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Algebraic Perspectives of Fuzzy Sets: Structures and Properties
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Abstract. A structure that is inherent to a specific space and involves actions within that space is highly significant.
Various types of structures regarding fuzzy sets have been extensively examined in the literature. Examples of
these structures encompass algebraic, topological, and analytical structures. This study examines several algebraic
structures present in the domain of fuzzy sets, specifically focusing on the standard union and intersection operations
of fuzzy sets. Furthermore, we provide updated depictions for specific subspaces of fuzzy sets and introduce newly
defined operations. Consequently, we examine different structures on different subspaces of fuzzy sets in connection
to the just-mentioned operations.
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1 Introduction

In recent years, there have been notable breakthroughs in the field of fuzzy set theory and its related areas.
Researchers have introduced novel techniques to address the complexities and challenges associated with
systems that contain unclear, incomplete, or inaccurate data. Zadeh introduced fuzzy sets [!] in 1965 to
provide a more nuanced and flexible approach to dealing with uncertainty, imprecision, and complex data. It
has become invaluable and continues to find expanding applications across diverse fields, such as probability
theory, control systems, artificial intelligence, decision-making, pattern recognition, data analysis, etc.

1.1 Importance of algebraic structure

Zadeh’s theory [1] establishes that the space of all fuzzy sets forms a distributive lattice under the usual
intersection and union operations on fuzzy sets. De Luca and Termini [2] have shown that for a fuzzy set
A: X — [0,1], if the range [0, 1] is a Brouwerian lattice, then the space of all fuzzy sets (denoted by F(X))
is also a Brouwerian lattice. In addition to that, the authors have discussed various approaches to inducing
a lattice to the whole or a subclass of F(X), e.g. if X has some lattice structure, then it is possible to have
a lattice structure to a subclass of F(X). The authors in [3] discussed the algebraic properties of fuzzy sets
and have shown that it is possible to get a unitary commutative semi-ring structure in the space of fuzzy
sets under union and intersection. It has also been proven that the space of fuzzy sets forms a commutative
monoid, which is neither a lattice nor a semi-ring under the algebraic sum (or probabilistic sum) t-conorm
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and the algebraic product (or product) t-norm. A lattice-ordered semigroup structure exists in the space
of fuzzy sets w.r.t. union, intersection, and algebraic product. Likewise, the space has the same structure
under union, intersection, and bounded product. Algebraic structures of fuzzy sets involving drastic product
t-norm and drastic sum t-conorm operations have also been studied. In [1], a bounded lattice structure
has been found on a collection of continuous fuzzy numbers where the operations are the usual fuzzy union
and intersection. In this lattice, subsethood measures have been established showing its usefulness in fuzzy
rule-based systems. The space of fuzzy sets gives rise to commutative semigroup structures with each of the
drastic product norms t-norm and drastic sum t-conorm operations, whereas the space forms neither a lattice
nor a semi-ring with drastic product norm t-norm and drastic sum t-conorm operations. When the drastic
product (drastic sum) operation is combined with the union (intersection) operation, the space of fuzzy
sets forms a commutative semi-ring. Furthermore, when the operations of union, intersection, and drastic
product (union, intersection, and drastic sum) have been considered together, fuzzy sets form a lattice-ordered
semigroup, exhibiting a rich interplay of mathematical structures. Since the lattice structure of fuzzy sets
does not address the characteristics of repetition and negativity in uncertain information, to address these
limitations, Homenda [5] introduced the concept of linear space and ring structure of fuzzy sets using sum
product vector operators (a-p-v operators) with its ability to manage uncertain information in the context
of fuzzy reasoning, fuzzy neural networks. Cao and tpnika [0] investigated the preservation of fundamental
characteristics of residuated lattice structures in extended algebras for partial fuzzy set theory and partial
fuzzy logic. The work [0] introduces a comprehensive collection of nine algebras, referred to as the “atlas,”
designed to handle undefined values. It provides a concise overview of how each algebra preserves or does
not preserve important aspects.

In [7], algebraic properties of fuzzy sets of type-2 have also been studied. Under union and intersection
operations, the space of convex fuzzy sets type-2 forms a commutative semi-ring, while the space of standard
convex fuzzy sets of type-2 forms a distributive lattice. Similarly to the algebraic product and algebraic sum
operations, the algebraic properties of fuzzy sets of type-2 have also been explored. Some algebraic structures
such as modular quasi-lattice and distributive quasi-lattice of space of fuzzy sets of type-2 have been discussed
in [3]. It has also been noticed that the space of fuzzy sets of type-2 does not form a lattice or semi-ring under
these operations but forms a commutative semigroup. A semigroup structure ordered by lattice is known to
exist when the space is standard convex fuzzy sets of type-2 and the corresponding operations are the union,
intersection and algebraic product. Some residuated lattice-like structures have been found to exist in the
space of intuitionistic fuzzy sets and fuzzy set-based systems, respectively, in [9, 10].

Chang first introduced the topological structure in fuzzy sets [11], along with specific characteristics of
fuzzy topological spaces, such as continuity and compactness. In [12], Chang’s concept of compactness [1 1] has
been modified by taking fuzzy aspects into account, and several separation axioms have then been discussed.
The terms fuzzy point and fuzzy Q-neighborhood were established in [ 1], and using these notions, fuzzy
metric space and fuzzy uniform space have been studied with the condition that when a fuzzy topological
space is a fuzzy metric space. Furthermore, various characterizations of the separation axioms in fuzzy subsets
have been presented in continuous functions [13] and T;, which yield various general topological results. In
[11], fuzzy Ty space, fuzzy regularity, almost regularity, and fuzzy Urysohn space have all been extensively
discussed using fuzzy 6 closing operators, Q neighborhood, and quasi-coincidence. Almost compactness
and near compactness corresponding to fuzzy sets have been studied with their various properties in [15].
An investigation of connectedness has been carried out in fuzzy topological spaces in the literature [10].
Also, there have been discussions on some notions of functions in fuzzy topological spaces and completely
distributive lattices.

Algebraic structures on space of some most significant fuzzy logic connectives viz. Fuzzy implications, t
norms and t norms, which are generalizations of the classical implications, conjunctions, and disjunctions,
respectively, can be found in [17, 18].
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The combination of fuzzy vector spaces and the investigation of generalized roughness in LA semigroups
broaden the possible uses of these mathematical notions in areas such as optimization, data analysis, and
machine learning [19, 20]. The studies showcase the potential of fuzzy set theory and associated algebraic
structures to improve our comprehension and management of complex systems. This can lead to more efficient
decision making and system optimization.

1.2 Motivation for the study

Algebraic studies of spaces serve various purposes, encompassing theoretical exploration and practical appli-
cations. Algebra occupies a crucial component of mathematics and its applications, making it a vibrant area
of research with a broad range of motivations and objectives.

Introducing different operations is essential to obtain a diverse range of structures. As these structures

emerge, they can be characterized in novel ways [21], allowing the application of established results to gain
deeper insight and more refined perspectives [18]. Moreover, these structures have significant potential
for practical implementation, particularly in approximate reasoning [], pattern recognition, and machine

intelligence, in the broad domain of fuzzy implications, where they can be effectively applied to areas such
as control theory, decision making, expert systems, and fuzzy logic.

One can study algebraic aspects by defining a closed binary operation on fuzzy sets that can produce new
fuzzy sets from a given one. Suppose that one can impose a richer algebraic structure, such as a group. In
that case, one can apply results to the crucial ideas that arise in group theory, viz., semigroups, monoids,
normal subgroups, homomorphisms and the group of inner automorphisms, to gain a deeper and better
perspective of the different families of fuzzy sets. This encourages us towards the algebraization of fuzzy sets
by proposing a binary operation on the space of fuzzy sets, which would produce a sufficiently rich algebraic
structure, more light on fuzzy sets, and make new links between the known families and characteristics of
fuzzy sets.

