∈ G, define the equvalence relation x ∼ y ⇔ (xy−1) =ð e. It is a
congruence relation (see [19]). Also, xð = {y ∈ G| x ∼ y} and G

A
= {xð | x ∈ G}. From [19], ( G

A
, ·, eð) is a

group, that for any xð, yð ∈ G
A

, (xð)(yð) = xyð, eð is unit of G
A

and (xð)−1 = x−1ð.

Theorem 2.4. [19] Presume A ∈ FN(G) and x, y ∈ G. Then

(i) A is a good nilpotent fuzzy subgroup (we write A ∈ GNF) iff G
A

is a nilpotent group.

(ii) Then x =ð y iff xð = yð.

3 Graphs based on fuzzy subgroup

In this section, we define a graph with respect to a fuzzy subgroup A, which is known as fuzzy subgroup-based
centralizer-graph and is denoted by Γð(g)(G). then Γð(g)

G . Basically, the dominating set of Γð(e)(G) is studied.
In addition, we investigate some properties of Γð(g)(G) such as diameter of this graph. Also, by isomorphic
graphs we obtain some results on good nilpotent fuzzy groups.
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Definition 3.1. Presume G be a non-abelian group (we write G ∈ NA), A ∈ FS(G) and e ̸= g ∈ G be a fixed
element. The fuzzy subgroup-based centralizer-graph Γð(g)(G) associated with group G and e ̸= g ∈ G is the
simple graph having G \ Z(A) as its vertex set, where x ▷◁ y if, (Cx, y) ̸=ð g. If g = e and (Cx, y) ̸=ð e, then
Γð(e)(G) is non-commutative fuzzy subgroup-based centralizer-graph and if define (Cx, y) =ð e, it is called a
commutative fuzzy subgroup-based centralizer-graph and will denote by γ

ð(e)(G).

Example 3.2. Assume the symmetric group (S3, ·) with the Table 1 and define Að ∈ FS(S3) with ð(x) ={
t0 if x = e

t1 otherwise
, whence t1 < t0.

Table 1: Symmetric Group (S3, ·)

· α β γ δ ζ ξ

α β ξ ζ γ ζ α
β ξ α δ ζ γ β
γ δ ζ ξ α β γ
δ ζ γ β ζ α δ
ζ γ δ α β ξ ζ
ξ α β γ δ ζ ξ

Clearly, Ce(S3) = {ξ} and each one x ∈ S3

(Cξ, x) = ξ. Also, (Cβ, α) = (Cα, β) = ξ

(Cζ, δ) = (Cγ, ζ) = (Cβ, ζ) = (Cδ, γ) = (Cζ, β) = (Cδ, β) = (Cγ, β) = (Cα, δ) = (Cα, γ) = α

(Cδ, ζ) = (Cζ, γ) = (Cγ, δ) = (Cβ, δ) = (Cβ, γ) = (Cζ, α) = (Cδ, α) = (Cγ, α) = (Cα, ζ) = β.

Since (Cα, β) =ð (Cβ, α) = t0 = ð(ξ) and each one x ̸= y ∈ {ζ, δ, γ}, ð(Cx, y) = t1 = ð(ζ), we have the
fuzzy subgroup-based centralizer-graph Γ

ð(ζ)
(G) as Figure 1a and the fuzzy subgroup-based centralizer-graph

Γ
ð(ξ)

(G) as Figure 1b associated with the group (S3, ·).

(a) Fuzzy subgroup-based centralizer-graph Γ
ð(ζ)

(G) (b) Fuzzy subgroup-based centralizer-graph Γ
ð(ξ)

(G)

Figure 1: Fuzzy subgroup-based centralizer-graphs Γ
ð(ζ)

(G) and Γ
ð(ξ)

(G)

Example 3.3. Consider the quaternion group Q8 = {±1, ±i, ±j, ±k}. Define Að ∈ FS(Q8) with

ð(x) =


1 x = 1,
1
2 x = −1,
1
3 x ∈ Q8 − {±1},

0 otherwise.

