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Abstract

Although data envelopment analysis (DEA) is a mathematic based technique to
estimate the efficiency score of decision-making units (DMU)s with multiple inputs
and outputs, inverse DEA (invDEA) is a method to estimate inputs/outputs of DMUs
with respect to unchanged efficiency score. In the general point of view, DMUs are
considered as black-box, however there are units, which have internal process, that
are called two-stage network systems. This paper proposes method for outputs
estimation and efficiency improvement of DMUs with two-stage network structure
when inputs are revised. Finally, a case study is presented to show the differences
between proposed methods.
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1. Introduction

Data envelopment analysis is a non-
parametric technique based on mathematic
programming in order to evaluate the
efficiency score of DMUs with multiple
inputs and multiple outputs, which
proposed in [1]. They assess the efficiency
score of units by CRS assumption. Then
[2] did efficiency evaluation of DMUs by
VRS assumption.

Inverse data envelopment analysis, which
proposed by Wei et al. in [3]. They
discussed such problems: if among a group
of comparable DMUs we increase certain
inputs to a particular DMU and assume
that the DMU maintains its current
efficiency level with respect to other units,
how much more outputs could the unit
produce? Then Yan et al. in [4] used
invDEA concept to estimate
inputs/outputs level of a DMU when some
or all inputs/outputs entities of the unit are
revised and its efficiency score stays
unchanged, by  preference  cone
constraints. Moreover in [5] the InvDEA
concept was used and proposed a method
to estimate outputs level of a DMU when
some or all of its input’s entities are
revised and its current efficiency level
improved. Then, Jahanshahloo et al. in [6]
proposed an approach which introduced
extra inputs when the outputs are
estimated. Recently, many researches in
InvDEA concept have been done. For
example, in [7] the InvDEA and
manipulating the output values of the
DMU under evaluation were utilized and
then the input values are estimated while
ensuring constant or enhanced cost
efficiency. Moreover, in [8] evaluated the
sustainability of the electricity supply
chain by the inverse output-oriented DEA
model. In addition, a new method for
considering accidents according to the
environmental, traffic and geometrical
conditions of the road, which considers
accidents according to the interaction of
the components that lead to them
presented in [9].
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DEA has vast applications in many fields,
such as Network DEA (NDEA) concept
which firstly proposed by Fare and
Grosskopf [10]. Furthermore, Kao [11]
proposed a relational DEA model taking
into account the relationship of the process
within the system, to measure the
efficiency of the system and those of the
processes at the same time. In addition,
Kao and Hwang [12] modified the
conventional DEA model by taking into
account the series relationship of two sub-
processes within the whole processes.

In another point of view, there are some
papers which incorporate the concepts of
invDEA and two-stage network DEA.
These papers attempt to answer this
question:

If among a group of comparable DMUs
with two-stage network structure, we
increase inputs/outputs of a particular
DMU, how much outputs/inputs are
provided in order to unchanged technical
efficiency score. Shiri Daryani et al. [13]
proposed a four-stage method, while the
allocative efficiency scores of all the units
remain stable. In this paper a method for
outputs  estimation and efficiency
improvement of DMUs with two-stage
network structure is proposed.

The rest of this paper is considered as
follows:

In section 2, some basic concepts of
invDEA, output estimation of a DMU in
order to improvement of its efficiency
score, two-stage network DEA and output
estimation of a DMU with two-stage
network structure are presented. Then in
section 3, a model for output estimation of
a two-stage network system in order to
improvement of its efficiency is proposed.
Finally, in section 4 a case study in
banking industry presented to show the
applicability of the proposed model.

2. Preliminary
2.1. Inverse DEA
Concept of InvDEA which was proposed
by Wie et al. [3] is to answer this question:
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if among a group of comparable DMUs,
we increase the input entities of a

particular DMU, which is called DMU

from X, (i =1...,m) to
X +AX;o = (1 =1,...,m),

AX;; =0, AX;; #0 (i =1..,m), how
much more outputs
Yo +AY o =B, (r=1..5), Ay, 20
the unit produces in order to unchanged
efficiency score ((/)OBCC )? To answer this

guestion from VRS point of view they
proposed the following MOLP model:

B =max{p, By.... B} (1)

n
st. D A% X, +AX, =@

j=L

Zﬂ’j yrj 2 Q)C?C(iﬂr, r :1,...,5
i1

34 =1
j=1

B2V, r=1..,s

4,20, j=1...n
Since model (1) is an MOLP, assume
p,(r=1..,5) is output value (weight —

Price) of rth entity. To solve model (1) we
can use the following single objective
model:

p=max p.f,
r=1

i=1..m

io?

i=1..m

io?

n
St DA% S X +AX, =0
=
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2.2. Output estimation of a DMU in
order to improvement of its efficiency