Commutative monoids are produced via new and existing operations in the fuzzy set space. These monoids
allow us to investigate the semi-ring structures of fuzzy sets. These semi-rings include some lattice structures
used in several domains, including pattern recognition, digital image processing, and formal concept analysis.
Furthermore, the monoids can be used to study homomorphism, Grothendieck group structure, left translation
on a monoid, the center of a monoid, construction of monoid rings, how commutative monoids are embedded
in rings, etc.

2 Preliminaries

This section contains necessary definitions and notations for various kinds of fuzzy sets, their spaces, and
different fuzzy logic connectives. Additionally, we present well-known algebraic structures on a set and some
operations on fuzzy sets that are required for this work.

2.1 Fuzzy sets and spaces on fuzzy sets

Let R be the collection of all real numbers. We follow the convention that X C R is a closed and bounded
interval, making X totally ordered and linear.

Definition 2.1. A fuzzy set A on a non-empty set X C R is a function A from X to [0,1]. We denote the
collection of all fuzzy sets in X by F(X).
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Definition 2.2. A fuzzy set A denoted by A = [a,b,c];a < b < ¢, a,b,c € X is called a triangular fuzzy
set if the representation of its membership function is

0 Jifa>x

Alz) = l(x) ;z:fa<x§b
r(z) ;ifb<zxz<c
0 Jife>c

where I(x) and r(x) are respectively, linear strictly increasing and decreasing functions of x and l(x) = r(x)
at x = b.

Definition 2.3. A fuzzy set A denoted by A = |a,b,c|;a < b<c,a,b,c € X is called a normal triangular
Sfuzzy set if the representation of its membership function is

0 sifa>x

Ax) = (x—a)/(b—a) ,:z:fa<x§b
(c—2)/(c—b) ;ifb<z<c
0 ;foZC

Definition 2.4. A fuzzy set A: X — [0,1] is called
(¢

(i

normal, if there exists xg € X such that A(xg) =1,
bounded, if the Supp(A) = {x € X : A(x) > 0} is bounded,
(731) convex, if for any v,y € X and 0 < A <1, A(Az+ (1 — N)y) > min{A(x), A(y)},
(iv
Based on the above properties of a fuzzy set, we define some subspaces of F(X) that will be relevant in this
work, as follows:

)
)
)
)

symmetric around x = ¢, if A(c+z) =Alc—z)Vz e X.

e Fp(X): the collection of all bounded fuzzy sets on X,

Fpn(X): the collection of all bounded and normal fuzzy sets on X,

Fpnc(X): the collection of all bounded, normal, and convex fuzzy sets on X,

Frenc(X): the collection of all triangular, bounded, normal, and convex fuzzy sets on X,
e Frpsnc(X): the collection of all triangular, bounded, symmetric, normal, and convex fuzzy sets on X,
e Fpsn(X): the collection of all bounded, symmetric, and normal fuzzy sets on X,

e Frpsn(X): the collection of all triangular, bounded, symmetric, and normal fuzzy sets on X.
We have the following relations from the above subspaces:

Fresnc(X) € Frpsn(X) € Frene(X) € Fpne(X) € Fpn(X) C Fp(X) C F(X).
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2.2 Fuzzy logic connectives and operations on fuzzy sets

Fuzzy logic connectives are a generalization of classical logical operations. In the following, for completeness
and well-readability, we recall some definitions of fuzzy logic connectives that will be useful in this work.

Definition 2.5. [22] A t-norm is a monotonically increasing, commutative, and associative function T :
[0,1]2 — [0,1] with 1 as the identity element.

Definition 2.6. [22] A t-conorm is a monotonically increasing, commutative and associative function S :
[0,1]2 — [0,1] with O as the identity element.

Definition 2.7. [23] A fuzzy implication is a function I : [0,1]> — [0, 1] that decreases in the first variable
and increases in the second variable along with the boundary conditions 1(1,0) =0 and I(1,1) = 1(0,0) = 1.

Remark 2.8. [21] For a t-norm T and a t-conorm S and x,y,z € [0,1]

(1) S is distributive over T i.e. S(x,T(y,z)) =T(S(z,y),S(x,2)) iff T is a minimum t-norm.

(i) T is distributive over S i.e. T(x,S(y,z)) = S(T(z,y),T(x,z)) iff S is the mazximum t-conorm.
(t31) The pair (T,S) is a distributive pair iff T is a minimum t-norm and S is the mazimum t-conorm.
Definition 2.9. [1| Let A, B € F(X). The union of A, B is defined by AUB = max{A(z), B(z)}, V x € X.

Definition 2.10. [I] Let A, B € F(X). The intersection of A, B is defined by AN B = min{A(x), B(x)},
forallx € X.

Definition 2.11. [1] Let A € F(X). The complement of A is A° and is defined by A°(z) =1 — A(z), V
recX.

2.3 Algebraic structures on a set

An algebraic structure is a non-empty set equipped with one or more operations that follow specific axioms.
In the following, we recall some definitions of algebraic structures that are studied in the manuscript.

Definition 2.12. [25] A monoid is a non-empty set G equipped with an associative binary operation along
with an identity element. A commutative monoid is a monoid in which the associated binary operation is
commutative.

Definition 2.13. [25] A group is a monoid G with an inverse element that corresponds to every element of

G.

Definition 2.14. [25] A quasigroup is a nonempty set G with a binary operation * such that for each
a,b € G, there exist unique elements x,y € G s.t. axx =b and y*a = b hold. A loop is a quasigroup with
an identity element.

Definition 2.15. [206] Let G be a non-empty set along with two binary operations *i, %o such that xg is
distributed over 1. Then (G, *1,%*2) is called a ringoid.

Definition 2.16. [3] A semi-ring is a ringoid (G,*1,%*2) along with the associativity of %2 and the as-
sociativity, the commutativity of 1. A semi-ring (G,*1,%2) is called a commutative semi-ring if o is
commutative.

Definition 2.17. [27] An anti-ring is a semi-ring (G, x1,*2) if a *x1 b = iy, implies that a = b = iy, for
a,b € G and iy, is the identity element of G w.r.t. *1.
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Definition 2.18. [28] A near-semi-ring is a non-empty set G with two binary operations x1, and %o such
that (G, *1) is a monoid, %9 is associative, xo is distributive over %1 and iy, *9 a = iy, for all a € G where
s, S the identity element of G w.r.t. *1.

Definition 2.19. [28] A near-semi-ring (G,*1,*2) is said to be a zero-symmetric near-semi-ring if
G = Go where Gy = {a € G | a *31x, = is, } for the identity element i, of G w.r.t *1.

Definition 2.20. [29] A non-empty set G together with two binary operations 1 and *o is called a near-ring
if (G,%1) is a group, 9 is associative and distributive over .

Definition 2.21. [25] A non-empty set G together with two binary operations x; and *g is called a ring if
G is a ringoid, (G, *1) is a commutative group and *o is associative.

Definition 2.22. [21] A semi-lattice is a non-empty set G with a binary composition 1 such that %1 satisfies
the properties of associativity, commutativity and idempotency.

Definition 2.23. [3] A lattice is an algebraic structure (G,*1,%32) consisting of a non-empty set G and two
binary operations x1,*o that satisfy the absorption laws:

ax*1 (a*xeb) =a and a*y (a*1b) =a

3 Structures on the space of bounded fuzzy sets

In this section, we study various structures in the space Fp(X) w.r.t. t-norm (7') and t-norm ().
Theorem 3.1. (Fp(X),T) is a commutative monoid.
Proof. Let A, B,C € Fp(X). We have the following arguments.
(i) By virtue of a t-norm being a function from [0,1]? to [0,1] T(A, B) € Fp(X).
(74) Since T is associative, T'(A,T(B,C)) =T(T(A, B),C).
(7i7) T being commutative, we have T'(A, B) = T(B, A).