.
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Computations show that Ce0(A) = {1}, Ce1(A) = Ce(A) = {±1}, Ce2(A) = Q8. In addition,

(Ci, j) =ð (Ci, k) =ð (Cj, k) =ð (−1) = 1
2

̸= ð(i) = 1
3

,

(Ci, −i) =ð (Cj, −j) =ð (Ck, −k) =ð (C − 1, −1) =ð (1) ̸= ð(i), and

(C − 1, i) =ð (C − 1, j) =ð (C − 1, k) =ð (1) ̸= ð(i).

Accordingly, Γð(i)(Q8) is a complect graph with V (G) = {±i, ±j, ±k} in Figure 2a. Also, the non-commutative
graph Γð(1)(Q8) is pictured as Figure 2b.

(a) Fuzzy subgroup-based centralizer-graph Γð(i) (G)
(b) Fuzzy subgroup-based centralizer-graph Γð(1) (G)

Figure 2: Fuzzy subgroup-based centralizer-graphs Γð(i)(G) and Γð(1)(G)

In what follows, each one A ∈ FS(G) and x ∈ G, we consider CA
G (x) = {a ∈ G | (Ca, x) =ð e}. Also, each

one given non-empty subset H ⊆ G,

CA
G (H) = {g ∈ G | (Cg, h) =ð e, ∀h ∈ H}.

Presume G = (V, E) be a graph and D ⊆ V . We recall that D is a dominating set if for every vertex x ∈ V \D,
get a vertex y ∈ D for to {x, y} ∈ E.

Theorem 3.4. Presume A ∈ FS(G), x ∈ G, Ce(A) ̸= G and D = {x} be a dominating set in Γð(e)(G). Then

(i) Ce(A) = {e},

(ii) x2 = e,

(iii) CA
G (x) = {e, x}.

Proof. (i) Assume that Ce(A) is a non-trivial and z ∈ Ce(A). Since D = {x} is a dominating set in
Γð(e)(G), we get that x ▷◁ w each one w ∈ G \ Ce(A) in the graph Γð(e)(G) and (Cx, z) =ð e. Then we have

(Cxz, x) =ð ((Cx, x)z(Cx, z)) ≥ ð((Cx, x)z) ∧ ð(Cx, z) = ð(Cxz) ∧ ð(Cx, z) = ð(e).

Accordingly, xz ̸▷◁ x that is opposite to {x} is a dominating set . Consequently, Ce(ð) = {e}.
(ii) If x2 ̸= e, then x ̸= x−1, while (Cx, x−1) =ð e. Accordingly, x−1 ̸▷◁ x, which it is a contradiction.

Hence, x2 = e.
(iii) Take x ̸= y ∈ CA

G (x). Then (Cy, x) =ð e and it implies that y ̸▷◁ x, which is a contradiction. So
y = x and so CA

G (x) = {e, x}. □

Theorem 3.5. Assume A ∈ FS(G) is non-commutative. Then H ⊆ V (Γð(e)(G)) is a dominating set iff
CA

G(H) ⊆ Ce(A) ∪ H.
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Proof. Suppose H is a dominating set. If a /∈ Ce(A) ∪ H, then by the definition of dominating set, we
have x ∈ H such that (Ca, x) ̸=ð e. Thus, a /∈ CA

G (H). Accordingly, CA
G (H) ⊆ Ce(A) ∪ H. Now, if

CA
G (H) ⊆ Ce(A) ∪ H and a /∈ H, then a /∈ CA

G (H). It implies that (Ca, x) ̸=ð e for some x ∈ H, and so
a ▷◁ x where x ∈ H. Thus H is a dominating set in the simple graph Γð(e)(G). □

Corollary 3.6. Assume A ∈ FS(G) is non-commutative and X be a generating set for G. Then X \ Ce(A) is
a dominating set for Γð(e)(G).

