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1 Introduction

A publication showing there are solutions to differential equations established fixed-point theory in the sec-
ond quarter of the eighteenth century (Joseph Liouville, 1837). This approach was further improved as a
sequential approximation technique (Charles Emile Picard, 1890), and in the setting of complete normed
space, it was generalized as a fixed-point theorem (Stefan Banach, 1922). It presents the a priori and a
posteriori approximations for the convergence rate as well as a general way to actually determine the fixed
point. Additionally, it ensures that a fixed point exists and is distinct. This information is helpful for study-
ing metric spaces. Stefan Banach is acknowledged for developing fixed-point theory after that. Fixed-point
theorems allow us to guarantee that the main problem has been resolved, as has the existence of a fixed point
for a given function. In a large variety of scientific problems that are derive from many different branches
of mathematics, the existence of a solution is equivalent to the existence of a fixed point for a suitable mapping.

In 1989, Bakhtin [2] established the notion of quasi-metric spaces and established some results for con-
traction mappings. In 1993, Czerwik [!] established the concept of b-metric spaces and discussed several
fixed-point results. Eshaghi et al. [8] introduced the notion of orthogonal metric spaces and derived well-
known Banach fixed point theorem. Uddin et al. [27] established orthogonal m-metric spaces and solve the
integral equation. Eshaghi and Habibia [7] derived several fixed point results in the context of generalized
orthogonal metric space. Senapati et al. [23] established some new fixed point theorems in the context of
orthogonal metric spaces. In 1965, Zadeh [25] established the notion of fuzzy sets (FSs) to deal with those
problems that do have not any clear boundaries.
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In 1960, Schweizer [21] introduced the notion of continuous t-norm and worked on statistical metric spaces.
In 1975, the combination of metric spaces and FSs, named fuzzy metric spaces (FMSs), have been introduced
by Kramosil and Michlek [14]. In 1994, George and Veeramani [9] modified the notion of FMSs and gave
an interesting analysis of FMSs in 1997 in a research paper [10]. Deng [5] established the notion of fuzzy
pseudo-metric spaces and proved neumours results in the existence and uniqueness of a solution. Shukla
and Abbas [21] established the notion of fuzzy metric-like spaces as a generalization of FMSs. Hezarjaribi
[11] established the notion of orthogonal FMSs as a generalization of FMSs. Ndban [17] established the
concept of fuzzy b-metric spaces (FBMSs) and Jeved et al. [12] introduced fuzzy b-metric like spaces as a
generalization of FBMSs. The authors [22, 6, 20, 15] derived several fixed points results under some circum-
stances in the context of FBMSs. In 2004, Park [18] introduced the notion of intuitionistic fuzzy metric spaces
(IFMSs), in which he combined the notions of continuous t-norm, continuous t-conorm, FSs and metric space.

Rafi and Noorani [19], Sintunavarat and Kumam [25], Alaca et al. [I] and Mohamad [16] derived some
fixed point results for contraction mappings in the context of IFMSs. Konwar [13] introduced the notion of
intuitionistic fuzzy b-metric spaces (IFBMSs) as a generalization of IFMSs and derived fixed point results.
Baleanu and Rezapour [3] and Sudsutad and Tariboon [26] worked on fractional differential equations. In
this manuscript, we aim to toss the notion of orthogonal Intuitionistic fuzzy b-metric spaces (OIFBMSs) as
a generalization of IFBMSs. We provide some related fixed point theorems, including non-trivial examples
and an application. Some of the following notions are used throughout this paper, as CTN for a continuous
t-norm, CTCN for a continuous t-conorm and FP for fixed point.

2 preliminaries

In this section, we will discuss some important definitions that support our main result.

Definition 2.1. [2] Suppose = # ¢. Given a five tuple (£, G, H,*, A) where * is a CTN, A is a CTCN,
0 >1and G,H are FSs on Z x E x (0,00). If (£, G, H, *x, A) meets the below conditions for all w,k € = and
m, 7 > 0:

T X

(B1) G(w,k,7)+ H(w,k,7) < 1;

(B2) G(w,k,7) > 0;

(B3) G(w,k,7) =1 w=Kk;

(B4) G(w,k,7) =Gk, w,T);

(B5) G(w,e,0(t +m)) > G(w,k, 7) * G(k, e, II);

( (w,k,-) is a non decreasing function of R™ and lim, ,-G(w,k,7) = 1;
(

(

(

w,k,7) >
w,k,7) =0 w=Kk;
)

=

(

(
(w,k,7) = H(k,w,7);

(w,e,0(r + 7)) < H(w,k,7)AH(k, e, II);
H(w,k,-) is a non increasing function of R* and lim, oo H(w,k,7) = 1;

Then (2,G, H,*,A) is an IFBMS.
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Definition 2.2. Assume = # ¢. Let 1. € = x = be a binary relation. Suppose there exists wg € = such that
wo L wor w L wp for all w € =. Thus, E is known as orthogonal set (OS) and denoted by (Z, L)

Definition 2.3. Assume that (2, 1) is an OS. A sequence {w,} for n € N is known to be an O-sequence if
(VYn,wp, L wpy1) or (Vn,wpe1 L wy)
3 Orthogonal Intuitionistic Fuzzy b-metric Spaces

Now, we establish the notion of OIFBMSs and derive several FP results with non-trivial examples.