)

T(A,I)=T(I,A) = A, where I(z) =1; V z € X. Here, I € Fp(X) acts as the identity element w.r.t.
T.

(iv

Hence, (Fp(X),T) is a commutative monoid. — [J
Theorem 3.2. (Fp(X),S) is a commutative monoid.
Proof. Let A, B,C € Fp(X). Then the following assertions hold.
(i) By virtue of a t-conorm being a function from [0, 1]? to [0, 1], S(A, B) € Fp(X).
(74) Since S is associative, S(A, S(B,C)) = S(S(A,B),C)
(731) S being commutative, we have S(A, B) = S(B, A)

)

S(A,0) = S(0,A) = A where O(z) =0V z € X. Here, O € Fp(X) acts as the identity element with
respect to S.

(iv

Hence, (Fp(X),S) is a commutative monoid. [
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Remark 3.3. In particular, (Fp(X),N) and (Fp(X),U) are commutative monoids.

Remark 3.4. For a t-norm T and an arbitrary x € [0,1], there may not exist a unique y s.t. T(x,y) = 1.
Hence, for an arbitrary A € Fg(X), there does not exist a A" € Fp(X) such that T(A, A") = I. This leads to
the conclusion that (Fp(X),T) does not become a group. Continuing on similar lines, we can again conclude
that (Fp(X),S) also does not form a group.

Theorem 3.5. (Fp(X),S,T) forms a commutative semi-ring if and only if S is the mazximum t-conorm.

Proof. Let A,B,C € Fg(X). A t-norm T and a t-conorm S being both commutative and associative, we
have

T(A,B) = T(B,A), T(A,T(B,C))=T(T(A,B),C),
S(A,B) = S(B,A), S(A,S(B,C))=S(S(A,B),C).

We know from Remark 2.8, T is distributive over S, i.e., T'(4,S(B,C)) = S(T(A, B),T(A,C)) if and only if
S is the maximum t-conorm. Therefore, (Fp(X),S,T) forms a commutative semi-ring if and only if S is the
maximum t-conorm. |

Remark 3.6. In particular, (Fp(X),U,N) is a commutative semi-ring.
Theorem 3.7. (Fp(X),S,T) forms an anti-ring if and only if S is the maximum t-conorm.

Proof. From Theorem 3.5, we know that (Fp(X),S,T) is a semi-ring if and only if S is the maximum
t-conorm. For the maximum t-conorm S, we know that

S(z,y) =0=2z=y=0,2,y €[0,1] .
Hence for the maximum t-conorm S and A, B,0 € Fp(X),
S(A,B)=0 = A=B=0.
Therefore, (Fp(X),S,T) is an anti-ring if and only if S is the maximum t-conorm. [
Remark 3.8. In particular, (Fp(X),U,N) is an anti-ring.

Theorem 3.9. (Fp(X),S,T) is a zero symmetric near semi-ring if and only if S is the maximum t-conorm.

Proof. From Theorem 3.2, we find that (Fp(X),S) is a monoid where O € Fp(X) (O(x) =0V z € X),
acts as the identity element with respect to S. We also know from Remark 2.8, that T is distributive over S
if and only if S is the maximum t-conorm. Again, by virtue of a t-norm, T is associative and T'(O, A) = O V
A, O € Fp(X). Hence, (Fg(X),S,T) is a near semi-ring.

For any t-norm we get, Fp(X)o = {A € Fp(X) : T(0,A) = T(A,0) = O}. Thus, Fp(X) = Fp(X)o.
Hence, (Fp(X),S,T) is a zero-symmetic near semi-ring. [

Remark 3.10. In particular, (Fp(X),U,N) is a zero symmetric near-semi-ring.
Remark 3.11. Since (Fp(X),S) does not form a group, (Fp(X),S,T) is neither a near-ring nor a ring.

Remark 3.12. Let A =[0,2,5],B = [1,2,3,],C = [2,3,3,] € Fp(X). If we consider T to be a minimum
t-norm, then we get

T(A,B) = [0,2,3] = D,
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and
T(C,A)=1[0,2,3] = D.

Again, let B' =[2,2,3],C" = [1,3,3,] € Fp(X). Then also we get
T(A,B') = [0,2,3] = D,
and
T(C', A) = [0,2,3] = D.
We see B' # B and C' # C. Thus T(A,B) = D and T(C, A) = D have no unique solution. Hence (Fp(X),T)

fails to be a quasigroup.
In the same way, we can also show that (Fp(X),S) is not a quasigroup.

Remark 3.13. In general, T(A,A) # A and S(A,A) # A. Hence, (Fp(X),T) and (Fp(X),S) are not
semi-lattices. In particular, due to the fact that ANA=A and AUA = A, (Fp(X),N) and (Fp(X),U) both
form a semi-lattice.

Remark 3.14. If we consider S as the maximum t-conorm and T as the Lukasiewicz t-norm, then
T(A,S(A,B)) # A.

Hence, (Fp(X),S,T) does not form a lattice structure. However, in particular, (Fg(X),U,N) forms a lattice.

4 Algebraic structures on triangular fuzzy sets w.r.t. newly defined op-
erations

Let R* denote the collection of all non-negative real numbers, i.e., RT = [0,00). Frpnc(RT) denotes the
space of all triangular, bounded, normal, and convex fuzzy sets on R™.

4.1 Structures on Frpyc(RT)

Let us define some new operations +x and -z on the space Frpyc(R1). Let A = [a,b,c],B = [d,V,(] €
Frenc(R™T) where a,b,c,a’,t/, ¢ € R with a <b < cand a’ <V <. The operations +5 : Freyc(R1) x
]:TBNC'(R+) — ./TTBN0<R+) and ‘F fTBNc(RJr) X ]:TBNC(R+) — ]:TBNC’(R+) are defines as follows:

A4+pB=la+d,b+b,c+]
A-p B =lad bV, cc].
We now study for existence of some algebraic structures on Frgnc(RT) w.r.t. the operations defined above.
These operations are chosen for their direct correspondence with standard algebraic structures, such as

monoids, semigroups, semi-rings, and lattices. This selection of operations guarantees logical coherence and
compatibility with established mathematical reasoning frameworks.

Theorem 4.1. (Frenc(RY),+r) forms a commutative monoid.

Proof. Let A = [a,b,c|,B = [d',V/,c],C = [a", V", "] € Frgnc(RT) where a,b,c,a’ V', a", V' " € RT
witha <b<ec,d <V < and a” < b’ < ". The subsequent claims are true:

(i) Since a,b,c,a’,b',¢ € RT with a < b < cand d <V <, we have a +ad',b+V,c+ € RT with
a+a <b+b <c+ . Thus,

A+pB=la+d,b+¥,c+ ] e Frano(RT).
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(7i) Addition (+p) is associative, since
A+p(B+pC)=la+d +d" b+ V +V c+ + "= (A+r B) +rC.
(i73) There exists an element O = [0,0,0] € Frgyoc(RT) s.t. A+rO =0+p A= A. Here, O = [0,0,0] acts
as the identity element corresponding to the addition (+5).

(iv) The operation, addition (4) is commutative since

A+pB=la+d b+ ,c+d]=B+rA.

Therefore, (Frenc(RT), +r) is a commutative monoid. [
Theorem 4.2. (Frenc(R"), r) forms a commutative monoid.

Proof. Let A = [a,b,c], B = [a',V/,],C = [a",b",c"] € Frenc(R") where a,b,c,a’,b',c,a",b",c" € RT
witha <b<ec, d <V < and a” <V’ <. The following arguments hold:

(i) Since a,b,c,a’, V', € RT witha <b < candd <V <, we have ad’,bb,cc’ € RT with aa’ < bb < cc.
Thus,
A-pB= [aa’, bb/7 CC/] € fTBNC(R+)-

(#i) Multiplication (-F) is associative, because

A-p(B-pC)=ladd bbb ) =(A-rB)-rC

(ii7) There exists an element e = [1,1,1] € Frenc(RT) st. A-pe=e-p A= A. Thus, e = [1,1,1] is the
identity element in -p.

