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Abstract The ground state binding energy of a tuned 

quantum dot (QD) under an external magnetic field has 

been theoretically investigated. For this goal, the 

Schrödinger equation is analytically solved without and 

with considering the central impurity term and the energy 

eigenvalues and eigenfunctions are analytically derived. 

Then, the binding of the tuned QD was studied considering 

the various parameters. We found that (i) the binding 

energy decreases by rising the potential range. (ii) The 

binding energy reduces with enhancing the potential depth. 

(iii) The binding energy increases with rising the magnetic 

field and the confinement frequency. The depth and 

stretching range of the confinement potential have 

important effects on the binding energy of the tuned QD. 
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Binding Energy in Tuned Quantum Dots under an External Magnetic Field 

1. INTRODUCTION  

The physical properties of semiconductor nanostructures are particularly 

fascinating and essential in potential applications. The quantum dots (QDs) have 
drawn the attention of many scientists during the past two decades [1-6]. The 

electron energy levels in the structures can be manipulated by changing their 

parameters.  

The knowledge of the physical properties of nanostructures is an interesting 
problem in physics and engineering. The theoretical information about the 

electronic and optical properties of nanostructures can be employed in designing 

optoelectronic devices [7-10].  
Hitherto, many studies were performed on the electronic properties of different 

nanostructures without considering impurity states by using different confinement 

potentials [11-17]. The subject of determining the electronic properties of 
nanostructures based on information about confinement potential has been 

attended to [13-16]. So far, the QDs with different shapes have been considered 

in the literature, like the sphere, Gaussian, Wedge-shaped, V-shaped, square, etc. 

[17-24]. For some confining potentials in QDs, there is no analytical solution to 
the Schrödinger equation. In this case, other numerical methods are employed 

such as perturbation, the WKB method, variation, factorization, and 

diagonalization [25-29].  
Among the electronic properties, the binding energy has an important role in 

physics. The determination of energy states considering the impurity effect can 

be used in industrial applications. The influences of external factors on the 
binding have been investigated in the past three decades. For instance, Elward et 

al. [30] studied the binding energy in CdSe QDs considering electron-hole 

recombination. Merchancano et al. [31] investigated the binding energy of a 

donor in GaAs QDs under pressure. The readers can refer to [32-36]. 
Here, the ground state binding energy of a tuned QD was calculated under 

various parameters. To this end, the Schrödinger equation analytically is solved 

and the energy eigenvalues and eigenfunctions were derived. Then, we study the 
influences of an external magnetic field, and QD size on the binding energy of the 

system.  

The paper is structured as follows. In Sec. 2, we presented the calculation 

method of the eigenvalues and eigenstates of the system. Also, the binding energy 
calculation has been presented. The results have been shown in Sec. 3. The 

conclusion has been presented in Sec. 4 majority gate, its functionality 

verification, and reliability analysis are studied in Section 3. Section 4 introduces 
a robust 2-to-4 decoder based on the proposed majority gate. Finally, we conclude 

in Section 5. 
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2.  THEORETICAL METHOD  

The Hamiltonian of a charge carrier at the QD under a magnetic field B is 

expressed by  
 

𝐻 =
1

2𝑚∗
(𝑷 + 𝑒𝑨)2 + 𝑉(𝒓)                                                                                      (1) 

 

Here, 𝑒 and 𝑚∗are the electron charge and effective mass, respectively. In the 

above equation, 𝑨 =
𝐵𝑟

2
𝝋, and 𝑉(𝑟) = 𝑉1(𝑟) + 𝑉2(𝑟) is the confining potential. 