Definition 3.1. (2,G, H,*,A) is known to be an OIFBMS if E is a (non empty) OS, * is a CTN, A is a
CTCN, and G, H are FSs on = x Z x (0,00) verifying the below conditions for a given real number 6§ > 1:

(B11) G(w,k,7)+ H(w,k,7) <1 for all w,k € 2, 7 > 0 such that w L k and k L w;

(B12) G(w,k,7) >0 for all w,k € E, 7 > 0 such that w L k and k L w;

(B13) G(w,k,7) =1« w=k; for all w,k € =, 7 > 0 such that w L k and k L w;

(B14) G(w,k,7) = G(k,w,7) for all w,k € E, 7 > 0 such that w L k and k | w;

(B15) G(w,e,0(t +7)) > G(w,k,7) * G(k,e,II) for all w,k € Z, 7 > 0 such that w L k and k L w;

(B16) G(w,k,) is a non decreasing function of RT and lim,_..G(w,k,7) = 1 for all w,k € Z, 7 > 0 such
that w L k and k L w;

(B,7) H(w,k,7) > Ofor all w,k € Z, 7 > 0 such that w L k and k L w;

)
H(w,k,7) =0« w=k for all w,k € =, 7 > 0 such that w L k and k 1 w;
)= H(k,w,7) for all w,k € 2, 7 > 0 such that w L k and k | w;
w,e,0(t+m)) < H(w,k, 7)AH(k,e,II) for all w,k € =, 7 > 0 such that w L k and k | w;

H(w,k,-) is a non increasing function of R* and lim,_,o, H(w,k,7) = 1 for all w,k € Z, 7 > 0 such
that w L k and k 1 w;

Then (2,G, H,*,A) is an IFBMS.

Example 3.2. Let = = R and define 0 x 0 = 06, 0 A@ = min{o,0} and L by w L k iff w+k > 0. Let

1if w =k,
G(w,k,7) = . ) (1)
W otherwise.
and
0if w=k,
H(W7 k7 T) = { max{w,k} th . (2)
W otherwise.

for all w,k € 2,7 > 0 with a belong to odd natural numbers.
Proof. (B 1) — (B13), (B15) — (B19) and (B, 11) are obvious. Here, we prove (B 4) and (B, 10). (B,4):

for a random number 8 > 1, one writes

max{w, e}* < f[max{w,k}* + max{k, e}*]
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Thus,
7 max{w, e}* < (7 + m)m max{w, k}* + 0(7 + 7)7 max{k, e}“.

Consequently,
7 max{w, e}* < (7 + m)m max{w, k}* 4+ 0(7 + 7)7 max{k, e}* + 6(7 + ) max{k, e}*.

Thus,
7w max{w,e}* < 0(7 + 7)[r max{w, k}* + 7 max{k, e}* + max{w, k}* max{k, e}“].

one write
O(t+ )T+ 71rmax{w, e}* < O(7 +m)7m + 0(7 + 7)[r max{w, k}* + 7 max{k, e}* + max{w, k}* max{k, e}“].
Therefore,

O(1 + m)rm + 7w max{w, e}* < 0(r + m)[r7m + 7 max{w, k}* + 7 max{k, e}* + max{w, k}* max{k, e}*].

That is,
Tr[0(T + 7) + max{w, e}*] < 0(7 + 7)[7 + max{w, k}*|[r + max{k, e}“]
Hence,
O(r +m) - T
O(t + ) + max{w, e}* ~ [r + max{w, k}?][r + max{k,e}*]
O(r + ) T
> .
O(1 + 7) + max{w,e}* — 7+ max{w, k}
That is,

G(w,e,0(r + ) = Gw, k) * G(k, e, 7).
(B110): One writes

max{w, k}* max{k,e}* }

max{w,e}” = max{w, e}* max { max{w, k}*” max{k, e}

Then
k}« k,e}®
max{w,e}* < [0(7 + 7) + max{w, e}*] max { E:ﬁz: k{a , Zzz}k: 2& }
That is,
max{w, e}* < ma max{w, k}* max{k, e}*
O(t + 7) + max{w,e}* ~ N+ max{w,k}*” m + max{k, e}~
Hence,

H(w,e,0(r + 7)) < H(w,k,7)AH (k,e, ).
Now, we show it’s not an IFBM. Indeed, forr =7=1,w= -1,k = —% and a = 3, (B4) and (B10) fail. O

Example 3.3. Let = = R and define 0 x 0 = 06, 0 Af = min{o,0} and L by w L k iff w+k > 0. Let

1if w =k,
G(W7 k? T) - max{w,k}% -1
[e T } otherwise.
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and
0 if w =k,
H(w,k,7) =

max{w,k}%

-1
1-— [e r } otherwise.
for all w,k € =, 7 > 0 with « belong to odd natural numbers.

Proof. (B 1) — (B13), (B15) — (B19) and (B, 11) are obvious. Here, we prove (B;4) and (B 10).
(B14): for a random number 6 > 1, one writes

max{w, e}* < 0 [max{w,k}* + max{k, e}*].

Therefore,
T+

max{w,e}* <0 max{w, k}* + Thr max{k, e}*
m

T

Then

max{w,e}* max{w,k}* max{k, e}
< +
O(t + ) T T

Since, e% is an increasing function, one gets

max{w,e}® max{w,k}*  max{k.e}*
e 0(r+m) S e T - e ™
That is
—1
M max{w,k}a -1 max{k, }a -1
|:€ 0(T+m) :| Z {ef} . {6%] .
Hence,

G(w,e, 0(t+m)) > G(w,kr) * G(k, e, ).

(B110): For a random 6 > 1, we write

max{w, e}* < max { max{w,k}* max{k, e}a} '

O(r + ) T ’ 7r
That is,
max{w,e} max{w,k}< max{k,e}¢
e f0+m < max {e T ,e } .
Then,
aq—1 _ _
max{w,e} max{w,k}?% 1 max{k,e}® 1
[e o(r+m) ] > max { [e T } , [e ™ } .
That is,
max{w,e}< -1 max{w,k}% -1 max{k,e}® -1
1—|e 0G+m < max 1—[@ T } ,1—{@ 7 ] .
Hence,

H(w,e,0(t +7)) < H(w,k,7)AH (k,e,m).Vw,k, e € E,Vr,m > 0.

