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Abstract. The aim of this paper is to introduce the notion of a-locally closed set by utilizing
a-open sets defined by Ekici and to study some properties of this new notion. Also, some
characterizations and many fundamental results regarding this new concept are obtained.
Moreover, the relationships between the concepts defined within the scope of this study and
some other types of locally closed sets in the literature have been revealed.
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1. Introduction

The elements of a topology defined as a family of sets consisting of some subsets of a
non-empty set X and closed under finite intersection and any union operation are called
open sets. The concept of open set has an important place in general topology and is one
of the focal points of research for many mathematicians all over the world. The study of
different versions of continuity, separation axioms, compactness, connectedness and other
concepts defined with the help of special and general forms of the open set concept are
important topics of study in general topology. Starting in 1963 with Levine’s introduction
of the notion of semiopen set [I1], the process continued with Njastad’s study of a-open
set [T4, 1965] and Ekici’s study of e-open set [[d, 2008]. These works of Levine, Njastad
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and Ekici inspired the work done today and since then, different types of open sets have
been intensively studied.

In an attempt to generalize different ideas in topology, many mathematicians have
focused on various forms of open sets such as a-open set, semi-open set, pre-open set,
b-open set, S-open set, e-open set and e*-open set. The weak and strong forms of these
concepts have been studied by many researchers. These studies have evolved over time
into the concept of local closed set [8] and some forms of this concept have been studied
over time. For instance, Ravi et al. [I5] have introduced the notion of g-locally closed set
and study some of its fundamental properties. Furthermore, Ameen et al. [ll] analysed
the concept of locally closed set from different perspectives.

In this paper, we introduce the notion of a-locally closed set and discuss some of its
basic properties from different perspectives. Also, we reveal the relationships between
the notion of a-locally closed set and existing some types of locally closed set in the
literature. Moreover, we define the notion of a-locally open set and obtain some of its
characterizations. Finally, we give a product property of the concept of a-locally closed
sets.

2. Preliminaries

Throughout this paper, unless otherwise stated the terms X and Y refer to topological
spaces on which no separation axioms are imposed. For a subset A of X, c/(A) and int(A)
stand for the closure of A and the interior of A in X, respectively. O(X, ) stands for
the family of all open subsets of X that contain x. A subset A is said to be regular open
(resp. regular closed) if A = int(cl(A)) (resp. A = cl(int(A))) [I6]. The d-interior of a
subset A of X is the union of all regular open sets of X contained in A and is denoted
by d-int(A). The subset A of a space X is called d-open if A = §-int(A) [I7], i.e., a set
is d-open if it is the union of some regular open sets.

Definition 2.1 A subset A of a space X is called:

a) semi-open [I1] if A C cl(int(A));

b) a-open [4] if A C int(cl(int(A)));

¢) a-open [@, B] if A C int(cl(d-int(A)));

d) b-open [2] if A C cl(int(A)) Uint(cl(A));

e) e-open [17] if A C cl(0-int(A)) Uint(d-cl(A));

f) feebly open [I7] if there exists an open set U such that U C A C scl(U), where scl(U)
denotes the semi-closure of U.

The family of all semiopen (resp. a-open, a-open, b-open, e-open, feebly open) sets in X
is denoted by SO(X) (resp. aO(X), aO(X), BO(X), eO(X), FO(X)). The complement
of a semi-open (resp. a-open, a-open, b-open, e-open, feebly open) set is said to be
semi-closed (resp. a-closed, a-closed, b-closed, e-closed, feebly closed). The family of all
semiclosed (resp. a-closed, a-closed, b-closed, e-closed, feebly closed) sets in X is denoted
by SC(X) (resp. aC(X), aC(X), BC(X), eC(X), FC(X)).

Definition 2.2 The semi-closure (resp. a-closure) of a subset A of a space X is the small-
est semi-closed (resp. a-closed) set containing A and denoted by scl(A) (resp. a-cl(A)).
Dually, the semi-interior (resp. a-interior) of a subset A of a space X is the largest
semi-open (resp. a-open) set contained in A and denoted by sint(A) (resp. a-int(A)).

