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Abstract: Jones matrix computation is one of the widely used methods in nonlinearity
calculation in laser interferometers. In this paper, the nonlinearity error in developed
three-longitudinal mode heterodyne interferometer (DTLMI) has been mathematically
modeled at various speeds, by using Jones matrix calculations. This review has been done
despite the fact that simultaneously the main factors including non-ideal polarization of
the laser beam and the non-ideal PBS produce nonlinearity. According to the results, it
was found that although nonlinearity error is a pure sinusoid in low velocities, it isn't a
single-sinus and increases in amplitude in high velocities. It was also observed that the
effect of non-ideal PBS on nonlinearity error is less than that of non-ideal laser beam and
frequency of nonlinearity error caused by it is twice more.

Keywords: Developed Three-Longitudinal Mode Heterodyne Interferometer
(DTLMI), Nonlinearity, Jones Matrix Calculations.

1. INTRODUCTION

Today, human beings have to enter the world of nanotechnology in order to
study in various fields including bio-systems and engineering science and its
requirement is familiarity to measurement methods in nano-scale [1]. Using the
laser interferometers is one of significant and precise methods in measurement of
nanometer scale displacement, like the equipment used in fabricating the
electronic chips [1, 2].

Among the laser interferometers, Michelson interferometer has been widely
used in this field and according to its arrangement and number of laser modes
used in it, they are classified into two categories of homodyne and heterodyne.
Heterodyne interferometers have some advantages than homodyne one making
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its utilization more frequent. However, its main disadvantage is nonlinearity error
which influences the measurement precision [3-7].

So far, many studies have focused on nonlinearity error in a variety of
heterodyne interferometers and some methods have been presented for its
compensation [8-13]. Nonlinearity error in two-mode heterodyne interferometer
was modelled by Cosijns et al in 2002 and after that, this error was studied by
Olyaee et al by using Jones matrix calculation method, frequency-path method,
and neural networks [14-18]. According to this reviews, in developed three-
longitudinal mode heterodyne interferometer (DTLMI), The target displacement
is obtained from measuring the phase difference created in relation to a reference
state. The measured phase difference is resulting from the actual phase difference
and the nonlinearity error. The nonlinearity error is mainly due to the non-ideal
optical components such as laser and polarizing beam splitter (PBS) and is added
as a sinusoidal sentence to the actual phase difference in accordance with the
following equation [17, 19]:

AD = 4A@ — 4ksinAg 1)
where, AD is the measured phase difference, A is the actual phase difference,
and k is a constant value. The nonlinearity compensation is very important to
increase the resolution of nano-displacement measurement systems and we
provide a way to compensation this error in [19].

It is worth pointing out that in all of these reviews, the effect of the target speed
on the nonlinearity error is neglected, and in fact this error has been evaluated in
low velocities of target. But it should be noted that in nanometrology, target speed
is an important factor that has been neglected in previous studies. For example,
in electronic chips fabricating equipment, how much can speed up, in fact
productivity and output will increase. Therefore, in this research, the effect of the
target speed on nonlinearity errors has been considered specially, because for
offer nonlinearity error compensation method, should be specified the nature of
this error and the compensation methods should be able to compensate this error
at different target speeds. As shown below, speed can be a factor affecting the
value and form of nonlinearity error.

In section 2, the structure of DTLMI has been reviewed and in section 3 we
obtain the relations of output signals in these interferometers by using Jones
calculations with regarding main factors which create nonlinearity error including
non-orthogonal and elliptical polarizations in a laser beam and also non-ideal
PBS. In Section 4, the effect of target speed on these relations has been studied
and in section 5, nonlinearity error was obtained through the simulation. The
conclusions are provided in the final section.

2. INVESTIGATION OF THE OPTICAL STRUCTURE OF DTLMI

InFig. 1, the optical alignment and main electronic parts of DTLMI are shown
[20]. In this interferometer, a laser beam is supplied by a stabilized He-Ne laser.
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There are three modes with orthogonal polarization in the spectrum. The central
mode with frequency wq has s-polarization and two lateral modes with
frequencies w; and wy have p-polarization. This laser beam is first divided into
two beams by a beam splitter (BS). A beam is used to generate the reference
signal and another one is directed by the second beam splitter in two routes toward
fixed and movable reflectors. Although, the polarization of beam which radiates
into target mirror remains unchanged after its reflection, in term of phase, it
contains some information about the position of the target mirror. In other words,
its phase changes as the location of target mirror changes. A beam that is radiated
toward the reference mirror passes the quarter-wave plate (QWP) twice in its path
and the polarization of modes of this beam change 90 degrees. In term of phase,
this beam has fixed phase.