Now, we show it’s not an IFBM. Indeed, for 7 =7 =1,w = —1,k = —1,e = —2 and a = 3, (B4) and (B10)
is not satisfy. ]
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Example 3.4. Let = = R and define 0 x § = 06,0A0 = max{c,0} and L by w L k iff w4+ k > 0. Suppose

7 + min{w, k}*

Glw,k,7) = 7 + max{w, k}2

()

and
7 + min{w, k}*

7 + max{w, k} (6)

for all w,k € 2,7 > 0 with a belong to odd natural numbers. Here, (Z,G, H,*, A, 1) is an OIFBMS. It is
not an IFBMS. Indeed, if it is the case, from (B4),

H(w,k,7)=1-

0(T + m) + min{w, k}* STt min{w,k}* 7+ min{w, k}
O(1 + 7) + max{w,k}* = 74+ max{w,k}* 7+ max{w,k}*

and from case (B10)

L O(17 + 7) + min{w, k}¢ < LTt min{w, k}* 7 + min{w, k}*
- max |1 — -1 -

O(t + ) + max{w,k}* — 7 + max{w, k} 7 4+ max{w, k}
Then by taking w =k,e = -2 and a = %, the above inequalities are not satisfied.

Remark 3.5. Every IFBMS is an OIFBMS, but the converse is not true. The above examples confirm this
reverse statement.

Definition 3.6. An O-sequence {w,} is an OIFBMS (Z,G, H,*, A, 1) is called an orthogonal convergent
(O-convergent) to w € =, if
lim G(wy,,w,7)=1,Vr >0,

n—oo

and
lim H(wp,w,7)=0,Y7 >0,

n—oo

Definition 3.7. An O-sequence {w,} is an OIFBMS (=, G, H, *, A, 1) is known to be an orthogonal Cauchy
(O-Cauchy) if

lim G(wy,,w,7) =1,
n—0o0

and

lim H(w,,w,7) =0,
n—o0

forall 7> 0,p > 1.

Definition 3.8. Let { : = — Zis L-continuous at w € = is an OIFBMS (£, G, H, x, A, 1), whenever for each
O-sequence wy, for all n € N in = if lim,,_,o0 G(Wy, w,7) = 1 and lim,,_oc H(wy, w,7) = 0 for all 7 > 0, then
limy, o0 G(EWy, Ew, 7) = 1 and limy, oo H(Ewy,,Ew,7) = 0 for all 7 > 0. Furthermore, £ is L-continuous on =
if £ L-continuous at each w € Z. Also, £ is |- preserving if éw L £k, whence w L k.

Definition 3.9. An OIFBMS (£, G, H,*, A, 1) is known to be orthogonally complete (O-complete) if every
0O-Cauchy O-sequence is O- convergent.

Remark 3.10. It is necessary that the limit of an O-convergent O-sequence is unique in an OIFBMS.

Remark 3.11. It is necessary that the limit of an O-convergent O-sequence is O-Cauchy in an OIFBMS.
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Lemma 3.12. If for some v € (0,1) and w,k € E|
Gw,k ) 2 G (wk =) 7 >0,
v
and .
H(w,k,7) < H (W,k7 7) ,T >0,
v

then w = k.
Proof. The proof is follows from [8]. O

Definition 3.13. Suppose (Z,G, H,*,A, 1) be an OIFBMS. A mapping £ : = — E is an orthogonal con-
traction (L-contraction) if there exists ¢ € (0,1) such that for every 7 > 0 and w,k € = with w L k, we
have

G(§w, gk, om) = G(w, k, 7), (7)

H(¢w, &k, o1) < H(w,k, 7). (8)
Theorem 3.14. Let (£,G, H,*, A, L) be an O-complete IFBMS such that

lim G(w,k,7) =1,
T—00

and
lim H(w,k,7) =0.

T—00

1]

for all w,k € Z. Suppose £ : Z — E be an L-continuous and L-preserving mapping. Thus, £ has a unique
FP, say w, € E. Furthermore,
lim G(&"w,k,7) =1,

T—00

and

lim H({"w,k,7) =0.

T—00

for all w, k € E.

Proof. Let (2,G,H,*,A, L) be an O-complete IFBMS, there exists wg € Z such that wo L k for allk € =,
that is, wo L Ewg. Take w,, = £"wo = Ewp—1 for all n € N. Since £ is L-preserving, {w,} is an O-sequence.
From assumption that £ is an 1 -contraction, we have

G(Wn+17 Wn, QT) = G(éwna gwnfla QT) > G(an Wn—1, 7_)
for alln € N and 7 > 0. Note that G is non-decreasing on (0,00). By utilizing above inequality, we have

G(Wn—Ha Wn, T) > G(Wn+17 Wn, QT) = G(£Wn+1u §Wn, QT) > G(Wn’ Wn—1, T)

- G(fwn—lggwn—Q, 7_) Z G (Wn_l,Wn_Q, ;) Z s 2 G <W17W07 ;) (9)
for alln € N and 7 > 0. Thus, from (9) and (B4), we deduce
T T
G(Wm Wntm, T) >G (men+1a 5) *G (Wn+1a Wn+m, 5)

T T T T
ZG Wn7Wn+1a§ *G Wn+1awn+27ﬁ *G Wn+2awn+3vﬁ **G Wn4+m—1 Wn+m, 9n+m
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T T T T
Z G <W1,W0, 9@") * G (Wn+1,Wn+2, 02@”) * G <Wn+2,wn+3, 93@"> k oo ek G (Wn+m—1,Wn+m, W)

(10)
We know that lim, o G(w,k,7) =1, for all w,k € = and 7 > 0. So, from (10), we have
li_}m G(Wny, Wpam,T) > 1k ls---x1=1. (11)
Similarly,
H(Wn+17 W, QT) - H(fwn, an—lg QT) S H(WTM Wn—1, T)
for allmn € N and T > 0. By utilizing above inequality, we have
H<W’n+17 Wn, T) S H(Wn+17 Wn, QT) = H(§Wn+17 §W7L7 QT) S H(W’ru Wn—1, T)
T T
=H(Ewy_1,wWy 2, 7) < H <Wn—17Wn—27 > <..- < H | wi,wo, n) (12)
0 0
for alln € N and 7 > 0. Thus, from (12) and (B10), we deduce
T T
H(Wna Wn+m, T) <H (Wna Wn+1, 5) AH (Wn+1a Wn+m, 5)
T T T T
<H (WnaWner 5) AH (Wn+1,Wn+2, ﬁ) AH (Wn+2,Wn+3, ﬁ) A---AH (Wner*laWnerv W)
T T T T
< H | wi, wo, @ AH | Wnt1, W2, W AH | Wn2, Wny3, W A AH | Wngm—1, Wngm, W
(13)
We know that im,_,oo H(w,k,7) =0, for all w,k € E and 7 > 0. So, from (13), we have
lim H (W, Wontm,7) < 0AO0A --- A0 = 0. (14)