(tv) Since A-p B = [ad’, b, cc] = B -p A, multiplication (-p) is commutative.
Therefore, (Frenc(RT), r) forms a commutative monoid. [

Remark 4.3. (Frenc(RY), +F) fails to form a group because there does not exist any element A" Frpyc(RT)
such that A+p A’ =10,0,0] = A" +p A. Similarly, there is no A" such that A-p A’ = A" -p A =[1,1,1] so
(Frenc(RY1),-r) is also not a group.

Theorem 4.4. (Frpnc(RY), +r,-F) is a commutative semi-ring.

Proof. From Theorem 4.1, we have the commutativity, associativity of +p and from Theorem 4.2, we have
the commutativity, associativity of -p. Now for left distributivity,

Ap(B+rC)=la,b,c - ([db,]+Fd" V")
a,b,cl-pla +a" b+ + "]

= la(a’ +a"),b(t/ +1"),c(c + )]

= [ad’ + ad”, bt +bb", cd + ']

= [ad’, bV, cd] + [aa”, bb", e

= ([a,b,c] -7 [d',V,]) +F (la,b,c] - [a",b","])
=(ArB)+pr(A-pC).

=
=

Similarly, the right distributive law also holds in Frgnc(R™). Therefore, (Frenc(RT), +p, F) is a commu-
tative semi-ring. U
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Theorem 4.5. (Frpnco(RY), 4+, F) is an anti-ring.

Proof. Let A, B € Frpnc(R")s.t. A+pB =10,0,0]. Then A = B = [0, 0, 0]. Therefore, (Franc(X), +r, r)
forms an anti-ring. O

Theorem 4.6. (fTBNc(R+), +r,-F) 1S a zero-symmetric near-semi-ring.

Proof. We find that Frgyc(R™T) is a monoid under + g, associative under -z, and satisfies the distributive
property (see Theorem 4.1, 4.2, 4.4, respectively). Now for A = [a,b,c] € Frenyc(RT), we have O - A = O
where O = [0,0,0] is the identity element under +p. Hence, (Frgnc(RT), 4+, r) is a near-ring. Again,
]:TBNC(RJF)O = {A S fTBNC(R+) : OFA = [O,O,O]-F[a, b, C] = [0,0,0] =0 = AFO} Thus, -FTBNC(R+) =
Frenc(RT)o. Therefore, (Frpno(RT), +F, r) is a zero-symmetric near-semi-ring. [

Remark 4.7. Since (Frpnc(RY), +r) does not form a group, (Frenc(RY), +r,-r) does not form a ring.

Remark 4.8. Since A+r A= [a+a,b+b,c+c| =[2a,2b,2¢] # A and A-p A = [a®,b%,c?] = A? # A, we
observe that (Frpnc(RY),+r) and (Frenc(R),-r) do not form semi-lattice.

Remark 4.9. For arbitrary A = [a,b,c], B = [d',V,c] € Frgnc(RT), we have

A-p (A+p B) | -7 ([a,b,c] +F [d,V,])

=la,b,c
=la,b,c] -pla+ad b+ bV ,c+]

[aa 4 aa’,bb + bb', cc + ¢
(ArpA)+r(A-rB)#A

and,

A+p (A-p B)=la,b,c]+r ([a,b,c] -p [a',V,])
= [a,b,c] +F [ad’, bV, cc']
=la+ad,b+bb,c+cd]#A.

Hence, (Frgnc(RT), 4+, r) does not form a lattice.

4.2 Structures on Frpyc(R) w.r.t. +5 and -}

Let Frpnco(R) denote the space of all triangular, bounded, normal, and convex fuzzy sets in R. Let us
represent the fuzzy sets of Frpnc(R) in the form A = [0, z,a] where 0 < 0,a < 90° where 6 is the
left end angle, x € R is the point of normality and « is the right end angle. Let us assume two fuzzy
sets A = [f,z,a] and B = [#',2/,d/] € Frenc(X). We further define the following operations, addition
(—i—} : -FTBNC(R) XfTBNc(R) — }—TBNC(R)) and multiplication (*F : ]:TBNC(R) X.FTBNc(R) — ]:TBNC(R»
as:

A+ B=10,x,a) +5 0,2/, =[0AN0, 2+ 2 and]
and,
AnB=[0,z,0] 0,2, d]=[0V v+2 aVvd

where V and A are usual maximum and minimum operation in R. We now study the existence of some
algebraic structures on Frpyc(R) w.r.t. the operations +7}, and -}, as defined above.
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Theorem 4.10. (Frpnc(R),+7%) is a commutative monoid.

Proof. Let A= [0,z,a],B=[0,2',d],C =10",2",d"] € Frenc(R). The following holds:
(i) Since 0 < OAO ,ana <90° A+%L B e Frano(R).
(74) For associativity:

A+p (B 45 C) = [0, ;0] +7 ([0',2", 0] +F [0", 2", 0"])
=[0,z,a] +5 ([0’ NO", 2" +2",a' N d"])
=ONI N x4+2" +2",and ANd"].

and,

(A+p B) +5 C = ([0,2,a] +} [0',2",d]) +5 [0", 2", "]
=[0AN0, z+2'and]+5 0", 2", "]
=[OANOI AN x+2"+2" and Nd"].

implies

A+ (B4 C)=(A+:B)+5C .
(731) There exists e* = [90°,0,90°] such that for any A = [0, z,a] € Frenc(R),
e +1 A=190°0,90°] +% [0, z,a] = [0,x,a] = A+ e .
Here e* acts as the identity element in Frpyc(R) w.r.t. the operation +7..
(iv) For commutativity:

A+ B=10N0 2 +2and]|=[0NO0,2" +2,0/ Na]=B+, A .

Therefore, (Frpnc(R), +7) is a commutative monoid. [
Theorem 4.11. (Franc(R), ) is a semigroup.
Proof. Let A=[0,z,a|,B=[0,2',d/],C =1[0",2",a"] € Frgnc(R). Then the following holds:
(i) Since 0 <OV @, aVa' <90°, A% B € Frenc(R).
(73) We also have A -}, (B -5, C) = (A% B) -3 C, since
A} (BFC)=[02,0] & (0,2, 0] & [0",2",0"])

=[0,2,0] 5 (0 VO & +2" V")
=[0veVve x+2' +2"ava Vv

and,

(A5 B) % C=(0,z,a] 5 [0,2,d]) +5 [0", 2", "]
=0V, z+2,aVal- , T, Qo
[9 0/ / /] }[0// 1 //]
=[0veVve x+2' +2",avad vad.
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Therefore, (Frpnc(R), 3) is a semigroup. O

Remark 4.12. There is no element e € Frpnc(R) for which A -}, e = e, A = A. Hence, there exist no
identity element w.r.t. -5 implying (Frenc(R), 3) is neither a monoid nor a group.

Remark 4.13. Let A = [40°,1,50°], B = [50°, —2,30°] and, C = [90°,3,10°] € Frenc(R). We observe that
A5 (B+50) = [40°,1,50°) % [50°, 1, 10°] = [50°,2,50°] and A-5 B+%A-5C = [50°, —1, 50°]+%[90°, 4, 50°] =
[50°,3,50°], resulting in A -, (B+} C) # A} B+3 A5 C. Therefore, (Frpnc(R), +7,5) is none of the

ringoid, semi-ring, near-semi-ring, and near-ring.