Definition 2.3 A subset A of a space (X, 7) is called:
a) locally closed [B] if A =U NV, where U is open and V is closed in X;
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b) a-locally closed [9] if A =U NV, where U is a-open and V is a-closed in X;

¢) b-locally closed [13] if A= U NV, where U is b-open and V is b-closed in X;

d) e-locally closed [M] if A =U NV, where U is e-open and V is e-closed in X;

e) feebly locally closed [12] if A = U NV, where U is feebly open and V' is feebly closed
in X.

Lemma 2.4 [6] Let (X, 7) be a topological space. Then, the following hold:
a) 0, X € aO(X),

b) If A, B € aO(X), then AN B € aO(X),

c) If A C aO(X), then |JA € aO(X).

Corollary 2.5 Let (X, 7) be a topological space. Then, the following hold:
a) 0, X € aC(X),

b) If A,B € aC(X), then AU B € aC(X),

c) If AC aC(X), then A € aC(X).

Definition 2.6 A subset A of a space X is called dense if cl(A) = X. A space X is
called submaximal if every dense subset of X is open in X.

Definition 2.7 [I0] A subset A of a space X is called e-dense if e-cl(A) = X. A space
X is called e-submaximal if every e-dense subset of X is e-open in X.

3. a-locally closed sets

Definition 3.1 A subset A of a topological space X is called a-locally closed if it is the
intersection of an a-open and an a-closed set. The complement of an a-locally closed set
is called a-locally open. The family of all a-locally closed sets (resp. a-locally open) in a
space X will be denoted by aLC(X) (resp. aLO(X)).

Theorem 3.2 Let X be a topological space. Then, the following hold.
a) a0(X) C aLC(X),
b) aC(X) C aLC(X).

Proof. (a) Let A € aO(X). We aim to show that A € aLC(X).

= (U € aO(X))(V € aC(X))(A=UNV) = A€ aLC(X).

)
)
). We aim to show that A € aLC(X).
)
(U = X)(V = 4) } = U e€ea0(X))(VeaCX)(A=UNV) = AecalC(X). [ |
Theorem 3.3 Let X be a topological space. Then, aLC(X) C eLC(X).
Proof. Let A € aLC(X). We aim to show that A € eLC(X).
AcalC(X)= (AU € aO(X))(AV €aC(X))(A=UNYV)

(aO(X) CeO(X))(aC(X) CeC(X)) }
= (W e€eO(X))(TV eeC(X)(A=UNV) = AcelC(X). [ |

Lemma 3.4 Let X be a topological space. Then, the following hold.
a) a0(X) € FO(X),
b) aC(X) C FC(X).
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Proof. a) Let A € aO(X). We aim to show that A € FO(X).
A € a0(X) = A Cint(cl(6-int(A)))
U := 6-int(A) }
= (U er)(UCACint(c(U)) CUUint(cl(U)) =sc(U)) = A e FO(X).
b) Let A € aC(X). We aim to show that A € FC(X).
AcaC(X)= X\ AcaO(X) W X\ Ac FOX)= A e FO(X). =

Theorem 3.5 Let X be a topological space. Then, the following statements hold:
a) aLC(X) C FLC(X),
b) aLC(X) C aLC(X).

Proof. a) Let A € aLC(X). We aim to show that A € FLC(X).
AcalC(X)= (AU € aO(X))(AV € aC(X))(A=UNYV)
Lemma B4

= (U € FO(X))(AV e FC(X))(A=UNV) = A€ FLC(X).
b) Let A € aLC(X). We aim to show that A € aLC(X).

A€ alC(X)= (3U € aO(X))(IV € aC(X))(A=UNV) }
=
(aO(X) € aO(X))(aC(X) € aC(X))
= (AU € a0(X))(FV € aC(X))(A=UNV) = Ac aLC(X). |

Remark 1 We have the following diagram from the previous definitions and results given
above.

feebly locally closed == b-locally closed

[ T

locally closed a-locally closed =—= e-locally closed

. | =

a-locally closed ——=> b-locally closed

The converses given above implications need not to be true as shown by the following
examples.