T—00

So, {wyn} is an O-sequence. The O-sequence. The O-completeness of the IFBMS (Z,w,k,x, A, 1) ensure
that there exists w. € E such that G(wp, ws,7) — 1, and H(wy,,w.,7) — 0, as n — 400 for all 7 > 0.
Now, since & is an L-continuous mapping, G(Wn11,EWs, T) = G(EWpnt,EwWs,7) = 1 and H(Wp41,EWs, T) =
H(éwpy,Ewy,7) = 0 as n — +00. Now, we have

G(ws, Wi, 7) > G (W*,Wn_H, %) * G (Wn+1,§w*, %) ,

T T
H(wy,Ew,,7) < H (W*,Wn+1, 2—9) AH (wn+1,£w*, %) .
Taking limit as n — 0o, we get G(Wy,Ewy, 7) = 1x 1 =1 and H(wy, Ews,7) = 0A0 = 0and hence Ew, = wi.

Uniqueness:
Let w, and ky be two FPs of & such that w, # k.. We have wog L w, and wo L k.. Since T is L-preserving,
we have Ewy L "w, and §"wo L k. for alln € N. So from (7), we can drive

G(anOa énwﬂw 7—) > G(énwf)? gnw*’ QT) > G <W07 Wiy ;a)

and

Y2

G(fnwo, gnk*v 7—) > G(fnw(]v §nk*a QT) > G <W0’ k*7 !;)
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Therefore,
G(W*vk*vT) = G(g W*vg k*aT) G (5 WU?& W*a%) * G <§ W0a€ k*a 20)

ZG<W07W*7 ) <W07 *7297-77/) —1
0

as n — oo So from (8), we can derive

H(énWO, gnw*v 7—) < H(é.nWOa énwﬂw QT) < H <W07 Wi, 7;)
0

and
H(ﬁnWm gnk*v T) < H(gnw(b gnk*v QT) < H <W07 k*a ;)

Therefore,
_
e < n n n
H(wy, ke, 7) = H(E"W,, £k, 7) < (g wo, & W*,—%)) *H(§ wo, & k*,—ze)

H
-
<H <W0>W*7 ) (WOa *’29Q"> -0

as n — 0o So, w, = Kk, hence wy is the unique FP.

Corollary 3.15. Suppose (2,G, H,x, A, 1) be an O-complete IFBMS. Assume & : E — E be L -contraction
and L -preserving. Assume that if {w} is an O-sequence with w, — w € =, Then w L w,, for all n € N.
Then & has a unique FP, say w, € =, Moreover, lim,, oo G(£"wW, Wy, 7) = 1 and lim,_,c H(£", w,w,,7) =0,
for allw € Z and 7 > 0.

Proof. Follows from Theorem 2.1 that w, is a O-Cauchy O-sequence and so it O-converges to w, € Z.
Hence w, L wy, for alln € N from (7), we have

G(gw*awnJrlaT) = G(gW*,an,T) Z G(gW*,EWn,TQ) 2 G(W*7WTL77-)

and

lim G(Ewy, wpi1,7) = 1.
n—o0

Then, we can write

G(ws,Ewi,7) > G (W*,£Wn+]_, %) * G (Wn+1,§w*, %)

Taking limit as n — 400, We get G(wy,Ew,,7) =1x1=1
and from (8)
H(£W*7W’n+177—) = H(ﬁw*,fwn,T) S H(£W*7§Wn77—g) S H(W*7WTL7T)

and
lim H(éwy, Wpt1,7) = 0.

n—o0
Then, we can write

H(wy, Ew,,7) < H (w*,gwnﬂ, 29> AH (Wn+1 EWy, %)

Taking limit as n — +oo, We get H(wy, Wy, 7) = 0A0 = 0, So {w, = wy. Next follows from Theorem 3.13.
O
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Example 3.16. Let = = [-2,2]. We define L by

wilkowtke{ wll k| (15)
1if w =k,
G(W7 ky T) - max{w,k}& -1 (16)
[e - } otherwise.
and
0if w=k,
H(W, k, T) = max{w,k}< (17)

-1
1-— [e B } otherwise.
for all w,k € 2,7 > 0 with 0 x0 = 0-6 and 0 Af = max{c,0}. Then (£, G, *, A, 1) is an O-complete IFBMS.
Define £ : = — = by
Y ifw e [<2,0
gw) = { IV E 20 (13)
0, if w € (0,2].
Then the below cases fulfilled:
1. if w € [-2,0] and k € (0,2], then {(w) = ¥ and {(k) =0,
2. if w,k € [-2,0], then &(w) = ¥ and (k) = &
3. if w,k € (0,2], then {(w) =0 and {(k) =0,
4. if w € (0,2] and k € [—2,0], then {(w) = 0 and {(k) = %,

This is easy to see that £((w))+&(k) € {| £(w) |,] £(k) |}. Hence, £ is L-preserving. Let {w,,} be an arbitrary
O-sequence in E that {w, } O-converges to w € =. That is

=

|: max{wn ,w} i| -1
e

lim G(wy,,w,7)= lim =1,

n—o0 n—oo

lim H(wp,w,7)=1— lim [emax{wfmw } ' = 0.
n—oo n— o0

We can easily see that if lim, oo G(wp, w,7) = 1, then lim,,_,oo G({Wp, Ew, 7) = 1, and if limy,, o0 H (Wy, w,7) =

0, then lim,,—,oo H({wp, Ew, 7) = 0, for all w € = and 7 > 0. That is, £ is L-continuous. if w = k, then it is

obvious. Suppose w # k, then there are following four cases for o € [%, 1):