Remark 4.14. Let A = [50°,1,40°], B = [45°,2,50°],C = [45°,2,55°] and, D = [45°,3,40°] € Frenc(R).
Then A +% B = [45°,3,40°] = D and C +3 A = [45°,3,40°] = D. Choose B’ = [45°,2,60°] # B and
C" = [45°,2,65°] # C. Then we also obtain A+% B' = D and C' +5. A = D. So, B, C' are not unique
solutions of A+7 B =D and C +3, A = D respectively. Therefore, (Frenc(R),+7) is neither a quasigroup
nor a loop.

Along similar lines, one might draw the conclusion that (Frpnc(R), ) is also not a loop as it is not a
quasi-group.
Remark 4.15. Since A+, A=[0N0,x+z,aNa]l =1[0,2z,0] #Aand A L A=[0V0,z+z,aVal=
0,2z, a] # A, neither (Frpnc(R), +%) nor (Frenc(R),-}) form a semi-lattice.

Remark 4.16. For A = [40°,1,50°], B = [50°, —2,30°] € Frenc(R), we see A-}. (A+} B) = [40°,1, 50°] -
[40°, —1,30°] = [40°,0,50°] # A implying to the fact that (Frpnc(R), +%,F) is not a lattice.

ﬁj*

4.3 Structures on Frpyc(X) w.r.t. Vi and AL

Let A =1[0,z,0a],B =1[0,2,d/] € Frenc(R) as in Section 4.2. We define another pair of operations union
(\/}7) and the intersection (/\}7) on Frpnc(X) as follows:

AVvL B = max {[0, z,0], [0, 2, o/]} = [max{6,0'}, max{z, 2"}, max{a,a'}] ,
A AL B =min{[,z,a],[¢, 2, o]} = [min{h, '}, min{z, 2'}, min{a, a'}] .
Let us define a relation <} in Fryc(X) as follows: for A = [0,z,a],B = [¢/,2',d'] € Frpne(X),
Aj};BifngG',xgx’and,aga/.
Consequently, we discuss the structures existing on Frgyc(X) in relation to the operations mentioned above.
Theorem 4.17. (]:TBNC(X), j};) is a partially ordered set.

Proof. It is easy to check that the relation j}; is reflexive, antisymmetric, and transitive. Hence (.FT sne(X), j},)
is a partially ordered set. O

Theorem 4.18. (Frpnc(X),Ak) is a semigroup.

Proof. Let A = [0,z,a],B = [¢/,2',d/],andC = [0",2",d"] € Frpnc(X). Clearly, A AL (BALC) =
(A AL B) AL C, since

ANL(BALC) =0, 2,0] AL [min{#, 6"}, min{z’, 2"}, min{a/, o'}
= [min{0,¢,0"}, min{z, 2’, 2"}, min{a, o', o' }]
and

(A A} B) AL C = [min{#,0'}, min{x, 2’}, min{a, a'}] A} [0”, 2", a"]

= [min{0,#, 0"}, min{z, 2’, 2"}, min{a, o/, " }] .

Therefore, (Frpne(X),Ak) forms a semigroup. O
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Theorem 4.19. (Frpnc(X), Vi) forms a semigroup.

Proof. Let A = [0,x,0],B = [0/,2/,d/],C = [0",2",a"] € Frenc(X). Clearly A VL (BVLC) = (AVi
B) V1. C, since

AVEL (BVLC) =10, z,a] Vi [max{#', 0"}, max{z’, 2"}, max{c/, o'}]

= [max{6,¢,0"}, max{x,2’, 2"}, max{c, ', a"}]
and

(AVE B) VL C = [max{0,0'}, max{z, '}, max{a, &/} VE [0”, 2", ]

= [max{6,6, 0"}, max{z,2’, 2"}, max{a, o, a"}] .
Therefore, (Frpne(X), Vi) forms a semigroup. [

Remark 4.20. There does not exist e € Frpno(X) s.t. eANh A= AALe= A for arbitrary A € Frenc(X).
Hence (Frenc(X),AL) is neither a monoid nor a group. For a similar reason, we can also conclude that
(Frenc(X), VL) is neither a monoid nor a group.

Theorem 4.21. (Frpnce(X), Vi, AL) is a ringoid.
Proof. To validate the theorem, we must demonstrate that
ANL(BVLC) = (AAL B) VL (ANLC)

where A = [0,z,a|,B = [¢,2/,d/],C = [0",2",a"] € Frenc(X). To prove the above, the following cases
arise:

(YA=B#C  (i)A#£B=C, (i))A=C#B, (w)A=B=0C, (v)A£B#C.

Now we discuss cases (i) and (v). Due to the similar nature of the proofs, we discard the proofs of the
other cases.
Case-(i): (A = B # C): In this case, the following sub-cases arise:

(a) If C =} B then
ANR (BVEC)=AANLB=A= (AN B)VE (AALO).
(b) If B <L C then
ANL(BVLC)= AN C=A= (AN B)VE(AALO).
(c) O <O, 2" <z’ and o/ < then
ANL (BVLC)=AAL[9,2,"] = A= (AA: B)VEk (AN Q).
(d) f0" <0, 2’ <z” and o < " then
ANL(BVLC)=AAL0, 2", = A= (AAL B)Vk (AALC).
(e) " <O, 2" <z and o < o' then

ANE (BVEC)=ANR[0,2",/] = A= (ANk B)Vk (AALO).
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(f) It 9" <0”, 2/ <2’ and " < o then
AN (BVLCO)=ANL[0",2",0/] = A= (AALB) VL (AAEC).
(g) O <0 2" <2’ and o < o then
ANL (BVEC)=ANL[9",2",/] = A= (AN B)VEk (AAEC).
(h) It 0’ < 0" 2’ < 2" and o < & then
ANE (BVEC)=ANR[0",2',"] = A= (AN B) Vi (AAL O).
Case-(v): (A # B # C): In this case, the following sub-cases arise:
(a) If C =% B <L A then
ANL(BVLC)=AANLB=B=BVLC=(AALB) VL (AL Q).
(b) If A <L B <L C then
ANR (BVEC)=ANLC=A=AVELA= (AN B)VE (AN C).
(c) If B <L C <L A then
ANL(BVLC)=ANLC=C=BVvLC=(AALB) VL (ANLO).
(d) If A <L C <% B then
AN (BVEC)=ANsB=A=AVE A= (AN:B)Vk (AALO).
(e) If C <L A <L B then
ANL (BVEC)=AAN.B=A=AVLC = (AN B)VE (AN C).
(f) If B <L A =% C then
ANL(BVLC)=AANLC=A=BVLEA=(AANLB) VL (AALC).
(g) 0" <@ <0, 2" <2’ <z, a<d <o’ then
ANL(BVLCO)=AANL[0,2,") = 10,2, ],
(AL B)VE (AAL C) = (0,2, 0]V 07, 4", 0] = (¢, 0],
(h) f0" <0 <0, 2 <2’ <2" a<d <o then