Two beams reflected from reference and target mirrors are again combined in
second beam splitter (BSz) and subsequently through a PBS, the s- and p-
polarizations are directed to separate paths. In fact, w, mode with target path
phase and w; and wy with reference path phase having s-polarization are in the
same direction. In addition, the w, mode with reference path phase and w; and
wy With target path phase having p-polarization are guided on another path.

Reference
Mirror

QWP
BS1 w.om g

e L AT Target Mirror
oy oy

L} |
L.WH W, Wa

Other Electronic Section

Fig. 1. Developed three-longitudinal mode heterodyne interferometer (DTLMI).

Each of these beams is converted to electrical signals by avalanche
photodetectors (APDs). Then these signals are mixed with each other after
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passing through the band-path filter, resulting in lowest frequency signals.
Subsequently, they reach the electronic section of phase difference measurer [20].

3. THE CALCULATION OF THE ELECTRICAL SIGNALS RELATIONS AMONG
VARIOUS PARTS IN DTLMI

In this section, the relations of electrical signals of various parts of DTLMI
have been computed by using Jones matrix method. In these calculations, laser
beam and PBS have been modeled as non-ideal while their effect on nonlinearity
has been simultaneously studied.

In non-ideal conditions, the electrical fields of three-longitudinal mode laser
beam are shown as:

= [(ﬂ giont, Fo = [llf] ciot, T = [ﬂ piost )

where, w, is the frequency of central mode, and w; and wy are the lower and
higher frequencies of side modes, respectively. Also, o = |ale?« and B =
|Ble'?# implies the deviation from the ideal state of the laser beam which
determines the amount of non-orthogonality and ellipticity of the polarisation
states of the source. In ideal condition, these values equal zero. According to Fig.
1, Jones vector of electrical field of beams reaching PBS is calculated as:

Epgs = E, + E, = (Q.CCPr.Q + CCPt)

B = [—em“’ -1 |5 (3)

n -1 _em(p mn
InEq. 3), E,, = E, + E, + Ey s the total electrical field vector, Q, CCP,

(reference corner cube prism) and CCP; (target corner cube prism) are Jones
matrix of QWP, the reference mirror, and the target mirror, respectively, which
are calculated as:

e

-1 0
CCPT1= I 4)
1—i 1+

C=7l14: 1- i]
After passing through the PBS, each polarization of beam in direction x and y
directs towards one of APDs. Therefore, vector of the electrical field that each
APD receives is presented as:
Eppy = R-Epps 5)

Epp1 =T.Epps
where, T and R define transmission and reflection matrixes of PBS and in real

- [T, 0 _[Ry 0]
conditions equal to T = [0 Ts] and R = [0 R
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The photocurrent created in any of APDs is proportional to the intensity of
light falling on its surface and is obtained as:
Ipp = ﬁ X Epp (6)
By expanding Eq. (6) it is found that the central frequency of the band-pass
filters located after APDs has been adjusted on beat frequency. The relation about
the output signals of these filters is given by:

1
Igpri = ETPZ[IBI cos(wat + <pﬁ) + |a| cos(wp,t — @g)

+ 1Bl cos(wpyt — ‘/’B) + |a| cos(wpyt + @,)
+ cos(wp, — A¢) + lal|Bl cos(wpt + B¢ + @5 — )
+ cos(wpy + Ap) + |allBl cos(wpyt — Ap + @ — <p3)]

1
+ ETSZ[IBI cos(wy t + (pﬁ) + |a| cos(wp t — @g)

+ 18] cos(wth — (pﬁ) + |a| cos(wpyt + @)
+ cos(wy;, + Ap) + lallp] cos(wy t — Ap + @5 — @)
+ cos(wpy — Ap) + |al|B| cos(wth +Ap + @, — <pﬁ)]

The relation of Igpr is also similar to the Eq. (7) with the exception that T,
and Ts are replaced by R, and Rs, respectively. In Eq. (7), wpy = wy — wy and
wp, = wy — wy, Which are called beat frequencies and whose values are different
in various lasers. they vary usually from 250MHz to 1GHz.

After passing these signal through mixers and band-pass filters, final relations
are presented as:

()

