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: Abstract

: Single photon sources are the basis of quantum
: computing. An optical system including a quantum dot
i (QD) within the micro-pillar cavity can be a candidate for
i high quality single photon source. Here, the vacuum Rabi
: splitting (VRS) of this optical system for different

situations was studied. The coupling constant threshold

; of this Single photon source to start VRS, was calculated
: for each of these situations. Then, given that the Purcell
: factor threshold for using single photon source pulses in
i linear optics quantum computing is Fp =40, Purcell
: factor behavior of this single photon source including a
: QD with FWHM of 5ueV, was studied. The results
i showed that to use the single photon pulses of this system
i in quantum computation (Fp = 40), the FWHM of micro-
i pillar cavity must be less than 100peV. Also, for cavities
i with normal FWHM range, if coupling constant is greater
: than 50peV, then Fp =40 and therefore its single
i photons can be used for quantum computing.
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1. INTRODUCTION

In recent years, quantum fields have been considered by researchers [1-5].
Cavity Quantum Electrodynamics (CQED) is one of the fields of quantum optics
that includes the study of the interaction of quantum light emitters and cavity
modes [6]. In 1963, Edwin Jaynes and Fred Cummings proposed a theoretical
model that analyzed a quantum description of the interaction of a two-level
atomic system with a quantized cavity mode [7] In the same year, Paul
introduced this model [8] and therefore this model, which is very popular in
atomic physics and quantum optics, was named Jaynes-Cummings-Paul Model
(JCPM). In CQED, the Rabi frequency is the measure of the coupling intensity
between the field and the atom. The Rabi Frequency is the atomic transition
frequency between two energy levels in the presence of electromagnetic field
and its value is directly proportional to the size of the applied field and the
dipole moment and inversely proportional to the Planck constant [6]. A CQED
system, depending on its optical parameters, is usually in two Regimes, Weak
Coupling Regime and Strong Coupling Regime. By choosing the structure of
guantum system and field intensity, Rabi frequency is set to be less than the
decay rate of excited states and photons in the cavity. In this case, the interaction
of the quantum system and the electromagnetic field is in the weak coupling
regime. One of the properties of this regime is that the emitter and cavity modes
can be in resonance with each other, which leads to a sudden increase in the
spontaneous emission rate and creates a sharp peak in the spontaneous emission
spectrum density. This feature makes this regime suitable for photon generation
applications such as Vertical Cavity Surface Emitting Laser (VCSEL) [9], Light
Emitting Diode (LED) [10] and entangled photons generation. One of the
important platforms in a strong coupling regime is quantum information
processing in solid-state devices [11]. In this regime, for large coupling
constants, the Anti-Bunching phenomenon occurs. This feature is used in single-
photon emitters [12]. The Anti-Bunching phenomenon has given rise to a variety
of applications, including quantum cryptography [13], quantum repeaters [14]
and quantum computation [15]. Quantum computing is the use of quantum
theories such as entanglement and superposition to perform computation. By
increasing quality factor of cavity and decreasing the volume of the cavity
modes, a strong coupling regime between an atom and an optical cavity can be
achieved [16].

Micro-pillar cavities are among the resonators in which, by embedding QD, they
can trap isolated photonic modes in small volumes. The light radiation in these
micro-cavities is well oriented in the direction of the cylindrical axis. These
optical systems have a single peak Gaussian mode, so they have the ability to
embed QD nanostructure and coupling with it in both strong and weak modes
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[17]. Therefore, a QD within micro-pillar cavity is the suitable candidate for
single photon sources. Single photon sources are used in quantum computing
and quantum information processing [18-21] and have been observed in various
optical systems such as color centers in diamond [22], single molecules [23] and
QDs [24]. Among these optical systems, QDs are more compatible with
industrial techniques and can be easily embedded into the cavity and increase
their spontaneous emission rate based on the Purcell effect [25]. The increase in
the spontaneous emission rate in the optical quantum systems is called the
Purcell effect. In the 1940s, Edward Mills Purcell discovered that when an atom
is coupled to a cavity, under certain conditions the spontaneous emission rate of
this atom with a factor called the Purcell factor (F») could increase by equation

(1) 126] -
Fp = 4m2vnd (1)

Where V, Q and n are the mode volume, quality factor and refractive index of
the cavity, respectively and A is the wavelength in this cavity. Based on the
Purcell effect, the spontaneous emission rate in different photonic environments
such as two and three dimensional photonic bandgap materials and cavities can
be controlled [27]. It is also used in photonic systems such as single photon
sources for applications in quantum information, quantum cryptography and
raising the photon generation efficiency [28]. The Purcell factor of single photon
sources is one of the important parameters that is important for quantum
computing applications. For example to achieve both efficiency and
indistinguishability for gate operations for linear optics quantum computation,
Fr = 40 is required [29]. Figure (1) shows an optical system contains a QD
nanostructure in planar distributed Bragg reflector (DBR) cavity that called
micro-pillar cavity, which can be used as a single photon source [30].
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Fig. 1 Scheme of a QD within micro-pillar cavity
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In this study, a single photon source including a QD within the micro-pillar
cavity was modeled and by analytical solution, first the vacuum Rabi splitting
(VRS) and then the Purcell factor behavior for different QDs within different
cavities were investigated for use in quantum computing applications.