In order to output estimation of a DMU
according to improvement of its
efficiency, Jahanshahloo et al. [5]
proposed a method with to answer this
question: if among a group of DMUs, we
increase certain inputs to a particular unit
and assume that its current efficiency level

with respect to other units is improved, say
n— percent of ¢ “, how much more

outputs could the unit produce?
In order to answer above question, they put

" _[13()]¢OBCC and y +4/(r=1..5s)
instead of ¢ and ., respectively in

model (5). Then it is converted to the
following form:

B = max |, oo ) )

st. Z/ljxijs%, i=1..m

2’1121

j=1

£ 20, r=1..,s
4;20, j=1..,n

2.3. Two — stage network DEA
In the basic two-stage network, where all

the inputs x; (i =1,...,m) are supplied
externally and are consumed by the first
stage, to produce the intermediate products
z (9 =1,...,h) and for the second stage
to  produce the final  outputs
Yy, (r=1..,5) [9]. The first stage does
not produce final outputs and the second
stage does not consume exogenous inputs.

The structure of the basic two-stage
system is depicted in Figure 1.
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System

(r=L...;s)

Figure 1. Structure of the basic two-stage
network

There are some perspectives to evaluate
the efficiency score of network systems
[14]. Based on the structure of the basic
two-stage system shown in Figurel, the
input-oriented model proposed by Kao and
Hwang [12] under constant returns to scale
(CRS) in a multiplier form is:

S
input __
E;” =max Y Uy,

r=1
m
st. Y vx, =1
i=1

system constraints:

(4)

S m
DUy =2 X <0, j=1..n
r=1 i=1
division constraints:
h m
ngzgj —Zvixij <0, j=1..,n
g=1 i=1

S h
Uy, - YWz, <0, j=1..,n
r=1 g=1

u =0, r=1..s
v, 20, i=1..,m
w, >0, g =1,...,h.

As for optimality, the system efficiency in
the input-oriented form (E ‘”p“‘) and the

stage efficiencies (E(fl) and Eo(z)) are

based on constrains of model (4) and can
be expressed as:

s
Z ur yro
input _ r=1
EO T m ’ (5)
Z vi Xio
i=1
h . s
o ngzgo . ZurYro
l)input _ g=1 2)input _ =1
E;M™ = and E; ==
D Vi, D Wz,
i=1 g=1
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The system efficiency is the product of the
two stage efficiencies. The dual of model
(4) is as follows:

(6)

EI =min 6,

n
St 4% <0,Xg, i=1..,m
=L

n

Z('ui _}“J)Zgj >0, g=1..,h

=
DAY 2V =15
=
4,20, 1,20, j=l..n

The output-oriented version of model (4)
is:

E*™ =min Zslvixio (7)
. r=1
st. ;uryrO =1
system constraints:
Zm:vixij —Zslury”. >0, j=1..,n
i=1 r=1

division constraints:

m h

DoV =Y Wz, >0, j=1..n
i=1 g=1

h S

> wz - Uy, 20, j=1..n
g=1 r=1

u =0, r=1..s

v,>20, i=1..m

w, >0, g=1..h

The dual of model (7) is as follows:
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EX™ =max ¢, (8)

St 4% <X, i=1.,m
=L

n

> (4=4)2420, g=L..,h

i1
n
zﬁ'jyl’j2¢oyro! r:].,...,S
j=1

2,20, 4,20, j=1..n,

which evaluates the output-oriented
technical efficiency score of the two-stage
network system in the constant returns to
scale (CRS) point of view. To evaluate the
variable returns to scale (VRS) efficiency
score of the DMUSs, we can add constraints

D> 4, =land D> p; =1 into model (8).
= -1

2.4. Output estimation of a two-stage
network system when inputs are revised
Shiri Daryani et al. [13] proposed the
following model to answer this question: if
among a group of comparable DMUs with
two-stage network structure, we increase

inputs of DMU | from X, (i =1,...,m)

to Xio +AX; =, (1 =1,...,m),
AX; 20, AX;y 20 (i =1...,m) , how
much more outputs

Yo +AY o =B (r=1..,5) the unit
would produce in order to unchanged
efficiency score (E;’“tp“t ) ?
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B=max(pB,... 5) (9)
st. Zn:ﬂjxijSaio, i=1..m

jz:l:(yj—,lj)zgjzo, g=1..h
3 1Yy ZEM™M B, r=1..s
j=1

31

j=1

n

2oy =1

=1

A;=20, u;=0, j=1...,n,

3. Output estimation of a two-stage

network system in according to

improvement of its efficiency
In this section, we integrate the proposed
methods by Jahanshahloo et al. [5] and
Shiri Daryani et al. [13] for output
estimation of a DMU with two-stage
network structure when inputs are revised
and the efficiency scores of the whole
system is improved. Assume that the
inputs of DMU | with two-stage network
structure which is depicted in Figurel is

increased from X, (i =1,..m) to
Xio +AX; =, (1 =1,...,m),

AX;y 20, Ax;, #0 (i =1,...,m)
the decision maker wants to improve the
efficiency score of each unit (Ef““’“t) by