Ezample 3.6 Let X = {a,b,c,d} and 7 = {0,X, {a},{b},{a,b},{a,c,d}}. Sim-
ple calculations show that eLC(X) = aLC(X) = FLC(X) = 2% and aLC(X) =
{0, X,{b},{a,c,d}}. Then, it is clear that the set {a} is feebly locally closed and so
e-locally closed. Also, it is a-locally closed but it is not a-locally closed.

Ezample 3.7 Let X = {a,b,c,d} and 7 = {0, X, {a},{b},{a,b},{a,c},{a,b,c},
{a,b,d}}. Simple calculations show that LC(X) = 2%, aLC(X) = {0, X, {b}, {d}, {a,c},
{b,d},{a,b,c},{a,c,d}}. Then, it is clear that the set {a} is locally closed but it is not
a-locally closed.

Ezample 3.8 Let X = {a,b,c,d} and 7 = {0, X, {a}, {b},{a,b}}. Simple calculations
show that LC(X) = {0, X, {a}, {b},{a,b},{c,d}, {a,c,d},{b,c,d}} and aLC(X) = 2%.
Then, it is clear that the set {c} is an a-locally closed set but it is not locally closed.
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Question 3.9 Are the notions b-locally closedness and e-locally closedness independent?

Theorem 3.10 Let A and B be two subsets of a space X. If A and B are a-locally
closed, then so are their intersections.

Proof. Let A, B € aLC(X). We aim to show that AN B € aLC(X).

AcalC(X)= (3U; €a0(X))(FV1 € aC(X))(A=U1NV1) | Lomma

B € aLC(X) = (3Us € aO(X))(3V € aC(X))(B = Us N V3) } ~

= (U1 N Uz € aO(X))(Vi NVa € aC(X))(ANB = (U1, N U2) N (Vi N 13))

= ANB e alC(X). [ |

Lemma 3.11 Let A and B be two subsets of a space X. Then, the following statements

hold:
a) If A€ aO(X) and B € eO(X), then AN B € eO(X),
b) If Ac aC(X) and B € eC'(X), then AN B € eC(X).

Proof. a) Let A € aO(X) and B € eO(X). We aim to show that AN B € eO(X).
A € a0(X) = A Cint(cl(6-int(A)))

B € eO(X) = B Cint(é-cl(B)) U cl(d-int(B)) }

= AN B C [int(cl(0-int(A))) Nint(d-cl(B))] U [int(cl(6-int(A))) N cl(d-int(B))]

C int[cl(8-int(A)) N int(5-cl(B))] U cllint(cl(5-int(A))) N 8-int(B)]
C int(cllint(6-cl(B)) N 8-int(A)]) U cl[d-int(6-cl(8-int(A))) N d-int(8-int(B))]
C int(cl[5-int(8-cl(B)) N 8-int(8-int(A))]) U cl[s-int(-cl(6-int(A))) N 6-int(B)]
C int(cl[s-int[5-cl(B) N 6-int(A)]]) U cl(8-int[5-cl(5-int(A) N d-int(B))])

C int(cl[5-int[5-cl(5-int(A) N B)]]) U d-cl(8-int(6-cl(d-int(A N B))))

C d-int(6-cl(8-int(5-cl(A N B)))) U d-cl(6-int(A N B))

= 6-int(d-cl(AN B)) U cl(6-int(A N B))

=int(0-cl(AN B)) Ncl(d-int(AN B))

This means AN B € eO(X).
b) Let A € aC(X) and B € eC(X). We aim to show that AN B € eO(X).

AcaC(X)= X\ A€aO(X)
BeeC(X)= X\BeeO(X)
= AUB € eC(X). [ |

Theorem 3.12 Let A and B be two subsets of a space X. If A € aLC(X) and B €
eLC(X), then AN B € eLC(X).

Proof. Let A € aLC(X) and B € eLC(X). We aim to show that AN B € eLC(X).

}(:"QX\(AUB):(X\A)m(X\B)eeO(X)
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A€ alC(X) = (U1 € aO(X))(EVi € aC(X))A = U1 0V ) foms e
B € eLO(X) = (3Us € eO(X))(FVs € eC(X))(B = Us N V3) } ~
(UL N U € cO(X))(Vi N Vs € eC(X))(AN B = (U1 N Us) A (Vi N Vi)

(U = U N UR)(V = Vi O V) }
S (U € cOX)(V €eC(X)ANB=UNV) = AN B € eLC(X). n

Theorem 3.13 Let A be a subset of a space X. If A is an a-locally closed in X, then
there exists an a-closed set F'in X such that AN F = 0.