Put KA(G) = {ð(Cx, y) | x, y ∈ G}. It is obviouse that Γð(g)(G) is a complete graph, whenever ð(g) /∈
KA(G), and so every thing is known. Thus, we always assume that ð(e) ̸= ð(g) ∈ KA(G).

Example 3.7. Consider the cyclic group G = (Z3, +) and any arbitrary A ∈ FS(G). It is easy to see that
each one x, y ∈ G, we have (Cx, y) =ð (0). Accordingly, γ

ð(0)(G) is a null graph.

Lemma 3.8. Presume e ̸= g ∈ G. Then γ
ð(e)(G) ⊑ Γð(g)(G).

Proof. Clearly, the vertex set is V (γð(e)(G)) = V (Γð(g)(G)) = G \ Ce(A). If x ▷◁ y in γ
ð(e)(G), then

(Cx, y) =ð e. Accordingly, (Cx, y) ̸=ð g and so x ▷◁ y in Γð(g)(G). Hence γ
ð(e)(G) ⊆ Γð(g)(G). □

Lemma 3.9. Presume e ̸= g ∈ G. If KA(G) = {ð(g), ð(e)}, then γ
ð(e)(G) ∼= Γð(g)(G).

Proof. If x ▷◁ y in Γð(g)(G). Then (Cx, y) ̸=ð g. Since ð(Cx, y) ∈ KA(G) we conclude that (Cx, y) =ð e and
so x ▷◁ y in γ

ð(e)(G). □

Lemma 3.10. Assume A ∈ FN(G) and (Cx, y) ̸=ð e, then

(i) diam(Γð(g)(G)) = 2.

(ii) Γð(g)(G) is connected.

Proof. (i), (ii) Let x ̸= g be a vertex of Γð(g)(G) and g =ð (Cx, g). Then by Theorem 2.4, we have

gð = (Cx, g)ð = (Cxð, gð) = x−1ðg−1ðxðgð ⇐⇒ eð = x−1ðg−1ðxð
⇐⇒ gð = eð
⇐⇒ g =ð e,

that is a contradiction. Accordingly, (Cx, g) ̸=ð g =ð g−1. Consequently, x ▷◁ g, and so diam(Γð(g)(G)) ≤ 2.
Since g =ð (Cx1, x2) for x1, x2 ∈ G\Ce(A), we have d(x1, x2) ≥ 2. Accordingly, diam(Γð(g)(G)) = 2. □

Theorem 3.11. Presume G ∈ NA be simple, AFS(G) and |CA
G (x)| = m ≥ 3. Then Γð(g)(G) has no isolated

vertex.

Proof. Presume x ∈ G \ Ce(A). If x2 ̸= e, then x ▷◁ x−1. Assume x is an involution and |CA
G (x)| = m ≥ 3.

Thus, get t ∈ CA
G (x) such t ̸= e, x and so t ▷◁ x. Accordingly, Γð(g)(G) has no isolated vertex. □

Theorem 3.12. Presume G ∈ NA and x ∈ G be any vertex in Γð(e)(G). Then deg(g) =| G | − | CA
G (x) |.

Proof. Presume x ∈ G. Then deg(x) is equal with the number of y ∈ G for to (Cx, y) ̸=ð e. So y ̸∈ CA
G (x)

and so deg(g) =| G | − | CA
G (x) |. □

Theorem 3.13. Presume G ∈ NA. Then the non-commutative fuzzy subgroup-based centralizer-graph is not
isomorphic to a path graph.
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Proof. Presume the non-commutative fuzzy subgroup-based centralizer-graph is isomorphic to a path graph.
Then get a x ∈ G for to deg(x) = 1. Now, based Theorem 3.12, we get that 1 =| G | − | CA

G (x) |. So
| CA

G (x) |= 1 and it is opposite to {e, x} ⊆ CA
G (x). □

Presume A ∈ FS(G). We say that A is transferable, if each one x, y, z ∈ G, (x−1y) =ð z implies that
y =ð (xz).