The first and second terms are expressed by [37-41] 

 

𝑉1(𝑟)

=
1

2
𝑚∗𝜔0

2𝑟2 +
ℏ2

2𝑚∗

𝜉

𝑟2
.                                                                                              (2) 

 
And 

 

𝑉2(𝑟) = −𝑉0exp [− (
𝑟

𝑅0
)

𝑞

].                                                                                     (3) 

Where 𝜉 is a dimensionless parameter, 𝑉0 and 𝑅0 are the depth and range of the 

potential. Here, it is considered 𝑞 = 2 and 𝑟/𝑅0 ≪ 1. Therefore, we have  

  

𝑉2(𝑟) = −𝑉0 [1 − (
𝑟

𝑅0
)

2

]                                                                                         (4) 

Considering the model mentioned above, the energy eigenvalues and 
eigenfunctions can be obtained. The total Hamiltonian of the system is given by 

  

𝐻 = −
ℏ2

2𝑚∗
(

𝜕2

𝜕𝑟2
+

1

𝑟

𝜕

𝜕𝑟
+

1

𝑟2

𝜕2

𝜕𝜑2
) +

1

2
𝑚∗ (𝜔0

2 +
𝜔𝑐

2

4
+

2𝑉0

𝑚∗𝑅0
2)

2

𝑟2 − 𝑉0

− 𝑖ℏ
𝜔𝑐

2

𝜕

𝜕𝜑
+

ℏ2

2𝑚∗2

𝜉

𝑟2
                                                                  (5) 

 

where 𝜔𝑐 =
𝑒𝐵

𝑚∗. To solve the Schrödinger equation, we select the following 

relation 
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Ψ(𝑟, 𝜑) = Χ(𝑟)
𝑒𝑖𝑚𝜑

√2𝜋
                                                                                                  (6) 

 

Using Eq. (6), we have 

 

𝑑2Χ(𝑟)

𝑑𝑟2
+

1

𝑟

𝑑Χ(𝑟)

𝑑𝑟
+ [𝛼2 −

𝛽2

𝑟2
− Ω2𝑟2] Χ(𝑟) = 0                                                (7) 

 

where 𝛼, 𝛽, and Ω are defined as 

 

𝛼2 =
2𝑚∗(𝐸 + 𝑉0)

ℏ2
−

𝑚𝑒𝐵

ℏ
                                                                                        (8) 

𝛽2 = 𝑚2 + 𝜉                                                                                                                  (9) 

Ω2 =
2𝑚∗𝑉0

ℏ2𝑅0
2 +

𝑒2𝐵2

4ℏ2
+

𝑚∗2
𝜔0

2

ℏ2
                                                                                (10) 

 

The below relation is employed 

 

Χ(𝑟) = 𝑟𝛽𝑒−
Ω𝑟2

2 ℎ(𝑟),                                                                                                 (11) 
 

And also 𝒙 = 𝛀𝒓𝟐.  It yields 
 

𝑑2ℎ(𝑥)

𝑑𝑥2
+ [𝛽 − 𝑥 + 1]

𝑑ℎ(𝑥)

𝑑𝑥
+ 𝑛ℎ(𝑥) = 0                                                          (12) 

The solution is denoted by𝒉(𝒙) = 𝑳𝒏
𝜷

(𝒙). Also, 𝒏 is an integer and is expressed 

as 

 

𝑛 =
𝛼2

4Ω
−

𝛽 + 1

2
                                                                                                         (13) 

 

Using Eqs. (6), (11), and (12), the wave function is as follows 
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Ψ(𝑟, 𝜑) = 𝐴𝑟𝛽𝑒−
Ω𝑟2

2 𝐹(−𝑛, 𝛽 + 1; Ω𝑟2)𝑒𝑖𝑚𝜑                                                     (14) 

 

where 𝐹(−𝑛, 𝛽 + 1; Ω𝑟2) is the confluent hypergeometric function, 𝐴 is the 

normalization constant as  

 

𝐴 =
1

𝑛! √Ω𝛽+1(𝑛 + 𝛽)!
𝜋𝑛!