ANR (BVEC)=ANR[0,2",") =0, 2,0],
(AAp B)VE (AN O) = [0, 2,0] Vi [0",2,0] = [0/, 2, a].
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(i) 0" <0 <60,z <2 <2’ o' <a <athen
ANR (BVEC)=ANL[0, 2", ] =0, 2,0],
(ANLBY VL (AANLC) = [0, 2, | VL [0, 2,0 = [0, x,d].
U< <O 2"<z <z, a<d <o then
A /\}7 (B \/}p C)=A /\}:‘ 0", 2, "] = [60,2,al,
(AN B)VE(AALC) = 10,2, Vi [0,2",a] = [0, 2, a].
(k) <0 <0 x<2' <2" o <o <athen
ANR (BVEC)=ANR[0",2",d] = [0, 2,4,
(ANLB)VL(AALC)=1[0,2,d] VL [0,2,0"] = [0, x,d].
)< <O 2" <z’ <z o <a <athen
ANL(BVLO)=AANL[0", 2,0/ =[6,2',d],
(ANLB)VE(AANEC)=1[0,2", /| VE (0,2, = [0,2',d].
(m) O <" <0, 2/ <2’ <z, a<a <do then
ANR (BVEC)=ANR[0",2",d] = [0",2",q],
(ANLB)VL(AALC) = 10,2, a) VL [0, 2", 0] = [0",2", .
(n) O <0" <0, x<2" <2/, a<d <d then
ANL(BVLC)=AAL", 2, = [0",2,0],
(AN B)VE(AANLC) =10, 2,a) Vi [0",2,a] = 0", 2,0].
(o) If0' <0" <0,z <z’ <2, o <o’ <athen
ANR (BVEC)=ANR[0",2',0"] = [0",x,a"],
(ANLB)VL(AALO) =10, 2,/| VL [0, 2,0") = [0, 2,0"].
(p) HO<O" <O, 2/ <2’ <z, a<d <d then
ANE (BVEC)=ANp[0,2",d/] =[0,2",a],
(ANp B)VE (AANRC) =[0,2",0] Vi [0,2", 0] = [0,2", o].
(Q <O <O, x<2"<2, o <o <athen

AN (BVEC)=ANR 0,2 ,a") = [0, x,a"),
(ANLB)VL(AALC) =102,/ VL [0,2,0"] = [0, z,0"].
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(r) fO<0" <O, 2 <2’ <z o <o’ <athen
ANL(BVLC)=AAL[G, 2", "] =[0,2",a"),
(AANEB)VE(AALC) = 10,2,/ vk [0,2",a"] = [0,2”,a"].
() ' <O< O, 2" <zx<a o <a<d then
ANL(BVLEC)=ANL[0,2,0") =10, z,a,
(ANp B)Vp (AAR C) = [0,2,a') v [0",2",a] = [0z, a].
(t) 0" <6<0, 2 <zx<z' o <a<da then
ANL (BVEC)=ANR [0, 2",a"] = [0, ,ql,
(AAp B)Vp (AAR C) = [0,2",a/| Vp 10", 2, 0] = [0, 2,0].
() ' <<, 2/ <x<2" o <a<d then
ANp (BVEC) = AN [0,2", "] = (0,2, 0],
(ANEB)VE(AANLC) =102, /| VE 0", 2,0"] = [0, z,al.
(v) 0 <0 <0 2" <x<a, o <a<da then
AN (BVEC)=ANL[0", 20" = [0, z,al,
(ANLB)VL(AALC) =102,/ VE[0,2",a] = [0, 2,0].
(w) 0 <0< 2/ <x<2’ o <a<do then
ANR (BVEC)=ANL[0",2",d] =0, ,ql,
(AN B)VE (ANE O) = [0,2", 0] Vi [0,2,0"] = [0, 2,a].
(x) O <0<0" 2" <x<2,d" <a<do then
ANL(BVLC)=ANL0", 2, d)) = [0,2,0],
(ANE B)VE (ANE C) = [0,2,0] Vi [0,2",0"] = [0, 2,q].
Thus, AAL (BVLC) = (AAL B) VL (AALO) for A+ B #C.
Consequently, (Frpne(X), Vi, AL) is a ringoid. O
Theorem 4.22. (Frpnc(X), Vi, Ak) is a commutative semi-ring.
Proof. Let A= [0,z,a],B=[0',2/,d] € Frenc(X). Then we have
A AL B =min{[,z,a], [0, 2, a/]}
= [min{#,#'}, min{x, 2'}, min{a,a’}] = BAL A

Hence /\}7 is commutative. From Theorem 4.18 and Theorem 4.19 we have seen that (Frpnc(X) is associative
under AL and Vi and from Theorem 4.21 we know that (Frpnc(X),Vh,AL) is a ringoid. Therefore,
(Frenc(X),VE, AL) is a commutative semi-ring. [
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Remark 4.23. Since (Frpnc(X), VL) fails to be a monoid, (Frpnc(X),Vk, AL) is neither a near-semi-ring
nor a mear Ting.

Remark 4.24. Let A = [80°,1,20°], B = [50°,0.5,40°),C' = [60°,0.9,40°] € Frpnc(X). Then AV B =
[80°,1,40°] = F and C Vi A = [80°,1,40°] = F. Again, we consider B’ = [60°,0,40°] and C' = [50°,0,40°].
Then AV B = AV} B' =1[80°1,40°] = F and C VL A= C'V} A =[80°1,40°] = F. We see that B' +# B
and C' # C. Hence B, C are not unique solutions of AVL. B = F and C VL, A = F, respectively. Thus,
(Frenc(X),V}E) is not a quasigroup.

Again, if we assume A = [80°,1,20°], B = [50°,0.5,40°], D = [55°,2,20°] € Frgnc(X). Then BAL A=
[50°,0.5,20°] = E and D AL B = [50°,0.5,20°] = E. Now, if we take A’ = [70°,2,20°] and D' = [60°,3,20°
then we have B AL A = [50°,0.5,20°] = E = B AL A" and D AL B = [50°,0.5,20°] = E = D' AL B. we
again see A’ # A and D' # D. Hence A and D are not unique solutions of BAL A= E and D AL B = E,
respectively. Thus, (Frenc(X),AL) fails to be a quasigroup.

Theorem 4.25. (Frpne(X),AL) is a semi-lattice.
Proof. Let A, B,C € Frpnc(X). We possess the following:
(i) AAL B = BAL A from Theorem 4.22,
(ii) ANL A=AV A€ Frenc(X), and
(iii) A Ak (B AL C) = (A AL B) AL C from Theorem 4.18.
From the above facts, we conclude that (Frpne(X), AL) is a semi-lattice. O
Theorem 4.26. (Frpnc(X), V) is a semi-lattice.
Proof. Let A=[0,z,a],B=[0,2",d],C =1[0",2",d"] € Frenc(X). We have the following.
(i) AVL B = [max{0,0'}, max{z,2'}, max{a, o'} = BV} A,
(i) A \/%7 A= Aforall A€ Frpye(X), and
(i4i) AVL (BVLC)=(AVk B) VL C from Theorem 4.19.
From the above facts, we conclude that (Frpne(X), V) is a semi-lattice. [
Theorem 4.27. (Frpnc(X), Vi, AL) forms a lattice.

Proof. Let A = [0,z,a], B=[¢,2',d/] € Frenc(X). For (Frenc(X),Vk,AL) to be a lattice, we need to
prove the following: (I) AV (AAL B) = A, and (1) AAL (AVL B) = A.

We need to discuss two cases to prove this.
Case-(i) ( A=B): AVL(AALB)=Aand AAL (AVL B) = A.
Case-(ii) (A # B) :

(a) If B <L A then

AVE (AN B)=AVE B = A, and
ANk (AVEB) = ANL A
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(b) If A <L B then
AVE (ANEB)=AVE A=A, and
ANL(AVEB) =AML B= A
(c) O <0, 2’ <xand a < then
AVE (AN B) = AVE[0,2',0] = A, and
ANR (AVEB) = AN [0,1,0]] = A.
(d) It 0 <0, 2 <2’ and a < &' then
AVL(AANLB)=AVE [0, 2,0] = A, and
ANR (AVEB) = ANL (0,2, = A.
(e) 0 <0, x <2’ and ¢ < « then
AVE (AN B)=AVE [0, 2,0 ] = A
AN (AVEB) = AAL[0,2,a] = A.

, and

(f) 6 <0, 2/ <zand a < then
AVL(AANLB)=AVL[0,2/,0] = A, and
ANR (AVEB) = ANR [0, 2,0 = A.

(g) If0 <0,z <2 and o’ <« then
AVL(AANLB)=AVL[0,2,0'] = A, and
AN (AVEB) =ANR[0,2,0] = A.

(h) If 6 < ¢, 2’ < x and &/ < « then
AVE (ANRB) = AV [0,2',0'] = A, and
ANR (AVEB) = ANR [0, 2,0] = A.