Theorem 3.14. Presume G ∈ NA, e ̸= g ∈ G, g2 = e and A ∈ FS(G) is transferable. If each one x ∈ G, get
y ∈ G such that (xy) =ð (xg), then deg(x) ≥| G | − | CA

G (x) |.

Proof. Presume G ∈ NA and x ∈ G. Since g ̸= e and g2 = e, we have g = g−1. If for some y ∈ G,
(xy) =ð (xg), then T A = {y ∈ G | (xy) =ð (xg)} ̸= ∅, because by (y−1xy) =ð ((x−1)−1g) and by hypotheses,
we get that (x−1y−1xy) =ð g, which it means that (Cx, y) =ð g.

Also, each one y ∈ T A, we have (Cx, y) =ð g, thus y ̸▷◁ x. Now, for y ∈ G, we prove that

y ̸▷◁ x ⇔ y ∈ T A.

Since A ∈ FS(G) is transferable, we obtain that

y ̸▷◁ x ⇔ (Cx, y) =ð g ⇔ (x−1xy) =ð g ⇔ (xy) =ð (xg) ⇔ y ∈ T A.

Hence, each one x ∈ T A, we obtain that (xx) =ð (xg) and since A ∈ FS(G) is transferable, we get that
e =ð g, that is opposit to assumption. Accordingly, 1+ | T A |=| {y ∈ G | y is not adjacent to x} |. But,
T A ⊆ CA

G (x)y1, whence y1 ∈ T A. Because each one given y2 ∈ T A, we have (y2
−1xy2) =ð (xg) =ð (y1

−1xy1).
Because A ∈ FS(G) is transferable, we obtain:

(y1
−1xy1) =ð (y2

−1xy2) ⇒ (y2y1
−1xy1) =ð (x(y2

−1)−1)
⇒ (y2y1

−1xy1y2
−1) =ð x =ð ((x−1)−1e)

⇒ (x−1y2y1
−1xy1y2

−1) =ð e

⇒ (Cy2y1
−1, x) =ð e

⇒ y2y1
−1 ∈ CG

A(x)
⇒ y2 ∈ CA

G (x)y1.

Accordingly, |T A| ≤ |CA
G (x)|. Consequently,

|{y ∈ G | y ̸▷◁ x}| = 1 + |T A| ≤ |CA
G (x)| + 1

and so deg(x) = |G| − |{y ∈ G | y ̸▷◁ x}| ≥ |G| − CA
G (x)| − 1. □

Definition 3.15. Assume Að ∈ FS(G) and Bν ∈ FS(H) and g ∈ G, h ∈ H. Then Γð(g)(G) and Γν(h)(H) are
said to be isomorphic, and is denoted by Γð(g)(G) ≃ Γν(h)(H), if get a bijection map φ : G\Ce(A) → H\Ce(B)
preserving edges, i.e, for two distinct vertices x, y ∈ G \ Ce(A), we have x ▷◁ y iff φ(x) ▷◁ φ(y) in H.

Theorem 3.16. Presume A ∈ FN(G), B ∈ FN(H) and Γð(g)(G) ≃ Γν(h)(H). Then

(i) Γgð
G
A

≃ Γhν
H
B

.

(ii) If A is non-commutative, then B is non-commutative.
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Proof. Since Γð(g)(G) ≃ Γν(h)(H), get an isomorphism f : G \ Ce(A) → H \ Ce(B) preserving edges. It
means that each one x, y ∈ G, (Cx, y) ̸=ð g iff (Cf(x), f(y)) ̸=ν h. Then each one xð, yð ∈ G

A
, we define a

map φ : G
A

\ Ce( G
A

) → H

B
\ Ce(H

B
) by φ(xð) = f(x)ν. Clearly, φ is an isomorphism. Also, if xð ∼ yð, then

Cxð, yð ̸= gð ⇔ (Cx, y) ̸=ð y

⇔ (Cf(x), f(y)) ̸=ν h

⇔ (Cf(x), f(y))ν ̸= hν

⇔ Cf(x)ν, f(y)ν ̸= hν

⇔ Cφ(xð), φ(yð) ̸= hν.