and

-percent. Now we would like to estimate
the produced outputs level of DMUs by the
following model:
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B’ =max{B,B,.. B}

n
st. Y A% <@, i=1..,m
j=1

(#;-2)2420, g=1..h The data are given in Table 1. Fixed assets,
IT budget and number of employees are
output ' three indicators which are considered as
¥ 2(1_%0)E° Yt Br)e Tdis inputs (second, third and fourth column) to
produce deposits as intermediate product
4 =1 (10) (fifth column). Profit and fraction of loans
recovered are final outputs (sixth and
p;=1 seventh column).
>0, r=1..s
20, 4,20, j=1..,n
Table 1: Data set of Chen and Zhu (2004)
gs';(:g buld-zjet # of Deposits | Profit Fragpon
$ $ employees . (.$ . (.$ loans
Banks | billion) | billion) | (thousand) | billion) ) billion) | ooy e
() | () | ) | @) ) |y
1 0.713 0.15 13.3 14.478 0.232 0.986
2 1.071 0.17 16.9 19.502 0.34 0.986
3 1.224 0.235 24 20.952 0.363 0.986
4 0.363 0.211 15.6 13.902 0.211 0.982
5 0.409 0.133 18.485 15.206 0.237 0.984
6 5.846 0.497 56.42 81.186 1.103 0.955
7 0.918 0.06 56.42 81.186 1.103 0.986
8 1.235 0.071 12 11.441 0.199 0.985
9 18.12 15 89.51 124.072 1.858 0.972
10 1.821 0.12 19.8 17.425 0.274 0.983
11 1.915 0.12 19.8 17.425 0.274 0.983
12 0.874 0.05 13.1 14.342 0.177 0.985
13 6.918 0.37 12,5 32.491 0.648 0.945
14 4.432 0.44 41.9 47.653 0.639 0.979
15 4.504 0.431 41.1 52.63 0.741 0.981
16 1.241 0.11 14.4 17.493 | 0.243 0.988
17 0.45 0.053 7.6 9.512 0.067 0.98
18 5.892 0.345 155 42.469 1.002 0.948
19 0.973 0.128 12.6 18.987 0.243 0.985
20 0.444 0.055 5.9 7.546 0.153 0.987
21 0.508 0.057 5.7 7.595 0.123 0.987
22 0.37 0.098 14.1 16.906 0.233 0.981
23 0.395 0.104 14.6 17.264 0.263 0.983
24 2.68 0.206 19.6 36.43 0.601 0.982
25 0.781 0.067 10.5 11.581 0.12 0.987

4. Case Study

In this section, we examine our proposed
model for a data set of 27 banks from [15].
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26 0.872 0.1 12.1 22.207 | 0.248 0.972
27 1.757 | 0.0106 12.7 20.67 | 0.253 0.988
Assume that ( O p2)= (L) are the order to determine the outputs of all the

DMUs, we solve model (14). The results

output prices and the decision maker wants are depicted in Table2 as follows:

to increase all the inputs by %10 and
improves the efficiencies of all the units by
%25. First, we evaluate the efficiency
score of all the DMUs by model (8) and in

Table 2: The VRS efficiency score and output increment of banks

Banks E : o ﬂl’ :32’
1 1.00 1.21 0.30
2 1.01 1.14 0.30
3 1.01 1.13 0.30
4 1.01 1.20 0.30
5 1.01 1.19 0.30
6 1.03 0.70 0.30
7 1.00 0.74 0.31
8 1.01 1.21 0.30
9 1.00 0.33 0.32
10 1.01 1.05 0.30
11 1.01 1.05 0.30
12 1.01 1.14 0.30
13 1.04 0.63 0.30
14 1.01 0.69 0.31
15 1.00 0.59 0.32
16 1.01 1.08 0.30
17 1.02 1.25 0.30
18 1.00 0.33 0.35
19 1.01 1.08 0.30
20 1.01 1.17 0.30
21 1.01 1.20 0.30
22 1.01 1.08 0.30
23 1.01 1.06 0.30
24 1.00 0.73 0.31
25 1.01 1.20 0.30
26 1.02 1.06 0.30
27 1.00 1.08 0.31
Consider DMU13 with the highest %25 of efficiency improvement, its first
technical efficiency score of 1.04. By 10 and second output levels will increase by
percent perturbation in its input levels and 0.63 and 0.30 units, respectively.
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5. Conclusion

In this paper the inverse DEA model was
generalized for outputs estimation to the
two-stage network systems when the
efficiency levels of units are improved by
the decision maker. The proposed models
deal with inputs revision and estimate
output levels of the unit under evaluation
in order to improve VRS technical
efficiency scores of the unit.

In the proposed MOLP model, the
decision maker's preferences can be
considered in inputs weights in the output
estimation procedure. The proposed
method was applied to an empirical
example in the banking industry.

A stream of future research can extend
our framework to other network DEA
structures, two-stage structures with
negative or imprecise data.
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