Therefore, (Frpnc(X), Vk, AL) forms a lattice. O

4.4 Structures on Frpyc(X) w.r.t. V4 and A%

Let A= [a,z,a],B=[d,2',d] € Frpnc(X) where a,a’ are the left end points; x, 2" are the normal points;
a,a/(0 < a, 0 < 180°) are the top angles, respectively. We define new type of operations union (V%) and
intersection (A%) Frenc(X) as follows:

AV2 B = max{[a,z,a],[d, 2/, ]} = [max(a,d’), max(z, z’), max(a, o)]

A A% B = min{[a, z,al, [d,2',a']} = [min(a, '), min(z, 2’), min(a, o/)] .
Let us define a relation <% in Frpyc(X) as follows: for A = [a,2,a], B = [d/,2',d/] € Frgnc(X),
Aj%Biffaga',xSm’and,aga.

Consequently, we discuss the structures found on Frpyc(X) w.r.t. the operations mentioned above.
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Theorem 4.28. (]-"TBNC(X), j%) is a partially ordered set.

Proof. It is easy to check that the relation j% is reflexive, antisymmetric, and transitive. Hence
(FTB ne(X), j%) is a partially ordered set. O

Theorem 4.29. (Frpne(X), V%) is a semigroup.
Proof. Let A = [a,x,a],B =[d,2',d'],C =[d",2",d"] € Frgnc(X). Then

AV3 (BV%C) = AV [max(d’,a”), max(2, "), max(a/, )]
[max(a,d’,a”), max(z, ', 2"), max(a, o/, a")]
= (AVZ B) V% C.
Therefore, (Frpnc(X), V%) is a semigroup. O
Theorem 4.30. (Frenc(X),A%) is a semigroup.
Proof. Let A = [a,z,a],B = [d,2',d],C = [d",2",d"] € Frgnc(X). Then
AN%L (B AL C) = A A% [min(d/, "), min(2’, 2”), min(o/, )]
= [min(a,d’,a”), min(x, 2’, "), min(c, o/, )]
= (AA%L B) A% C.
Therefore, (Frpnc(X),A%) is a semigroup. O

Remark 4.31. Since there does not exist any e € Frpnc(X) such that e\/%A = A\/%e = A, (Frenc(X), v%)
is neither a monoid nor a group. Similarly, (Frenc(X), %) is neither a monoid nor a group.

Theorem 4.32. (Franc(X), V4, AZ) is a ringoid.
Proof. To prove the theorem, we need to show that
ANL (BV2C) = (ANL B) V2 (ANLC)

where A = [a,z,a], B = [d/,2/,d/],C = [d",2",a"] € Frgnc(X). To prove the above, the following cases
arise:

(Y)A=B#C  (i))A=C#B, (i)A£B=C, (w)A=B=0C, (v)A#B#C.

Now we discuss cases (i) and (v). Due to the similar nature of the proofs, we discard the proofs of the other
cases.
Case-(i): (A= B # C): In this case, the following sub-cases arise:

(a) If C =% B then
AVEL(BA%C)=AVLC=A=(AV% B) A% (AVEC).

(b) If B <% C then
AV3 (BA%C)=AVEB=A=(AVL B) A% (AVEO).

(¢) fa" <d, 2" <2’ and o < " then

AVE (BA%LC)=AVE[d",2",d/] = A= (AVL B) A% (AVE O).
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(d) Ifa” <d, 2’ <2” and o/ < o then
AVE(BALC)= AV [d" 2, d'| = A= (AVE B) AL (AVE ).
(e) f " < d, 2/ <2’ and &” < o then
AVZ(BALC)=AVid ,2',d' 1= A= (AVZ: B) A% (AVZC).
(f) fa’ <d”, 2’ <2’ and o < o then
AVEL(BALC) = AVE[d, 2,0 = A= (AV%: B) A% (AVEC).
(g) If  <d”, 2" <2’ and o’ < ' then
AVE (BA%C)=AVE[d,2", ") = A= (AVL B) A% (AVE O).
(h) If ' <a”, 2" <2’ and o/ < & then
AVZ (BALC)=AVZ[d,2", d) = [d,2',a"] = (AVE B) A% (AVE C).
Case-(V): (A # B # C): In this case, the following sub-cases arise:
(a) If C <% B <% A then
ANL(BVEC)=AN:B=B=BV%C=(AN:B)Vi(ANLC).
(b) If A =2 B <% C then
ANL(BVEC)=ANC=A=AVi A= (ANL B) V3 (ANLC).
(c) If B <% C <% A then
ANL(BVEC)=ANLC=C=BV%C=(AN:B) V% (ANLO).
(d) If A <2 C <2 B then
ANL(BVEC)=AN:B=A=AV: A= (ANL B) V3 (AN O).
(e) If C <% A <2 B then
ANL(BVEC)=ANLB=A=AV%3C = (AN:B) V% (AN Q).
(f) If B <% A <% C then
ANL(BVEC)=ANLC=A=BViA=(AN:B) V% (ANLCO).
(g) fa" <d <a,2" <2’ <z, a<d <o’ then

ANL (BVEC) =AML [d, 2!, "] = [d, 7', q]
(ANLZB) VL (ANLC) = [d,2,0] V& [d", 2", a) = [d, 2, .
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Ifad"<d <a,z<2' <2’ a<d <o then
ANL (BVEC) =AML [d 2", "] = [d,x,q
(ANZB) VL (ANLC) = [d,z,0] V% [d",z,0] = [d, 2, 0].
Ifa"<ad <a,z<2' <2’ o <d <athen
ANL(BVLCO)=ANL[d, 2", '] =[d,z,]
(ANLB)VE (ANEC) = [d,2,d] VE [, z,") = [, x,d].
Ifa<d <ad, 2" <2<z, a<d <o then
ANL (BVEC) =AML a2, "] = [a,2,
(AANZ B) VL (ANLC) = [a, 2, 0] VE [a, 2", o] = [a, 2/, 0.
Ifa<d <d’ z<a2' <2"” o <o <athen
AN (BVE C) = AnE [, 2", o] = [a,2, ]
(AN% B) V% (AN O) = [a,z, |V [a, 2, "] = [a, z,d].
Ifa<d <d, 2" <2 <z o <d <athen
ANL (BVEC) =AML [d, 2, d] = [a,2), ]

(ANL B) VL (ANLC) = [a, 2, /] VE [a, 2", a"] = [a, 2, ).

Ifad <d’" <a, 2/ <z

IN

z, a < o <o then
A /\% (B \/fp C)=A /\%‘ [a” 2" o] =[d", 2", q]
(AAEB)VE(ANEC) =d, 2, 0] VE [a",2", o] = [", 2", o).
Ifd <d' <a,z<z2"<a2,a<d <d then
AN (BVEC) = AN [d", 2!, d/] = [d",z,q
(ANLB)VE (ANLC) = [d,z,a) V& [d", z,0] = [d", z,ql.
Ifad <d’"<a,z<2" <2, o <o” <athen
ANE (BVEC) = ANE[d", 2o = [a" 2,a"]
(ANLB)V3 (ANLC) = [d,x,d| V% [d",z, "] = [d, z,"].
Ifa<d <d,2 <2’ <z, a<d <d then