2. MATERIALS AND METHODS

In order to quantum analysis of this optical system, first the Hamiltonian and
then energy eigenvalues for this system were calculated. The QD nanostructure
of this system was considered as a two-level atom and the interaction of this
two-level atom with a single-mode electromagnetic field was investigated. Since
the atom is in resonance or close to one of the cavity modes, only those two
levels are important that the frequency of the transition between them is equal to
the frequency of the cavity modes. Under such conditions, the excitation of the
atom to other levels can be ignored and it can be modeled on the basis of a two-
level atomic system. A schematic of this optical system is shown in figure (2).

12)

Fig. 2 Scheme of a QD (two-level system) in a cavity [31]

For this two-level atomic system, the Hamiltonian of QD can be expanded based
on the ground state |1 > and the excited state |2 > as follows:

Hop = E1|1 >< 1| + E;|2 >< 2| 2
Considering the ground state as |1 >=({) and the excited state as |2 >= (5),
form of the Hamiltonian matrix becomes equation (3).

oo =E(0 9)+2h0u ) 3)

op 0 1/ 2770 -1

Where 1 is the Planck constant divided by 2m and w,; IS the transition frequency
of two-level atom. The first part of Equation (3) only causes a shift in
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eigenvalues and has no effect on problem solving, so it can be ignored.

G,= (é _01) is Pauli’s matrix and QD Hamiltonian is as follows:

— l ~

HQD :Eh("JZIJZ (4)
By embedding QD in the micro-pillar cavity, this QD interacts with
electromagnetic field of cavity. The Hamiltonian of interaction (#;) for such a
system can be obtained from the semi-classical approach using the dipole
approximation as equation (5) [6].

H, = qE7 5)

Where g, E and 7 are the electric charge, electric field and position of electron in
the nucleus, respectively. 7 is an operator and can be expanded on the eigenkets

in Dirac notation by equation (6).

qr = Py3|2 >< 2| + Py |1 >< 1| + Py |2 >< 1| + Pp|1 >< 2|

(6)

According to the following equation:

Pap = e < a|F|p >= [ ew, (F)rwp (¥) d*r

()

For a = B cases, P,z =0 and for a = § cases P = P,z = Ps,. By defining two
operators &; and &, as equations (8) and (9), equation (10) is obtained.

f=12><11=Q ) ®)
L=l1><21=( ) ©)
ef = P& +P'E, (10)

When operator &, is applied to the atom in the ground state, the atom is
transferred to the excited state and when operator &, is applied to the atom in the
excited state, the atom is transferred to the ground state.

3.RESULTS AND DISCUSSION

By applying the rotating wave approximation, the Hamiltonian of interaction
becomes equation (11).
H; = hgéa + hg*&at (11)
Where g is coupling constant between QD and micro-pillar cavity. Finally, the
total Hamiltonian of the system, which is the sum of the Hamiltonian of QD, the
Hamiltonian of cavity, and the Hamiltonian of interaction, is as follows:

_ hw,, G

Hy =22 + hoaa' + (hgéid +hg &at) (12)
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Using total Hamiltonian in the time-independent Schrodinger equation (TISE),
energy eigenvalues of a single photon source including a QD within the micro-
pillar cavity was obtained as equations (13) and (14).

_ EctEgp }‘c+}‘QD }‘c Yop—2i4 ‘2
E, = 2 : T [ 4 ) ] (13)
E.+E Yty Ye—Vop —2iA /2
B, =" Yetlop [ (Leten—2hy] (14)

Where E. and E,p, are the energies of the micro-pillar cavity and QD, y. and yop
are their full width at half maximum (FWHM). It should be noted that the
FWHM of micro-pillar cavity and QD represent their decay rates. Also,
A = Egp—E. is the detuning and g is the QD-cavity coupling strength. For
resonance state where the cavity frequency is equal to the QD transition
frequency, E. = Eqp = E~ and consequently 4 becomes zero and equations (13)
and (14) becomes as follows:

. 1
El = E }‘C+:QD + [ }‘C :QD) ] 2 (15)
1
+ .¥ctYop Ye—VYob 2

The difference between these two energy eigenvalues indicates Vacuum Rabi
splitting (VRS). This parameter shows the difference between the two energy
peaks and as a result the energy levels splitting of this optical system (equation

17)). y
VRS = 2 [g2 —%} ’ (17)

) z
If the optical system is designed to be g? —% > 0, the system is in a

strong coupling regime, otherwise it is in a weak coupling regime. The higher
the VRS parameter of an optical system, the better it is for the anti-bunching
phenomenon to occur. This feature is very important in the construction of
single photon sources. Also, Purcell factor is another parameter that is very
important for single photon sources. Purcell factor used to quantify the
performance of quantum information processing systems based on cavity
guantum electrodynamics which is expressed by equation (18) [32].