1
S = 3 [A cos(wht - Z(pﬁ) +B cos(wbt + @, — (pﬁ) +C cos(A<p + <pﬁ)
+ D cos(Ap — (pﬁ) + E cos(Ap + @) + F cos(Ap — @)
+G cos(a)bt —Ap — (pﬁ) +H cos(wbt +Ap — <pﬁ)
+1 cos(a)bt —Ap + @, — 2<pﬁ)
+Jcos(wpt + Ap + @, — 2<pﬁ) + K cos(wpt + 2¢,)
+ L cos(wyt — Ap + @) + M cos(wpt + Ap + ¢,)
+ Ncos(wbt —Ap + 2¢, — <p/3)
+ Ocos(wyt + Ap + 2¢, — <p/3) + Pcos(2A¢) (8)
+ Qcos(2A¢ — ¢, + <p/3) + Reos(wpt)
+ Scos(wyt + 2A9) + Tcos(w,t + 2A¢ + @, — <pﬁ)
+ Ucos(2A¢ + ¢, — <p/3) + Vcos(wpt — 2A¢)
+ Wcos((ubt —20p + @, — (pﬁ)
+ Xcos(wbt + 2¢, — 2(,0/;)
+ Ycos(wbt + 2A@ + 2¢, — 2(,03)
+ Zcos((ubt — 20 + 2¢, — 2(,03)]
where, the coefficients of Eq. (8) are listed in Table I.
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Relation S; is similar to S; with the exception that T, and Ts are replaced by
Ry and Rs., respectively. By similar calculations, the relation of reference signal
(R) is obtained as:

R= % [cos(wpt) + 2]alcos(wyt + @g) + 21B]cos(w,t — (pﬁ)
+ lal? cos(wyt + 2¢,) + 812 cos(w,t — 2(p3)
+ 4lal|pl cos(wpt + 9o — ) 9)
+ 2|allB|? cos(wbt + @, — 2<pﬁ)
+2lal?|Bl cos(wyt + 204 — @5)
+lal?|Bl2cos(wpt + 20, — Z‘Pﬁ)]

TABLEI
COEFFICIENTS OF EQ. (8)
COEFFICIENT VALUE
2
A IBIZ(T +17)

4ol |BI(TZ + T2)” — 4]al|BITZT?
2TZ|Bl (lal? + 1)(T? + T2)
2T2|Bl (lal? + 1)(T? + T2)
2Tl (1812 + 1(T? + T2)
2Tl (1812 + D(T? + T2)

2T2|BI(T? + T2)
2TZ|BI(T? + T2)
2TZ|al|BI?(T? + T2)
2T |al|BI?(TZ + TZ)
lal2(TZ + T2)
2T?|a| (T2 + T2)
2T2|a| (T2 + T2)
2TZ|of?IBI(TZ + T2)
272|of?|BI(TZ + T2)
2TZT2(1 + |«l?BI?)
2Tl Il
2T2T?

T}
2T3TZ al |l
2T ol |BI
Tg
2TZTZ |al|B]
2T2TZ |a| %[ B[

T ||
Ty l|?|B?

In Egs. (8) and (9), wp, = wpy — wp, Which is called secondary beat

frequency is usually about 300 kHz [15-16, 20].

NXXS<CH0wWITOUTVOZZIr Re—IOTMMUO @

4. STUDY THE EFFECT OF TARGET VELOCITY ON RELATIONS S; AND S

Some terms in the S1 and S, relationships depends on the target velocity.
Since Ag is proportional to target displacement, it is in fact a time-depended
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term. Depending on the target velocity, terms in equations S; and S, including

Ag are omitted or passed by band-pass filter. Assuming that pass band of band-
pass filters located after mixers is designed in 200 kHz — 5 MHz. Table Il shows
terms that are eliminated at any range of velocity. This table is set for the
velocities in the positive direction (Doppler frequency increase) and the
eliminated coefficients are the coefficients of the relation S;1. The same conditions
are considered for negative velocities. Here, similar sentences in relation S, are

omitted.
TABLE Il
ELIMINATED COEFFICIENTS OF RELATION S1 AT VARIOUS RANGES OF VELOCITY
Equivalent
Doppler frequency

Velocity range Deleted coefficients of relation s;

Less than

mm
16=-

Less than 50KHz Sentences with coefficients C,D,E,F,P,Q,U

Sentences with coefficients C,D,E,F,P,Q,U

mm mm
16T - 327 50KHz- 100KHz VW Z

Sentences with coefficientsC,D,E,F,G, I, L
,N,V,W,Z

Sentences with coefficients G,1,L, N,V , W,
4

80";—'" - 160":—"1 250KHz - 500KHz Sentences with coefficients G, 1, L, N
160"1—’“ - 1.5? 500KHz - 4.85MHz  None of them

32"‘3—’” - 64"‘5—’” 100KHz - 200KHz

64"‘3—’” - 80"‘5—’” 200KHz - 250KHz

5. RESULTS

By converting Si, Sz, and R signals to the square signals and measuring the
phase difference among them, we can calculate the displacement of the target.
For low velocities, the phase difference between Si, S; and for high velocities,
the phase difference between R and either S; or S; signal is measured. By
comparing the measured displacement to real displacement, nonlinearity error is
obtained.