AN (BVEC) = AN [d, 2", d'] = [a,2",
(ANL B) V4 (AN C) = [a,2', 0] V& [a, 2", 0] = [a, 2", a.
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(Q fa<a"<d,z<2" <2, d <o’ <athen
ANE (BVEC) = AN3 [, 0] = [0, 2,0
(ANL B) V% (AN%C) = [a,z, | V3 [a, z,0"] = [a, z,a"].
(r) fa<d <d,2' <2’ <z o <a <athen
ANL(BVLC) =AML [d 2", a") = [a,2", "]
(ANF B)VE (ANEC) = [a, 2, /] VE [a,2",d"] = [a, 2", o"].
(s) fad"<a<d, 2" <z <2 o <a<a’ then
AN (BVEC) = AN [d, 2, d"] = [a,,q
(AAL B)VZE (AN C) = [a,z,| VE [d", 2", o] = [a, z, .
(t) fa" <a<d,2’ <z <2’ o <a<da then
AN (BVEC) = AN [d 2", "] = [a,z,0]
(ANL B)VE (ANLC) = [a,2,d/] V3 [d", 2, 0] = [a, z, al.
() fa"<a<d, 2’ <x<2" o <a<d then
ANL(BVEC) = AN:[d, 2", ") = [a,z,q
(ANL B)VE (AN C) = [a,2, /] V3 [d",x,d"] = [a,2,0].
(v) fd <a<d 2/ <zx<2, o <a<a’ then
ANL(BVEC)=ANL a2, "] = [a,z,0]
(ANLB) V% (AN C) = [d,2,0] VE [a, 2", a] = [a,2,a].
(w) Ifd <a<d o <z<a2’ o <a<da then
ANL(BVELC)=ANL[d", 2", o] = [a,z,q
(AN: B) Vi (ANEC) =[d, 2, 0] Vi [a,2,d"] = [a, 2, 0.
(x) Ifd <a<d 2" <z<a o <a<d then
AN (BVECO)=ANL[d", 2, d'] = [a, 2, 0]

(ANL B) V% (ANLC) = [d,x,a) V& [a, 2", "] = [a, z, al.

Hence, A A% (BV2 C) = (AN%L B) V2 (AA%L C) for A # B # C. Consequently, (Frenc(X), V%4, AZ) is a
ringoid. U

Theorem 4.33. (Frenc(X), V4, AZ) is a commutative semi-ring.

Proof. Let A = [a,z,a], B =[d,2',d'] € Frpne(X). Then we have
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(i) VZ% is commutative since

AV2 B = max{[a,z,a],[d, 2, ]}

= [max{a,d'}, max{z, z'}, max{a,a’}] = B V% A.

(i4) A% is commutative since

A A% B = min{[a, z,al, [d, 2/, ]}

= [min{a, '}, min{z, 2’}, min{a, o'}] = B A% A.

ii1) Both V2 and AZ are associative from Theorem 4.29 and Theorem 4.30, respectively.
F F > P Y
Hence (Frene(X), V%, AZ) is a commutative semi-ring. O

Remark 4.34. Since (Frpno(X), %) and (Frenc(X), V%) are not monoids, (Frenc(X), Vi, A%) is nei-
ther near-semi-ring nor a near ring.

Remark 4.35. Let A = [-2,1,50°], B = [1,0.5,60°],C' = [1,0.9,60°] € Franc(X). Then AV B =
[1,1,60°] = E and C V4 A = [1,1,60°] = E. If we choose B' = [1,0.3,60°] and C' = [1,0.7,60°] then
AV%4 B =11,1,60°] = E = AV% B and C' V% A = [1,1,60°] = E = C V% A. We observe B' # B and
C' # C implying B, C are not unique solutions of AV% B = E and C V3 A = E, respectively. Hence,
(Frenc(X), V%) is not a quasi-group.

Again, let A = [~2,1,50°), B = [1,0.5,60°], D = [~2,2,50°] € Frpnc(X). Then BALA = [~2,0.5,50°] =
F and D A% B = [-2,0.5,50°] = F. Let us take A’ = [-2,3,50°], D' = [-2,4,50°], then B A% A" =
[—2,0.5,50°] = F = BA% A and D' A% B =[-2,0.5,50°] = F = DAL B. We see A # A’ and D # D' imply-
ing BA%. A=F and D N4 B = F have no unique solutions. Hence, (Frpnc(X),A%) is not a quasi-group.

Theorem 4.36. (Frpnce(X),V2) is a semi-lattice.

Proof. We know that \/% is associative and commutative from Theorem 4.29 and Theorem 4.33, respectively.
Again, for any A = [a,z,a] € Frpnc(X) we have

AV? A = [max(a, a), max(z, z), max(a, a)] = A.
Therefore, (Frpne(X), VZ) is a semi-lattice. O

Theorem 4.37. (Frpnco(X),A%) is a semi-lattice.

Proof. We know that /\% is associative and commutative from Theorem 4.30 and Theorem 4.33, respectively.
Again, AVZ A= Afor any A = [a,,0a] € Frenc(X). Therefore, (Frenc(X),A%) is a semi-lattice. O

Theorem 4.38. (Frenc(X), \/%,/\%) s a lattice.

Proof. Let A = [a,z,a],B = [d,2/,¢/] € Frpnc(X). For (Frene(X), V%, AZ) to be a lattice, we need to
prove the following:
AVE (AN B)=A and AA% (AVEB) = A
We need to discuss two cases to prove this.
Case-(i) ( A= B): AVZ (ANLB)=Aand AA% (AVZ B) = A.
Case-(ii) (A # B) :
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(a) If A <% B then

AV3 (ANLB)=AVi A=A, and
ANL(AVEB)=ANL B =A.

(b) If B <% A then
AV3(ANLB)=AV%4 B=A, and
ANL(AVE B)=ANL A= A
(¢) fd' <a,2’ <xz,a<da then
AV3 (ANL B) = AV [d, 2/, a] = [a,2,0] = A, and
AN%L(AVE B) = AN [a, 2,0/ = [a,z,0] = A.
(d) fa’ <a,xz <2',a < a then
AV3 (ANL B) = AV [d,z,0] = [a,r,0] = A, and
AN%(AVE B) = AN% [a,2,d] = [a,z,a] = A.
(e) fd’ <a,x <2',a’ <« then

AV3(ANL B) = AV [d,z,d] = [a,2,0] = A, and
AN (AVE B) = AN% [a,2, 0] = [a,7,0] = A,

(f) Ifa<d,z <2 ,d <« then

AV3 (ANL B) = AVE [a,2,0/] = [a,z,a0] = A, and
AN%L(AVEB)=ANL[d,2',a] = [a,z,a] = A.

(g) fa<d,2 <z,d <« then

AV3 (ANL B) = AVE [a,2),d] = [a,2,0] = A, and
ANL(AVE B) = ANL [d2,0] = [a,7,0] = A,

(h) If a < d,2’ <z, < then

AV3 (ANL B) = AV3 [a,2),0] = [a,z,a] = A, and
ANL(AVE B) = ANL [d2,0] = [a,2,0] = A.

Therefore, (Frpnc(X), V4, A%) is a lattice. O
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5 Concluding Remarks

In this work, we have seen that the space of fuzzy sets, along with different operations on them, gives rise
to nice algebraic structures. The space of all bounded fuzzy sets w.r.t. arbitrary t-norms and t-conorms (in
particular, the usual fuzzy set union and intersection operation) gives rise to structures as rich as commutative
monoid, anti-ring, and near semi-ring. Further, in different subspaces of fuzzy sets, new operations have been
defined, and different algebraic structures have been studied w.r.t. the newly defined operations. In our work,
we have obtained nice structures as rich as commutative semi-rings, lattices, etc. Future work will include
discussing richer algebraic and topological structures on space or different subspaces of fuzzy sets.

Mainly, we have studied algebraization on the space and different subspaces of fuzzy sets by using existing
operations and defining new operations on it and we obtained structures like commutative monoid, anti-ring,
near-semi-ring, commutative semi-rings, and lattices, etc. Later on, the ideal of semi-rings, the semi-module
of a commutative semi-ring, topological semi-rings, the morphisms (homomorphism, endomorphism) of those
structures etc. may be studied. Also, we can study richer structures on the space or different subspaces of
fuzzy sets by using existing operations or defining new operations on them.
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