Consequently, φ(xð) ∼ φ(yð) and so Γgð
G
A

≃ Γhν
H
B

.
(ii) Assume A is non-commutative and B is commutative, then G \Ce(A) ̸= ϕ and H = Ce(B). Accordingly
Γν(h)(H) has no vertices. On the other hand since Γð(g)(G) ≃ Γν(h)(H) get a bijection map φ : G \ Ce(A) →
H \ Ce(B), that is a contradiction. □

In [9], Nasiri et al. proved the following theorem in regard to cardinal of groups. In what follows, we get
this result on isomorphic non-commutative fuzzy subgroup-based centralizer-graphs.

Theorem 3.17. Presume G, H ∈ NA be finite groups for to Γg
G ≃ Γh

H , for some non-identity element h ∈ H.
Then | G |=| H |.

Theorem 3.18. Presume G, H ∈ NA be finite groups with Γð(g)(G) ≃ Γν(h)(H), for some non-identity element
h ∈ H. Then

(i) |G| = |H|.

(ii) |Ce(A)| = |Ce(B)|.

Proof. (i) Since Γð(g)(G) ≃ Γν(h)(H), by Theorem 3.16, we have Γgð
G
A

≃ Γhν
H
B

. Then by Theorem 3.17,

| G
A

| = |H
B

|, accordingly, |G| = |H|.

(ii) Since Γð(g)(G) ≃ Γν(h)(H), get that |G| − |Ce(A)| = |H| − |Ce(B)|. Then |G| = |H| implies that
|Ce(A)| = |Ce(B)|. □

Nasiri et al. in [9], proved the following theorem, which we apply in the next results. In addition, we
assert that in isomorphic graphs, nilpotent property is inherited, i.e., nil-potency of one side implies that the
other side is nilpotent too.

Theorem 3.19. Consider G ∈ NA is a finite group of odd order, and assume that Γg(G) has no vertex
adjacent to all other vertices. If Γg(G) ∼= Γh(H), and if G is nilpotent, then H is too.

Theorem 3.20. Presume G ∈ NA be a finite group of odd order, Γð(g)(G) has no vertex adjacent to all other
vertices and Γð(g)(G) ≃ Γν(h)(H).
(i) If xν = eν implies that x = e and G be a nilpotent group, then H is nilpotent.
(ii) if ð ∈ GNF, then ν ∈ GNF.

Proof. (i) Since Γð(g)(G) ≃ Γν(h)(H) and G is a nilpotent group, we conclude by Lemma 3.16, Γgð
G
A

≃ Γhν
H
B

and G
A

is nilpotent. So by Theorem 4.4 [9], that H

B
is nilpotent and so Cen(H

B
) = H

B
. Take x ∈ H,
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then xν ∈ H

B
= Cen(H

B
) implies that each one y1, ..., yn ∈ H, Cn

i=1xν, yiν = eν. Then by Theorem 2.4,
(Cn

i=1x, yi)ν = eν. It imply that B ∈ GNF. Consequently, by assumption H is nilpotent.
(ii) Since Γð(g)(G) ≃ Γν(h)(H) and ð ∈ GNF, we conclude by Lemma 3.16 and Theorem 2.4, Γgð

G
A

≃ Γhν
H
B

and
G
A

is nilpotent. So by Theorem 3.19, H

B
is nilpotent. Consequently, using Theorem 2.4, we obtain ν ∈ GNF.

□

Definition 3.21. Presume GNA be a finite group. It is titled as extra-special p-group (we write G ∈ ES) if
its center is exactly equal to its commutator subgroup and | G′ |=| Ce(G) |= p.