Case 1) if w € [-2,0] and k € (0,2], then {w = § and {k = 0. Here,

[w]a -1 max{w,k}% -1
G(&wn, Ew, o1) = G(%,O, oT) = [e o ] > {e = } = G(w,k,7),

[%]a max{w,k}%

w -1 -1
H(gwgw.or) = HC0.0m) = 1= [ | 1= [*5] 7 — H ko),

4
Case 2) If w,k € [-2,0), then éw = ¥ and ¢k = %. We have

e~ =

max{%’r,% “1! max{w,k}% -1
G(ﬁwn,ﬁw, QT) = G(%7 ,QT) = [e o = [e {T B } = G(Wa k, T)a
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W k max{%’%}a ! max{w,k}% -1
H(ngMEW,QT):H(szaQT)zl_ e er <1l- |:€ T } :H(vaaT)a

Case 3) If w,k € (0,2], then éw = 0 and £k = 0. Here,

max{w,k}%
T

Glew, €k, o7) = G(0,0,07) = ¢ > |6 | =k,

max{w,k}%

H(gw, €k, 07) = H(0,0,07) =1 —¢® < 1 — [ef}_l = H(w,k,7),

Case 4) If w € (0,2] and k € [-2,0], then {éw =0 and &k = %. We have

aq—1
k M max{w,k}<
G(&w, &k, o1) = G(0,—, o7) = | e {e b

~1
T } =G(w,k,7),

1 >
- e -1
k max{O,Z} max{w,k}% -1
H(gw, €k, or) = H(0, 3, 07) =1~ | = <1- [T = Hiwkn),
From all the above cases, We obtain that
G(&w, &k, om) > G(w, k, 7), (20)
Hence, £ is an orthogonal contraction. But, ¢ is not a contraction. In fact, let w = —1 and k = —2 and

a = 3, then

max{z,% a1
G(&w, &k, oT) = |e et >1,

max{%,% a7l
H(¢w, &k, om)=1— e er <

Which is not true. Hence, all assumptions of Theorem 3.13 are fulfilled and 0 is the unique FP of £. Also,
G(w,w,7) = G(0,0,7) =€’ =1,¥7 >0 (21)

and
H(w,w,7) = H(0,0,7) =1—¢" =07 >0 (22)

Theorem 3.17. Suppose (£,G, H,*,A, L) be an O-complete IFBMS such that lim;_,o, G(w,k,7) = 1, and
limy oo H(w,k,7) = 0,Vw,k € Z and 7 > 0. Suppose £ : = — = be L-continuous, L-contraction, and
1 -preserving. Suppose o € (0, %) and T > 0, such that

G(&Ew, &k, o7) > min{G(¢w,w, ), G(&k, k, 7)} (23)

NN

for all w,k € E,7 > 0. Then & has a unique FP, say w. € Z. Moreover, lim, o, G(§"w,w,,7) = 1 and
limy, 00 H(§"W, Wy, 7) =0 for all w € E and 7 > 0.
Proof. Let (Z,G,H,*,A, L) be an O-complete IFBMS, There ezists wg € Z such that

wo L kvk € 2 (25)
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Therefore, & is L-preserving, and {wy} is an O-sequence. We have
G(Wn-i—la n, T) Z G(Wn+1u n, QT) = G(an, EWn—lv QT) Z mil’l{G(an, n, 7—)’ G(an_l, Wn—1, T)

H(Wn+17 1, T) S H(Wn+1, n, QT) = H(fwn, éwn—h QT) S mln{H(§Wn7 n, T>7 H(éwn_l, Wn—1, T)

Two cases arise.
Case 1: If G(Wp41,0,7) > G(EWp, Wy, T), then

G<W'ﬂ+17wna 7_) Z G(Wn+17 Wn, QT) 2 G(fwnywm 7_) - G(Wn+17 Wn, T)

and
H(Wn+17wn7 T) S H(Wn-‘rlaWn? QT) S H(gwnawn77—) - H(Wn+17wn7 T)

Then, by Lemma 3.12, wy, = wWpy1 for alln € N
Case 2): If G(Wp41,10,7) > G(EWp—1,Wpn—1,T), then

G(Wn—I—l; Wn, T) > G(Wn+17 Wn, QT) > G(fwn—ly Wn—1, T) > G<Wm Wn—1, T)
and H(wp41,0,7) < H(EWp—1,Wpn—1,T), then
H(Wn—i-l’ Wn, 7—) < H(Wn+17 Wn, QT) < H(fwn—1, Wn—1, T) < H(Wn7 Wn—1, 7-)

for alln € N and 7 > 0. By utilizing Theorem 3.13, we have an O-Cauchy sequence. Since (E,G, H,*, A, 1)
is complete, there exists wy € =, such that

le G(Wp, W, T) =1, (26)
and
1i_>m H(wp,wy,7) =0, (27)

for all T > 0. Science,& is an L-continuous, We have

i G(Wt1,We, 7) = G(EWn, Ew, ) = 1,

and
lim H(Wn—I—la Wi, T) = H(fwn, éw*7 T) = 07

n—oo

Next, we examine that w is a FP of §. Let 71 € (00,1) and 79 = 1 — 71. then

G(Ews, Wy, T) > G (£W*,Wn+1, %) * G <§Wn+1,w*, %) ,

=G <§W*,§Wn, %) * G (fwn+1,W*, %) )

) TT T T
> min {G <§W*,W*, Q91> x* G <§Wme 902> } x G ({Wm-hw*, 72>
TT1

. TT TT
= min {G <§W*,W*, Q9> x G (fwn+1,wn, 992> } * G (fwn+1,w*, 72>

Taking n — oo, We get

G(EWs, Wy, T) > min{G <§W*,W*, 7‘7;) ,1} x1,
0
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G(Ewy, W, 7) > G (fw*,w*, g) T>0,,

e H(¢w,,wi,7) < H <§W*,Wn+1, %) AH (an+1;W*7 %) )
=H <§W*,§Wn, %) AH (§Wn+1,W*, %) )
o 3) 0 )} )

=min < H | Ew,, Wy, T\ Al EWnt1, W, ER NN (fwn_H,W*, @)
00 00 0
Taking n — oo, We get

