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Abstract

In traditional Data Envelopment Analysis (DEA) approaches, inputs and outputs are usually
considered as exact and real values. The relative efficiency of the Decision-Making Units
(DMUs) is evaluated and it is known that the factors are inputs and/or outputs. However, there
are some conditions under which the efficiency of DMUs should be calculated while the data
are integer and ambiguous. Therefore, various integer DEA models have been proposed to
determine the performance of DMUs when integer data and fuzzy factors are available. In
addition, there are cases where the efficiency of DMUs should be determined when integer
data and flexible factors are available. Therefore, some integer DEA methods have been
proposed to calculate the performance of DMUs and specify the role of flexible measures
when some of the data are integer and flexible factors are available. However, there are some
situations where there are integer data, fuzzy integer measures and flexible factors. Therefore,
this paper sheds light on the nature of the model to determine the efficiency of DMUs when
there are integer inputs and/or outputs, flexible factors and fuzzy integer measures, and
determines the role of factors with uncertain inputs or outputs. In fact, slacks are addressed
and a slack-based efficiency measure (SBM) is defined to compute the performance of DMUs
in the presence of flexible factors, integer data and fuzzy integer measures. The proposed
approaches are demonstrated and illustrated using an example.
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1. Introduction

A mathematical programming approach called Data Envelopment Analysis (DEA) is used to
evaluate the relative efficiency of Decision-Making Units (DMUs) with multiple inputs and
outputs. CCR (Charnes, et al. [1]) and BCC (Banker, et al. [2]) are the two basic models of
DEA based on the respective hypothesis of constant returns to scale (CRS) and variable
returns to scale (VRS) of Production Possibility Set.

Traditional DEA models assume that inputs and outputs are continuous, real-valued data. Of
course, in many applications, some of the inputs or outputs may be integer values, such as the
number of doctors, nurses, books published, etc.

The role of some factors as inputs or outputs is not entirely clear in many real-world
applications of DEA. In other words, a factor may be used as an input by some DMUs, while
it may play an output role in other DMUS. These types of factors are called flexible factors.
In traditional DEA models, the roles of the data are fixed. In practice, however, there are cases
where the role of the data is unknown.

In classical DEA models, it is generally assumed that the inputs and outputs of the DMUs are
specified by exact numerical values. However, in real applications, there are situations where
the performance of DMUs must be evaluated in the presence of imprecise data. In the DEA
literature, there are studies that deal with integer data and/or flexible factors.

Cook and Zhu [3] considered the flexible factors to evaluate the relative efficiency of DMUs
and specified the role of flexible measures. Amirteimoori et al. [4] proposed a Slacks-based
measure with flexible factors to evaluate the performance of DMUs. Tohidi and Matroud [5]
introduced a method to define the role of flexible factors. Recently, Toloo et al. [6] proposed
a non-radial directional distance model to categories the flexible measures. Kordrostami, et
al. [7] presented methods to calculate the efficiency values of DMUs for which integer data
and flexible factors are available. Lozano and Villa [8] presented models for analyzing integer
data in DEA. Subsequently, Kuosmanen and Kazemi Matin [9] provided a new axiomatic
basis for DEA models that are integer. Jie et al. [10] improved the model of Kuosmanen and
Matin [9] and showed that the model indeed solves problems. In addition, Due et al. [11]
provided methods that examine the slacks to estimate the relative efficiency and super
efficiency values of DMUs when integer data are available.

Abolghasem et al. [12] proposed a cross-efficiency evaluation in the presence of flexible
measures with an application to health systems. Sedighi Hassan Kiyadeh [13] proposed an
improvement of models to determine the nature of flexible factors in data envelopment
analysis. Toloo et al. [14] provided new DEA models for classifying flexible measures.
Salehian, et al. [15] proposed flexible factors in categorized data for DEA.

Fuzzy set was used for the first time in [16]. Kao and Liu proposed fuzzy efficiency measures
for DEA [17]. Hatami-Marbini et al. [18] provided fuzzy efficiency measures for DEA using
a multi-objective lexicographic approach. Ebrahimnejad and Amani [19] proposed a fuzzy
DEA analysis in the presence of unwanted output with ideal points. Peykani, et al. [20]
proposed a fuzzy DEA with random constraints. Saati, et al. [21] introduced a fuzzy data
envelopment analysis for clustering operating units with imprecise data. Hatami-Marbini, et
al. [22] provided an efficiency analysis in two-level structures using fuzzy data envelopment
analysis. In the framework of DEA, models with integer data and flexible factors can be found.
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In addition, some studies have been conducted on models with integer data and fuzzy
measures. There are also models with flexible factors and fuzzy measures.