                                                                                            (15) 

 

Employing Eq. (13), we obtain the energy eigenvalues as 

  

𝐸𝑛,𝑚 =
ℏ2

𝑚∗
(2𝑛 + √𝑚2 + 𝜉 + 1) √

2𝑚∗𝑉0

ℏ2𝑅0
2 +

𝑒2𝐵2

4ℏ2
+

𝑚∗2
𝜔0

2

ℏ2
+

𝑚𝑒𝐵ℏ

2𝑚∗

− 𝑉0                                                                                                (16) 

2.1. IMPURITY EFFECT  

The system is considered in the presence of a hydrogenic impurity. The 

Schrödinger is written as [41] 

 

𝐻(𝑟)Φ𝑛,𝑚(𝑟) = [𝐻0(𝑟) +
𝜅𝑘

𝑟
] Φ𝑛,𝑚(𝑟) = 𝜖𝑛,𝑚Φ𝑛,𝑚(𝑟)                               (17) 

where 𝑘 = −
𝑒2

4𝜋𝜀𝜀0
. Also, 𝜅 = 1(𝜅 = −1) related to donor (acceptor) impurity. In 

Eq. (17), 𝜖𝑛,𝑚, and Φ𝑛,𝑚 are the energy eigenvalues and eigenfunctions of the 

perturbed system. The energy eigenvalues in the presence of the impurity is  

 

𝜖𝑛,𝑚 = 𝐸𝑛,𝑚 − ⟨Ψ𝑛,𝑚|𝐻(𝑟)|Ψ𝑛,𝑚⟩                                                                       (18) 

 

Where Ψ𝑛,𝑚 is the wave function without impurity. 

Using Eqs. (14) and (16), the energy under the impurity effect is  
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𝜖𝑛,𝑚 =
ℏ2

𝑚∗
(2𝑛 + √𝑚2 + 𝜉 + 1) √

2𝑚∗𝑉0

ℏ2𝑅0
2 +

𝑒2𝐵2

4ℏ2
+

𝑚∗2
𝜔0

2

ℏ2
+

𝑚𝑒𝐵ℏ

2𝑚∗
− 𝑉0  

− 𝑘√
𝑚∗Ω

ℏ
 

1

√2𝑛 + 1 + √𝑚2 + 𝜉

                                           (19) 

 
The binding energy is an important quantity in physics and chemistry. Here, we 

define the binding energy as 

 

𝐸𝑏 = 𝐸𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑖𝑚𝑝𝑢𝑟𝑖𝑡𝑦 − 𝐸𝑤𝑖𝑡ℎ 𝑖𝑚𝑝𝑢𝑟𝑖𝑡𝑦 

 

The binding energy is amount of energy required to separate a particle from a 

system of particles or to disperse all the particles of the system.  

3. RESULTS AND DISCUSSION  

In this part, all theoretical calculations are performed for a GaAs QD with the 

following parameters: 𝑚∗ = 0.067𝑚0 and 𝜀 = 12.4𝜀0.  
Fig. 1 display the ground state binding energy versus the dimensionless parameter 

𝜉 for 𝐵=5 T, 𝑉0=300 meV, 𝜔0 = 200 𝑇𝐻𝑧 and 𝑅0=10 nm. It is clear that the 

binding energy reduces with increasing the 𝜉 parameter. It is observed that the 

highest binding energy corresponds to 𝜉 = 0 which relates to a 2D quantum disk. 

When 𝜉 increases, the repulsive potential enhances at the center of the system. 

Hence, the distance between electron and impurity rises and the binding energy 

decreases. An increase in 𝜉causes the repulsive potential at the QD center. 
Thereby, the electron is more confined. We can say that with adjusting this 

parameter, the electron confinement is changed.  
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Fig. 1. The ground state binding energy versus the dimensionless parameter 𝝃. 

 

In Fig. 2, variations of the ground state binding energy have been plotted versus 

the dimensionless parameter 𝜉 for different confinement frequencies, 𝜔0 =
300, 500, 700 𝑇𝐻𝑧, with 𝐵=5 T, 𝑉0=300 meV, and 𝑅0=10 nm. It is seen that the 

binding energy reduces with increasing the 𝜉 parameter. As can be seen, the 

binding energy increases by rising the confinement frequency at a fixed value of 

𝜉. 