H(éwy,wy,7) < min{H <§W*,W*, TT;) ,O} x 0,
o

H(éwy,wy,7) < H (fw*,w*, Z) T>0,,
v

There is v = i—f € (0,1), and by utilizing Lemma 3.12, we get Ewy = Wi
Uniqueness : Suppose w, # ki are two FPs of £&. We get wo L w, and wo L k.. Therefore, since £ is an
L-preserving, we have £"wqy L £"w, and £"wo&™ L k. for all n € N. we can write

G(gnw()) é—nw*’ 7_) > G(gnwo’ gnw*a QT) > min{G(gnW()v wo, T)7 G(é.nw*v W, 7_)}7

and

G(anO, (gnk*’ T) Z G(gnw()? gnk*a QT) Z min{G(gnW07 W07 T)7 G(Enk*a k*7 7_)}7

Hence, we write that

G(W()a k*7 T) = G(gnw*v gnk*v T) 2 min {G <£nw*7 Wi, T> 7G <§nk*7 k*a T> } ’
e e
and
H(é.nw(b fnw*v T) S G(gTLWO, gnw*v QT) S min{H(ﬁ"wo, W07 T)7 H(gnw*7 W*7 T)}v

and
H(&"wo, & ks, 7) < H(E"wo, & ky, 07) < min{ H ({"wo, wo, 7), H({ ks, ke, 7) },

Hence, we write that

H(Wo,k*,’?’) = H(gnw*agnk*’T) S Hlln{H <£nw*7w*, T) 7H <€nk*>k*’ T) } ’
0 0

for all T > 0. Thus, wy, = k. O

Corollary 3.18. Suppose (2,G, H,*, A, L) be a complete OIFBMS and £ : = — = be an L -continuous and
1 -preserving. Let o € (O, %) for all T > 0,with

G(&w, &k, o7) > min{G(¢w, w, ), G(&k, k, T),
H(&w, &k, o1) < min{H (§w, w, 1), H(Ek, k, 7).

Then, £ has a unique FP. Furthermore, lim,_ oo G(£"W,w,,7) = 1 and lim,_,oc H({"w, w,,7) = 0, for all
wE = and T > 0.
Proof. It is obvious from Theorem 3.14 and 3.17 U



14 Uddin F, Saeed M, Ahmed K, Ishtiaq U, Sessa S. Trans. Fuzzy Sets Syst. 2024; 3(2)

Example 3.19. Suppose = = [-2,2] and by L by w L k< w4+ k > 0. Define G and H by

1 ifw =k,

G(w,k,7) = - . (28)
T (WK otherwise
0 ifw = k,

H(W, k, 7—) = { max{w,k}“ h . (29>
W otherwise

for all w,k € Z and 7 > 0, with 0 0 = 0 - 0 and 0 Af = max{o, 0}, Then (E,G, H,*, A, 1) is an O-complete
IFBMS. Note that lim, . Gw,k, 7 =1 and lim,,_,o,o Hw,k, 7 = 0. Define £ : = — = by
i we [-2.5],
§w)=q1-w, we (3,1, (30)
w— 3, we (1,2].
There are following four cases:
L If w,k € [-2, 2] then {(w) = ¥ and £(k) = £
2. If w,k € (%,1] then {(w) =1—w and {(k) =1—k.
3. If w,k € (1,2] then {(w) = w — £ and £(k) =k — 1.
4. If w, e

2 }andke(% 1] then &(w) = ¥ and (k) =k — 1.

2
’3
5. If w, € 2,§]andke( 2] then &(w) = ¥ and (k) =k — 1.

-
-

6. Ifwe(%,l] and k € ]thenﬁ(w)zl—wandf(k):k—%.
(

DJ\[\D

7. If w,€ (1,2] and k € (2,1] then £(w) =w — 3 and {(k) =1 — k.

]
8. If w € (1,2] and k € [—2, 2] then £(w) = w — & and {(k) =

( i
9. If we (2,1] and k € [-2,2] then {(w) =1 —w and (k) = &.
Because w L k < w+k > 0, it is clearly implies that {éw + k > 0. that is, £ is L-preserving. Suppose {w,}
be any O-sequence in = that O-converges to w € =. We get

lim G(wy,w,7) = lim T =1, (31)

n—00 n—oo T + maX{Wn, W}

max{w,, w}>

nh_)ngO H(an w 7—) - nll_{l(;lo T+ maX{Wm W}

Note that if G(wy,,w,7) = 1 and H(wy,,w,7) = 0, then G(¢w,,éw,7) = 1 and H(wy,&w,7) = 0 for all
7 > 0. that is, £ is orthogonal continuous. For w = k, it is obvious. Assume w # k. We get

=0, (32)

G(&w, &k, o) > min{G(¢w, w, 7), G(&k, k, 7)}

It fulfilled above all cases. Now, we show that £ is not a contraction. Suppose

min{G(¢{w,w, 1), Gk, k, 7)} = G(Ew, w, T)
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min{H (§w,w,7), H(Sk, k,7)} = H(Ew, k, 7).

then for w = —1 and k = —2, we have
64
G(&w, €k, o) = = >
or +max {¥ & 6401 — 1
3
max { ¥,k -1
H(ew, ek, or) = — 2D

gT—l—maX{%,% 3 6dor—17 7

Which is not true. That is, all assumptions of Theorem 2.2 are fulfilled, and 0 is a unique FP of &.

Definition 3.20. Suppose (Z,G, H,*, A, L) be an OIFBMS. A mapping £ : £ — E is called a fuzzy 60— 1-
contraction if their exists p € (0, 1) such that

1 1
G(ﬁw,ﬁhf)_lgg[(}(w,m_l] (33)

H(¢w, &k, 7) < oH(w,k, 7) (34)
for all w,k € = and 7 > 0. Where g is said to be an IFB-_1-contractive constant of &.

Theorem 3.21. Suppose (£,G,H,*, A, L) be an OIFBMS. Such that

li_)m G(w,k,7)=1, (35)
lim H(w,k,7) = 0,Yw,k € Z. (36)

Assume a mapping £ : = — = be a L-continuous, IFB-1-contraction and L -preserving mapping. Thus, £ has
a FP, callv € E. Moreover, G(v,v,a) =1 and H(v,v,a) =0 for all o > 0.