Proof. Let A € aLC(X). Our aim is to show that there exists an a-closed sets F' in X
such that AN F = 0.

A€alC(X)= (U €a0(X))(IV €aC(X))(A=UNYV)
F = V\U} -
= (FeaC(X))(ANF =10). [

Remark 2 As seen in the example below, the converse of the conditional statement given
in Theorem B3 need not always to be true.

Ezxample 3.14 Let X = {a,b,c,d}, 7 = {0, X, {a}, {b},{a,b},{a,c,d}} and A = {a}.
Simple calculations show that aO(X) = aC(X) = aLC(X) = {0, X, {b}, {a,c,d}}. Then,
it is clear that the set F = {b} € aC(X) and ANF = {a} N {b} = 0 but A is not an
a-locally closed in X.

Theorem 3.15 Let P and @ be two subsets of a space X such that P € aO(X) and
Q@ € aC(X). Then, there exist an a-open set F and an a-closed F' such that PN Q C F
and F C PUQ.

Proof. Let P € aO(X) and @ € aC(X). Our aim is to show that there exist an a-open
set I and an a-closed sets F' such that PNQ C FFand £ C PUQ.

(P € a0(X))(Q € aC(X)) } N
(E := PUa-int(Q))(F :=QNa-cl(P))
= (F€aO0(X))(FeaC(X))(PNQCF)(ECPUQ). [

Theorem 3.16 Let A and B be two subsets of a space X. If A, B € aLC(X), then
ANBe€aLlC(X).

Proof. Let A, B € aLC(X). Our aim is to show that AN B € aLC(X).
AcalC(X)= (AU, € a0(X))3FV1 € aC(X)(A=U1 " V1) | Lemma e
BeaLC’(X):>(EIUQeaO(X))(ElVgeaC(X))(B:UgﬂVg)} -

= (U, NU; € aO(X))(ViNVa € aC(X))(ANB = (U1NV) N (UaNVa))

= (U1NUz € aO(X)) (V1 NVz € aC(X))(AN B = (U1 N 1) N (Vi N V7))

= ANB e alC(X). [ |
Definition 3.17 A space X is called an a-space if 7 = 7%, where 7* = aO(X).

Exzample 3.18 Let X = {a,b,¢,d} and 7 = {0, X, {a},{b,c,d}}. Simple calculations
show that 7* = {0, X, {a},{b,c,d}}. This means that (X, 7) is an a-space since 7 = 7%.
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Theorem 3.19 Let A be a subset of a space X. Then, the following statements are
equivalent:
a) A is a-locally closed;
b) A= PnNa-cl(A) for some a-open set P;
¢) a-cl(A) \ A is a-closed,;
d) AU (X \ a-cl(A)) is a-open;
e) AC a-int(AU (X \ a-cl(A))).

Proof. (a) = (b) : Let A € aLC(X).
AecalC(X)= (3P €a0(X))(3Q € aC(X))(A=PNQ)
= (3P €a0(X))3Q € aC(X))(ACQ)(A=PNQ)
= (3P € aO(X))(a-cl(A) C a-cl(Q) = Q)(A=PNQ)
= (AP ca0(X))(A=Ana-cl(A)=(PNQ)Na-cl(A)=Pnac(A) CPNQ=A)
= ( )

P € aO(X))(A = P Na-cl(A)).
(b) = (c) : Let A C X.

ACX

Hﬂmm%m}:>GPEM%X»@fWM\AZaf%@\(PmmdM»)

= (X \PecaC(X))(acl(A)\ A=a-cl(A)\ P =a-cl(A)N(X\P))

= a-cl(A)\ A € aC(X).
(¢c)=(d): Let AC X.
ASX= AV A = XA AN x\ aet(4)) € a0(0)
Hypothesis '

(d)= (e): Let AC X.