2
F, = tg /}’cVQD (18)
First, calculations were performed using Matlab software (R2018b version) for a
single photon source including a QD with a Full width at half maximum
(FWHM) of 5ueV embedded in different micro-pillar cavities and the VRS
behavior for this optical system was obtained as figure (3).
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Fig. 3 The VRS behavior for a QD with FWHM of 5ueV in different micro-pillar cavity

The calculations results show that VRS for a single photon source including a
QD with FWHM of 5ueV and micro-pillar cavities with FWHMSs of 50, 100,
150 and 200ueV [32-34] starts for coupling constants of 11.1, 23.4, 36.4 and
48.7ueV, respectively and with increasing coupling constant, the VRS value
also increases. In addition, for micro-pillar cavities with smaller FWHMSs (lower
decay rates), the rate of VRS changes is higher. Then, different QDs were
embedded in a micro-pillar cavity with FWHM of 50ueV, and VRS was
calculated for each of them. The results of the calculations are shown in figure

(4).
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Fig. 4 The VRS behavior for different QD in the micro-pillar cavity with FWHM of

50peV
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The VRS for a single photon source consists of the QD with FWHM of 3, 5, 7,
and 9uV embedded in the micro-pillar cavity with FWHM of 50uV starts for
coupling constants of 11.7, 10.7, 10.2, and 9.9ueV, respectively. This means that
the QD type does not have a significant effect on increasing the VRS of these
optical systems.

In the second step, the Purcell factor of this single photon source was
investigated. As mentioned in Ref. 21, the Purcell factor threshold for using
single photon source pulses in linear optics quantum computing is Fp = 40.
Therefore, the Purcell factor behavior of this single photon source for a QD with
FWHM of SpeV embedded in different micro-pillar cavities with FWHM of 50,
100, 150 and 200ueV are calculated. The results of these calculations are shown
in figure (5).
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Fig. 5 The Purcell factor behavior for a QD with FWHM of 5ueV in different micro-
pillar cavity

The calculation results showed that for this single photon source and at normal
coupling constants range, for the micro-pillar cavity with FWHM greater than
100peV, the Purcell factor is less than 40. Therefore, in order to use the single
photon pulses of this optical system in quantum computation, the FWHM of
micro-pillar cavity must be less than 100ueV. In addition, the lower the FWHM
micro-pillar cavity, the larger rate of increase in Purcell factor.

Then, calculations were performed for a single photon source consisting of a QD
with FWHM of 5SueV in micro-pillar cavities with coupling constants of 40, 50,
60 and 70peV and the behavior of the Purcell factor of these optical systems
were investigated. The calculation results are shown in figure (6).
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Fig. 6 The Purcell factor behavior for micro-pillar cavities with different coupling
constants

The calculation results showed that for micro-pillar cavities with normal FWHM
range (50 =y, = 200), in order to use of these single photon in quantum
computing, the threshold of 252 coupling constant must be 50ueV. In addition,
to achieve high Purcell factor, micro-pillar cavity with minimum FWHM and
maximum g is required. The results showed that to achieve high Purcell factor,
micro-pillar cavity with minimum FWHM and maximum g is required. These
results can be used in the design of optical quantum systems, single photon
sources, and micro-lasers for quantum information, quantum computing, and
quantum cryptography.

4. CONCLUSIONS

The calculations results show that VRS for a single photon source including a
QD nanostructure with FWHM of 5ueV and micro-pillar cavities with FWHMs
of 50, 100, 150 and 200peV starts for coupling constants of 11.1, 23.4, 36.4 and
48.7peV, respectively and with increasing coupling constant, the VRS value
also increases. While the QD type does not have a significant effect on
increasing the VRS of these optical systems. Then, results showed that for this
single photon source and at normal coupling constants range, for the micro-
pillar cavity with FWHM greater than 100ueV, the Purcell factor is less than 40
and to use the single photon pulses of this optical system in quantum
computation, the FWHM of micro-pillar cavity must be less than 100ueV. Also,
results showed that for micro-pillar cavities with normal FWHM range
(50 = y. = 200), in order to use of these single photon in quantum computing,
the threshold of 252 coupling constant must be 50peV.
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