Proof. Suppose (2,G,H,*,A, L) be an O-complete IFBMS. For any point wog € Z, wo L k, for allk € =.
That is, wo L Ewg. Consider w, = £"wog = Ewp—1 for all n € N. Therefore, £ is L-preserving and {wy,} is
an O-sequence. If w, = wy,—1 for some n € N then w, is a FP of £&. We suppose that w,, # wpn—1 for all
n € N. For all 7 >0, n € N and utilizing (9), we have

1 1 1
—1= —1<p|——"--1
G (W, W t1,7) G(&wn 1, &wm ) = 2| Glwn1,w,7)

H (Wi, Wi, 7) = H(EWn—1,EWn, ) < 0H (Wp—1, Wy, 7).
We have
1 B 0

_ 0 L (1-g)¥r>0
G(Wn7 Wn+1, T) G(W’ﬂ—lv Wn, T) ( Q)

0
G(EWn—2,6Wn_1,7)

Continuing in this way, we get

+(1—-90) <

Govn a1 Tel-o+ o)

n
0 < 4

G(Wn, Wnt1,7) — G(Wo, W1, T)

+o" T (1 —0)+ 0" (1 - o)+ +ol—0)+ (1 - o)

4

I n—1 n—2 1D(1 =
_G(W07W177)+(@ +0" "+ (1 - o)
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Y2

4

= Gow, v H7

We have

1
- < G(Wp, Wnt1,7),Y7T >0,n €N (37)
G(Wog,wl,‘r) + (1 - Qn)
and

H(Wn7 Wn+1, T) - H(EWn—ly §W7’L7 7—) S QH(Wn—17 Wn, 7_) - QH(an—Z, an—la T)

< 0*H(Wp_9,Wpn_1,7) < --- < 0"H(wo, w1, 7)V7 > 0,n € N (38)
Now, form >1 and n € N, we have

T T

G(Wn, Wngm,T) > G <Wn,Wn+1’ 5) e (W’Vl-f—lawn—‘rm, 5)

T T T
>G (Wm Wn41, 5) *G (Wn+1> Wn+2, @) * G (Wn+2a Wn+m, ﬁ)
Again, continuing in this way, we get

T T T
G(Wn, Wnim,T) 2 G (Wn,Wn+17 5) * G (Wn+1,Wn+27 ﬁ) *eok G (Wn+m—17wn+m7 W)

and
-

-
H(WnaWnera T) <H (WTL7W7L+17 5) AH (Wn+1awn+m7 5)

T T T
<H (Wna Wn41, 5) AH <Wn+1, Wn42, ﬁ) AH (Wn+2a Wn4m, 972)

Continuing in this way, we get

-
0
By utilizing (37) in the above inequality, we get

T T
H(Wn7wn+m7 T) <H (Wny Wn+1, ) AH <Wn+17 Wn+2, ﬁ) A---AH (Wn+m—17 Wn+m, W)

1 1
G(Wny Wngm, T) > o ! n (1 ~ o) * * e

G(wo,w1,5

1
) + (1 _ Qn—l-m—l)

=
G<W07W179m7,1

Qn+m— 1

S 1 1 1
- gn n+1 n+m—1
S S G a— | — — —+1
G(wo,wu?) G(wo,w1,6l2> + G(wo,whgm%l) +
Also, using (38), we have
T T T
H(menﬂnT) <H (men—l—la 5) AH (Wn+1,Wn+27 @) A---AH (Wn+m—1,Wn+m, 707”_1)

As o € (0,1), we have limy, o0 G(Wy, Wptm,T) = 1 and limy,_oo H(Wp, Wpim,7) = 0 for all 7 > 0, m >
1. Therefore, a sequence {w} is an O-Cauchy in (2,G,H,*,A, L) is complete, and we have & is an 1-
continuous, there exist v € = such that

lim G(wyy1,v0,7) = li_>rn G(&wn, v, 7) = 1,Y7 > 0, (39)

n—oo
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lim H(wp41,v,7) = lim H(Ew,, v, 7) = 0,Y7 > 0, (40)
n—oo n—oo

Now, we show that v is a FP of . By utilizing (33), we have
I s N Y I
Gew,ev,r) = Glwnenn) | T Glwenr)

That s,
1

@WﬁVﬂ+1—9
Using the above inequality, we obtain

G, év,7) > G <V> Wnt1, 219) *G (W"H’gy 29)

(an,fV 7).

:G<1/ Wn+1,29>*G<§Wn,§y )

4
ZG<VWn+1720) G(WHJJ,QLQ)'F].—Q

and
H(w,v,7)=H(¢w, v, 7) < oH(w,v,7) < H(w,v,T)

=H (w Wntl, 6) AH (fwn,fw, )

< H( s Wn+1, )A H( ns W 7)
=AW Wt 5g ) 205 Wna Wogg
Taking limit as n — oo and using (39) and (40) in the above expression, we get G(v,&v,7) = 1, that is,
&v =v. Therefore, v is a FP of §,and G(v,v,7) =1 and H(v,v,7) =0 for all T > 0. O
Corollary 3.22. Suppose (E,G,H,*, A, L) be an O-complete IFBMS such that limpioeo G(w,k,7) = 1 and
limy,to00 H(w,k, 7) =0, for all w, .,k € Z and & : Eto= satisfy
1 1
. <ol
Gerw, e, r) ¢ {G(w, k, 7) }
H(&"w, "k, 1) < oH(w,k, T) (42)
foralln € Nyw, k € 2,7 > 0,where 0 < 9o < 1. Then & has a FP, sayv € Z and G(v,v,7) =1, for all 7 > 0.