Acx AU (X I(A 010, ¢
Hypothesis} = AU{X A aell4)) € a0(X)
= AU (X \ a-cl(A)) = a-int(AU (X \ a-cl(A)))

ACX =ACAU(X\a-cl(A)
(e) = (a): Let A C X.

ACX

} = A Ca-int(AU (X \ a-cl(A))).

= ACaint(AU (X \ a-cl(A
Hypothesis} o ( (XA (4))

= A=ANa-cl(A) Caint(AU (X \ a-cl(A))) Na-cl(A)
CJAU (X \ a-cl(A))]Na-cl(A)
=[ANa-cl(A)]U[(X\ acl(A)) Na-cl(A)]
=AU
=A

= A=aint(AU (X \ a-cl(A))) Na-cl(A)
(U = a-int(AU (X \ a-cl(A))))(V := a-cl(A)) }
= (U ea0(X))(VeaC(X))(A=UNV) = AcalC(X). [ |
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Corollary 3.20 Let A be a subset of a space X. Then, the following statements are
equivalent:

a) A is a-locally open;

b) A= QU a-int(A) for some a-closed set Q);

c) (\A) Ua-int(A) is a-closed,;

d) AN (X \ a-int(A)) is a-closed,;

e) ADa-cl(AN (X \ a-int(A))).

Theorem 3.21 If W C H C X and H € aLC(X), then there exists an a-locally closed
set K such that W C K C H.

Proof. Let W C H C X and H € aLC(X). Our aim is to show that there exist an
a-locally closed set K such that W C K C H.

H € aLC(X) "L ™ (3P € 4O(X))(H = PN a-cl(H)) } N
WCcH
= (W CP)(Pe€aO(X))(PNa-c(W)Z PnNa-cl(H)=H)
= (PeaO(X)(WCPnacd(W)C Pna-cl(H)=H)
K :=Pna-cl(W) }
= (K € aLC(X))(W C K C H). [

Definition 3.22 A subset A of a space X is called a-dense if a-cl(A) = X. A space X
is called a-submaximal if every a-dense subset of X is a-open in X.

Theorem 3.23 A topological space X is a-submaximal iff a LC(X) = 2%.

Proof. (=) : Let X be an a-submaximal space. We have always aLC(X) C 2% ... (1)
Now, let A € 2¥.

Aeg2X }
=
B:= AU (X \ a-cl(4))
= X Da-cl(B) =a-cl(AU(X \ a-cl(A))) D a-cl(A)Ua-cl(X \ a-cl(A)) = X
=ac(B)=X Bl (x ", oix
(X,7) is a—submaximal} = B =AU (X \ a-cl(4)) € aO(X)

Theoregm(d) Ae CLLC(X)

Therefore, 2% C aLC(X)...(2)

(1),(2) = aLC(X) = 2.
(<) : Let a-cl(A) = X. Our aim is to show that A € aO(X).

a-cl(A) =X =>A=AU (X \a-cl(A corem

(4) (X \a-cl(A)) | 1 mETD 4 0(X), .
alC(X) = 2%

Definition 3.24 A space (X, 1) is called an e-space if 7 = 7¢, where 7 = eO(X).

Remark 3 If (X, 1) is reqular and e-space, then the notions submazimal, a-submazimal,
e-submaximal coincides with one another.

Proof. (a) = (b) : Let A C X and a-cl(4) = X.
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Ac X} 1(A) 1(A) C cl(A)
‘< regular = Q-C = a-c Cec . _
(X,7) is regul wcl(A) :X} = cl(A) =X
Aer = A ca0(X).

= cl(A) :X}

(X, 7) is submaximal

(X,7)is regular} = A €60(X) € aO(X)

(b) = (¢): Let AC X and e-cl(A) = X.
ACX = e-cl(A) Ca-cl(A) }

e-cl(A) = X = a-cl(A) =X

(X, 1) is a-submaximal

} = A €a0(X) CeO(X)

= A€ eO(X).
(¢)=(a): Let AC X and cl(A) = X.

ACX
} = e-cl(A) =cl(A)

X, 1) is e-space =ecl(Ad) =X
(X,7) is e-sp CZ(A):X} (4)

= e-cl(A) =X }

= AceO(X) [
(X, 7) is e-submaximal =AecT

(X, 7) is e-space

Definition 3.25 Let A and B be two subsets of a space X. Then, A and B are said to
be a-separated if AN a-cl(B) =0 and BN a-cl(A) = 0.