 

 
Fig. 2. The ground state binding energy versus the dimensionless parameter 𝝃 for 

different confinement frequencies 
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Fig. 3. The ground state binding energy versus 𝑹𝟎 for different ranges of 𝑹𝟎 = 𝟎 −

𝟓𝟎 𝑻𝑯𝒛 and 𝑹𝟎=5-200 THz 

 

 

In Fig. 3, the variations of the ground state binding energy with the range of 

potential 𝑅0 are plotted for different potential depths with 𝐵=5 T, 𝜉 = 1, and 

𝜔0=300 THz. With rising the potential range, the binding energy decreases. With 

increasing the potential range, the wave function extends a greater region thereby 

the distance between electron and impurity rises. This means that the binding 
energy reduces. Also, the binding energy increases with enhancing the potential 

depth at a fixed potential range. It is also seen that all lines (Black, Blue, Red) 

tends to the same values when the radius is greater than 20 nm. To compare the 
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difference between the values of the binding energy for larger values of 𝑅0, the 

ground state binding energy with the range of potential 𝑅0 = 50 − 200 𝑛𝑚 are 

plotted. It is seen that there is a slight difference between the values of binding 

energy for different values of confinement potential. This difference decrease 

from about 0.04 meV for 𝑅0 = 50 𝑛𝑚 to less than 0.01 meV for 𝑅0 = 200 𝑛𝑚. 
 

 

 

 
Fig. 4. The ground state binding energy versus depth of potential 𝑽𝟎. 

 

 

Fig. 4 shows the variations of the ground state binding energy with the depth of 

potential 𝑉0 for  𝐵=5 T, 𝜉 = 1, 𝜔0=300 THz, and 𝑅0=10 nm. With increasing the 
potential depth, the binding energy increases. When the potential depth increases, 

the bottom of the well shifts toward lower energies and the energy of confined 

states increases. Hence, the distance between the electron and impurity decreases 

thereby the binding energy increases. With rising 𝑉0, the slope of potential 

function versus 𝑟 produces a great confinement on the electron. Therefore, the 

binding energy is increased. 
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Fig. 5 demonstrates the ground state binding energy versus the magnetic field 

for different potential depths with 𝑅0=10 nm, 𝜔0=10 THz, and 𝜉 = 1. The 

binding energy increases with rising the magnetic field. It should be noted that the 
magnetic field has two effects. It creates parabolic confinement and a 

displacement of energy towards higher or lower energies (see Eq. (19)). This 

displacement does not exist for the ground state binding energy. When the 

magnetic field increases, the confinement rises and the electron wave function is 
localized in a smaller region. Therefore, the distance between the electron and 

impurity reduces and the binding energy increases.   

 
 

 
Fig. 5. The ground state binding energy versus magnetic field for different depth of 

potential 𝑽𝟎. 

 

 
In Fig. 6, the variations of the ground state binding energy with the confinement 

frequency 𝜔0 are plotted for different potential depths with 𝐵=5 T, 𝜉 = 1, and 

𝑅0=10 nm. As can be seen, the binding energy increases with rising the 
confinement frequency. With increasing the confinement frequency, the wave 

function extends a smaller region thereby the distance between electron and 

impurity reduces. This means that the binding energy increases.  
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Fig. 6. The ground state binding energy versus confinement frequency for different 

potential depths.  

 

 
Fig. 7. The ground state binding energy versus confinement frequency (500-1000 THz) 

for different potential depths.  

 

 

Fig. 7, like Fig. 6, shows the variations of the ground state binding energy with 

the confinement frequency 𝜔0 (but in the range of 500-1000 THz) for different 

potential depths with 𝐵=5 T, 𝜉 = 1, and 𝑅0=10 nm. As can be seen, the binding 

energy increases with rising the confinement frequency. With increasing the 

confinement frequency more than 500 THz all the lines (black, Blue, Red) tends 
to the same value and show a linear growth.  
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4. CONCLUSION 

In this study, a tuned QD is considered under an applied magnetic field and a 

hydrogenic donor impurity at the center of QD. The binding energy of the system 
has been calculated for different parameters. To this goal, the Schrödinger 

equation is analytically solved and the energy eigenvalues and eigenstates are 

derived. We aim to show the effects of various parameters on the ground state 

binding energy of the system. The results reveal that the consideration of different 
parameters has an important effect on the binding energy. We could not find 

experimental data to compare our theoretical results with available data. 
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