Proof. v € Z is a unique FP of £ by utilizing Theorem 3.22, and G(v,v,7) = 1, for all T > 0. &v is also a
FP of £"(&v) = &v from Theorem 3.22, v = v. Hence, the FP of £ is also a FP of £". O

Example 3.23. Suppose = = [—1,2] and define L by w L k < w+k > 0. Define G, H as in Example 3.4
with a = 3,

(41)

7 + min{w, k}?
7 4+ min{w, k}3

G(w,k,7) = Yw, ke Z,7 >0, (43)

and

7 + min{w, k}?
7 + min{w, k}3
with 0 x 0 = o -0 and 0cAf0 = max{o,0}, then (E,G,H,*,A, L) is an O-complete IFBMS. see that
lim; 00 G(w,k,7) = 1 and lim,_, o H(w,k,7) =0 for all w,k € Z. Define £ : = — = by

H(w,k,7)=1-— Yw,ke =, 7> 0, (44)

2—-wwe[-1,1),

1wel[l2), (45)

G(w,k,7) = {

We have the following four cases:



18 Uddin F, Saeed M, Ahmed K, Ishtiaq U, Sessa S. Trans. Fuzzy Sets Syst. 2024; 3(2)

1. if w,k € [-1,1) then éw =2 — w and £k = 2 — k,
2. if w,k € [1,2] then éw = ¢k =1,
3. ifw,e [—1,1) and k € [1,2] then éEw =2 — w and &k =1,
3. if w,e [1,2] and k € [-1,1) then éw =1 and {k = 2 — k,
Because w L k < w+k > 0, it is clearly implies that {(w) + £(k) > 0. That is, £ is L-preserving. Suppose

{wn} be any O-sequence in = that O-converges to w € E. we get

. k 3
lim G(w,k,7) = lim 7 & min{w, k}
n00 n—oo T + min{w, k}3

=1vVw, ke = 7> 0,

and

. k 3
lim H(w,k,7) =1 — lim L indw, k)
n—co n—oo 7 + min{w, k}3

=0w, ke Z, 7> 0,

we can easily see that if limy,_,oc G(Wn, w,7) = 1, and lim,,—oc H(wy, w,7) = 0, then lim,,_,oc G({Wy,, Ew, T) =
1 and limy, 00 H (§Wn, Ew, 7) = 0 for all 7 > 0. That is, £ is orthogonal continuous. For w = k, it is obvious.

1 1
- 1<l
Glew k) ¢ [G(w,km) ]
H(¢w, &k, T)leqoH (w,k, T).
All conditions of Theorem 3.21 are satisfied and 1 is a FP of &

4 An Application to an Integeal Equation

Let 2 = C([o,0],R) be the set of all continuous real valued functions defined on [0, #]. Now, we consider the
Fredholm type integral equation of fiest kind:

/Fny n)kj, for n,j € [o,0] (46)

Where, F' € Z. Define G as in Example 3.2, That is

1if w =k,
G(w(n),k(n),7) = sup max{w(n) k(n)}* ]~ 1 _ (47)
n€lo,6] [e B } otherwise,
and
0if w=Kk,
H(w(n),k(n),7) = sup masc{w(n) k(m}* ]~ . (48)
nelo,d] | 1 — [e r } otherwise,

for all w,k € Z and 7 > 0. Then (Z,G, H,*, A, 1) is an O-complete IFBMS.

Theorem 4.1. Assume that max{F(n,j)w(n), F(n,7)k(n)} < omax{w(n),k(n)}for w,k € Z,0 € (0,1) and
1,7 € lo,0]. Also, consider fo_e kj = 1. Then the Fredholm type integral equation of first kind in equation (46)
has a unique solution

Proof. Define : = — =

by w(n) = f: F(n,75)w(n)ky, for n,j € [0,0]. Define Orthogonality as: w(n) L
k(n) < w(n)k(n) € {\W( ), [k(n)

|}. We see that w(n) and Ew(n) belong to E. So, observe that if w(n) L k(n),
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then must be Ew(n) L Ek(n). Observe that the existence of a FP of the operator £ is equivalent to the existance
of a solution of the Fredholm type integral equation (46). Now, for w(n) = k(n), the contraction condition
holds. While for w # k, We have

kme ] L
Glewr. gk, or) = |

oT

[ max{ 8 F(n,5)w(mkj, [ F<W>k<’7)kj}a] i
e

oT

[ (f(f max{F(Uvj)W(U)kj;F(U;j)k(">kj})a ] -
e

oT

[ (s2 max{w(n)kj,kw)kj})“] -
(&

oT

[ (e max{w(n)kj,k(n>}>a(f09 kj)a ] -
€

(max{w(n)kjk(m) D } -1

and
max{w(n) k(n)}® } -1

H(gw(n), &k(n), o) = 1 — [ :

oT

[ masc{ [ F(n.yw(mks 2 Pk }* ] 71
=1-—le

oT

(12 max{F (n.5)w(m)ki, F(n,)k(mki}) " | ~
1—|e

<1-

oT

[ (42 mas{winiej k(n)ei}) ™ ] !
e

oT

<1-— sup

(emax{w(nigkmh® (42 1)* ]
(&
n€lo,6]

(max{w(mlkjkmp* 7 =1
=1— sup [e T ]
nelo,0]

= H(w(n), k(n),7),

Hence, £ is an L-contraction. Let {wy} be an O-sequence in Z O-converging to w € E. Because £ is an
L -preserving, then {Ew,} is an O-sequence for each n € N. We have

G(&wn(n), &w, 07) = G(wn(n), w(n),T) (49)
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and
H(&wn(n),&w, o7) < H(wn(n), w(n),7) (50)
As limy, o0 G(EWn (1), W, 07) = 1 and limy, o0 H (EWn (1), W, 07) = 0 for all 7 > 0, it is clear that

nh—>ngo G(éwn(n)a §w, QT) =1, (51)
nh—>H<}o H(‘gwn(n)a Ew, QT) =0, (52)

Hence, £ is L-continuous. Therefore, all conditions of Theorem 3.13 are satisfied. Hence, the operator €& has
a unique FP. That is, the Fredholm type integral equation (46) has a unique solution. ]

5 Conclusion

In this study, we established the concept of an OIFBMS as a generalization of an IFBMS. We established
some fixed point theorems and solved some non-trivial examples with an application to Fredholm integral
equations. This work is extendable in the structure of orthogonal neutrosophic b-metric spaces,and orthogonal
inutionistic fuzzy controlled metric spaces and we can increase self mappings to get new results.
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