Nonlinearity error for various intervals of velocity was computed as shown in
Table 2 and it was observed that the nonlinearity error curve for velocities less
than 64mm/s is different with velocities more than 64mm/s. For the velocities less
than 64mm/s, nonlinearity error is as a pure sinus but for velocities higher than
this, the shape of nonlinearity error changes and its amplitude increases. Of
course, velocity 64mm/s depends on band-pass filter bandwidth and changes as
passband of filter changes.

Curves in Fig. 2 show the nonlinearity error for these two velocity intervals.
As depicted in Fig. 2, conditions exerted for non-ideal states are derived from
datasheet of manufacturers of laser and PBS. Then the worst condition has been
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selected among them. Table 111 shows the maximum nonlinearity error in
different speed intervals at worst condition.

8

o

=~

o

o
T

nonlinear error (nm)

Sy

a) V>64ms—m 7

0 100 200 300 400 500 600 700
Displacement (nm)

nonlinear error (nm)
=

b) V<64™2 |

y I
60 100 200 300 400 500 600 700
Displacement (nm)

Fig. 2. Nonlinearity error for two velocity intervals with conditions T,=0.95, T,=0.01,
lal =B8] =0.05, ¢, = g =01

TABLE 1l
MAXIMUM NONLINEARITY ERROR IN DIFFERENT SPEED INTERVALS
Velocity range Maximum
(my nonlinearity
s error (nm)
Less than 16 =~ 5.048
16 - 32 5.048
32 -64 4,937
64 - 80 7.327
80 - 160 7.328
160 - 1.5 7.329

To examine the impact of each factor causing the nonlinearity error, two cases
have been considered. First, while laser beam is ideal, the effect of non-ideal PBS
on nonlinearity error has been studied. Second, while PBS is considered as ideal,
the effect of non-ideal laser beam on nonlinearity error has been investigated. In
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two states, simulations have been done for two velocity intervals, i.e. velocities
less and more than 64mm/s, respectively, as depicted in Figs. 3 and 4.

It can be found from curves of Figs. 2 and 3 that if the source of nonlinearity
error is only non-ideal PBS, the frequency of nonlinearity error is twice more so
non-ideal PBS plays less role in nonlinearity. According to curves in Figs. 3 and
4, it is observed that in high velocities, the amplitude of nonlinearity error will
increase and also a shift is seen in its curve.

o o
~ o o

o o
N

nonlinear error (nm)
[}

S o
=

06 mm
a) V<642
8 . L s
-U'UD 100 200 300 400 500 600 700
Displacement (nm)
1
£ 05
£
s
G 0
@
[
£
=
Q.05
mm
b) V>64 "=
s
40 100 200 300 400 500 600 700

Displacement (nm)

Fig. 3. Nonlinearity error caused by non-ideal PBS at high and low velocities at conditions
T,=0.9, T:=0.1, Ry,=0.1, R=0.9.

From among the two T, and Ts parameters which are effective in positive
velocities, parameter Ts was more effective, as shown in Fig. 5. The slope of the
curve in the direction of the T axis is greater than the curve slope in T, direction.

Also, Fig. 6 shows that the effect of Tsis more at higher speeds. The curve of
Fig. 6 represents the effect of Ts parameter on nonlinearity error at different
velocities.
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a) v<64v"2—m -

nonlinear error (nm)
B R R S I S I ST )
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Fig. 4. Nonlinearity error caused by non-ideal laser beam at high and low velocities at
conditions ¢, =.45, g = .6, |a| = |B] =.05

6. CONCLUSION

In this study, the effect of speed on nonlinearity error in heterodyne
interferometers has been studied for the first time. The nonlinearity resulting from
non-ideal PBS and laser beam have been mathematically modeled and simulated
by Jones matrix method. According to the provided results, it has been found that
target velocity affects the nonlinearity because of band-pass filter. Duo to the
Doppler frequency, the frequency of some terms mentioned earlier in output
relations of mixers depends on velocity. These terms can be deleted by band-pass
filter or passed over it. Such performed simulations, in the velocities higher than
a determined limit depending on pass band of band-pass filter, nonlinearity error
will be increased result in changing its pure sinus form. In addition, the lower
cutoff frequency of the filter has the most effect in this regard and since the
secondary beat frequency is little, lower cutoff frequency of filter cannot be
significantly increased. In the simulations, effect of two main factors of
nonlinearity error including non-ideal laser and PBS was studied. According to
these investigations, effect of non-ideal laser on nonlinearity error is more than
non-ideal PBS. Moreover, it was found that the nonlinearity error frequency
derived from non-ideal PBS is twice more than that of non-ideal laser.
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Fig. 5. Effect of T, and Ts on the nonlinearity error at (a) low and (b) high velocities.
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Fig. 6. Effect of Ts on the nonlinearity error at different velocities.
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