Theorem 3.26 Let A and B be two a-locally closed sets in a space X. If A and B are
a-separated, then AU B € aLC(X).

Proof. Let A and B be a-separated and let A and B two a-locally closed sets. We aim
to show that AU B € aLC(X).

AecalC(X)= (3P € aO(X))(A = PnNa-cl(A))
BealC(X)= (3Q € aO(X))(B=QNa-cl(B)) ; =
(U:=Pn(X\adc(B)))(V:=QN(X\acl(A)))

= (U,V € aO(X))(U Na-cl(A) = A)(V Na-cl(B) = B)
(UuV)Nna-cl(AUB)=(UUV)Na-cl(A) Ua-cl(B))
= (U,V € aO(X))(UNa-cl(A) = A)(VNa-cl(B) =B
(UuV)na-c(AUB) = (Una-cl(A))U (U nNa-cl(B)

= (U,V € aO(X))(UNa-cl(A)=A)(VNa-cl(B) =B
(UuV)na-c(AUB)=(Una-cl(A)U(UnNa-cl(B))U(VNa-cl(A)U(VNa-cl(B))

A 0 0 B
= (UUV €aO(X))(acl(AUB) € aC(X))((UUV)Na-cl(AUB) =AU B)
= AUB € alC(X). [ |

Lemma 3.27 Let X and Y be two topological spaces and A C X and B CY.
a) If A€ aO(X) and B € aO(Y), then A x B € aO(X xY),

U(V Na-cl(A)) U (V N a-cl(B))

~— —  — —
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b) If AcaC(X) and B € aC(Y), then A x B € aC(X xY).

Proof. a) Let A € aO(X) and B € aO(Y). We aim to show that A x B is a-open in
X xY.

A€ aO(X) = A Cint(cl(d-int(A)))
B € aO(Y) = B Cint(cl(6-int(B))) }
= A x B Cint(cl(5-int(A))) x int(cl(6-int(B)))
= int[cl(d-int(A)) x cl(d-int(B))]
= int(cl[d-int(A) x 0-int(B)])
= int(cl(d-int(A x B)))

Then, we have A x B € aO(X x Y).
b) Let A € aC(X) and B € aC(Y'). We aim to show that A x B is a-closed in X x Y.

A€ aC(X)= ADcl(int(6-cl(A)))
B e€aC(Y) = B 2 cl(int(d-cl(B )))}
= A x B D cl(int(5-cl(A))) x cl(int(o-cl(B)))
= cl[int(0-cl(A)) x int(5-cl(B))]
= cl(int[o-cl(A) x d-cl(B))])
= cl(int(0-cl(A x B)))
Then, we have A x B € aC(X xY). [ |

Theorem 3.28 Let X and Y be two topological spaces and A C X and B C Y. If
A€ alC(X)and B € aLC(Y), then A x B € aLC(X xY).

Proof. Let A € aLC(X) and B € aLC(Y). Our aim is to show that A x B is a-locally
closed in X x Y.

A€ alC(X)= (AU € aO(X))(IV1 € aC(X))(A=U1NV1) | Lemma &=z
B e aLlC(X) = (U3 € aO(X))(IV2 € aC(X))(B = Uy N Va) } -
= (U x Uz € a0(X))(Va x Vo € aC(X))(Ax B= (Ui NV1) x (Uz N Va))
(UinNW) x (UanVa) = (Up x U2) N (V4 XVQ)}
= (U1 x Uz € aO(X))(Va x Vo € aC(X))(A x B=(U; x Uz) N (V1 x Vo))
= AxBealC(X xY). [ |

4. Conclusion

In this article, we defined a new type of set, called a-locally closed, by utilizing the
notion of a-open and a-closed sets and investigated their fundamental properties. Also,
we obtained some characterizations of this new notion. Moreover, we compared the class
of sets with the existing ones in the literature. Furthermore, we proved some relationships
between this new notion and the other notions that existed in the literature and we also
gave several examples. We hope that this paper will stimulate further research on the
notion of locally closedness.
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