Definition 3.22. Presume A ∈ FS(G). Then A is named extra-spacial (we write A ∈ ESF) if G′ ⊆ Ce(A).

Example 3.23. Assume A ∈ FS(G) is as Example 3.3. Since (Ci, j) = (Ci, k) = (Cj, k) = −1, (Ci, −i) =
(Cj, −j) = (Ck, −k) = (C− 1, −1) = 1, and (C− 1, i) = (C− 1, j) = (C− 1, k) = 1, we get that {±1} = G′ =
Ce(A). Accordingly, A ∈ ESF.

Theorem 3.24. Assume A ∈ FN(G). If G
A

∈ ES, then A ∈ ESF.

Proof. Since G
A

∈ ES , we have ( G
A

)′ = Ce( G
A

). Then each one (Cx, y) ∈ G′ , we have xð, yð ∈ G
A

and

(Cxð, yð) ∈ ( G
A

)′ = Ce( G
A

). Accordingly, for any t ∈ G, (C(Cxð, yð), tð) = eð. So by Theorem 2.4, that
(C(Cx, y), t)) =ð e. Hence (Cx, y) ∈ Ce(A) and so G′ ⊆ Ce(A). Consequently, A ∈ ESF. □

Theorem 3.25. Presume G
A ∈ ES and Γð(g)

G ≃ Γν(h)
H . If B ∈ GNF is of class 2, then B ∈ ESF.

Proof. By Lemma 3.16, Γgð
G
A

≃ Γhð
H
B

and so Theorem 3.17 implies that | Ce( G
A

) |=| Ce(H

B
) |= p. Also, by

Theorem 2.4 and ν ∈ GNF is of class 2, we have H

B
is a nilpotent group of class 2 and so

(
H

B
)′

Ce(
H

B
)

∈ NA. Then

(H

B
)′

< Ce(H

B
), so |H

B
|′ ≤ |Ce(H

B
)| = p. Hence, H

B
∈ ES. It implies by Theorem 3.24, B ∈ ESF. □

4 Conclusion
In this paper, non-commutative fuzzy subgroup-based centralizer graphs and commutative fuzzy subgroup-
based centralizer graphs are displaied. Also, some properties of this fuzzy graph, such as connectivity is stated.
Also, some results on dominating sets and spanning subgraphs are stated. Finally, extra-special fuzzy groups
are defined to get a relation between extra-special fuzzy groups and extra-special p-groups. In addition, we
see that with some additional conditions a good nilpotent fuzzy group is an extra-special group. This paper
would be beneficial for studying nilpotent fuzzy groups and extra-special p-groups. This research has some
limitations such as the computations on fuzzy subgroups of non-abelian groups are very hard and need to
some algorithm and programming. Also obtain some advantages such as the find of a connection between of
complex networks and algebraic systems. Indeed, we have extracted the following results separately:

(i) The simple graphs are constructed based on the non-abelian groups and fuzzy subgroups.

(ii) The domination numbers are computed based on the commutative fuzzy subgroup-based centralizer-
graph and non-commutative fuzzy subgroup-based centralizer-graph.



10 Mohammadzadeh E, Hamidi M, Amirmofidi S. Trans. Fuzzy Sets Syst. 2026; 5(2)

(iii) Is showed that the commutative fuzzy subgroup-based centralizer-graph is a spanning subgraph of
non-commutative fuzzy subgroup-based centralizer-graph.

(iv) The relation of path graphs are analysed to the commutative fuzzy subgroup-based centralizer-graph
and non-commutative fuzzy subgroup-based centralizer-graph.

(v) The notion of transferable fuzzy subgroup of any group is displaied and presented its rule in the non-
commutative fuzzy subgroup-based centralizer-graph.

(vi) The isomorphic non-commutative fuzzy subgroup-based centralizer-graphs are displaied and analysed
their properties.
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