Kordrostami, et al. [23] presented a model for evaluating the efficiency values of DMUs and
classifying the fuzzy measures. Saati and Imani [24] proposed a method for categorizing
common factors using the fuzzy concept and determined the role of common factors.

Kordrostami, et al. [25] presented approaches to estimate the efficiency values of DMUs when
integer data and fuzzy factors are available.

Then, parametric and nonparametric operations research models were found by Mirmozaffari
[26,27]. In addition, Mirmozaffari, et al. [28] developed a novel integrated generalized DEA
to evaluate hospital services. Furthermore, an integrated artificial intelligence model for
evaluating businesses during the COVID-19 pandemic was presented by Mirmozaffari, et al.
[29]. The application of DEA to emergency departments and the management of emergency
situations was presented by Mirmozaffari, et al. [30]. Readers may also refer to [31,32,33].

However, as far as we know, there is no study that considers integer data, fuzzy integer
measures, and flexible factors in DEA texts. In this paper, we develop an integer DEA model
to evaluate the efficiency of DMUs and determine the status of flexible factors in the presence
of integer data, flexible factors and fuzzy integer measures simultaneously. Namely, the
efficiency is analyzed by taking a close look at the slacks. The status of the flexible factors is
also indicated when the inputs are integer and the outputs are fuzzy integer measures.
Moreover, the projection points of the inputs can be determined by the proposed approach. In
the proposed model, the projection points of the integer data are integer measures. Triangular
fuzzy numbers are used to evaluate uncertain outputs and flexible factors. The graded mean
integration method is used to solve fuzzy integer DEA models. To illustrate the potential of
the model, an example is examined. All inputs and flexible factors of the example are taken
as integer data, all outputs as fuzzy integer measures.

The paper proceeds as follows. Section 2 introduces the notations used in this paper and
explains the main ideas of DEA with integer data, the fuzzy integer model and the flexible
slack-based model (FSBM). Section 3 introduces a new model for calculating efficiency with
integer data, fuzzy integer measures and flexible factors. Section 4 presents an example.
Section 5 contains a conclusion.

2. Preliminaries
2.1. Notations

Suppose we deal with n DMUs. Symbols are introduced as follows:
j=1,...,n: the set of DMUs

i=1,...,m: the set of inputs
r=1,...,s: the set of outputs

k =1,..., K : the set of flexible factors
DMUj: the j-th DMU, j=1,...,n

60



Z. Moazenzadeh, et al./ IJIM Vol.16, No.3, (2024), 58-73

DMU,: the DMU under consideration
X;; : the i-th input resource of j-th DMU

X;, - the input resource i of DMU,

Y,; : the output product r of DMU;

Y,, - the output product r of DMU,

Z,; : the k-th flexible factor of DMU;

Z,, - the k-th flexible factor of DMU,

s, i-th input slacks for i =1,...,m

S, : r-th output slacks for r =1,...,s

g flexible factor slacks as the input for k =1,...,K
9\ : flexible factor slacks as the output for k =1,...,K
d®,d®: binary variables

A; tintensity vectors of DMU;

I'": the subset of inputs which are integer

O': the subset of outputs which are integer

K': the subset of flexible factors which are integer
X;;  the i-th triangular fuzzy input of DMU;

¥,; : the r-th triangular fuzzy output of DMU;

Xi, : the i-th triangular fuzzy input of DMU,

Y., : the r-th triangular fuzzy output of DMU,

2.2. Integer DEA
Suppose we deal with n DMUs, DMU; (j =1,...,n) with m input resources X; (i=1,...,m)

and s output products Y, (r=1,...,9) . In the traditional DEA methods, all data are regarded

as real-valued measures. Thus, the performance of DMUs is measured while the reference
points of DMUs obtain values which are real. However, in many real worlds, some inputs

and/or outputs can only be integer measures. Assume X; (i =1,...,m) and y,(r =1,...,s) are
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integer data of DMU; (j =1,...,n), thus some DEA methods were developed and improved

to get integer projections for integer measures. The suggested model is used to estimate the
efficiency scores of DMUSs in the presence of integer data, flexible factors and fuzzy integer
measures.

The following model is a slacks-based nonlinear model with the integer data to analyze the
DMUs’ performance where integer measures are present. In this part, a brief explanation of
this model is provided.

e S
1-(m)(X ) .
min p= 1<l o (2.1)
1o S
1+ Q. )
reO JYro
st.
DA% <X, i=1,..,m,
=1
X|:Xi0_s|_! i:]'i ,m,
PRAES r=1..5s,
=1
yr :yro+s:—l r=1,...,S,
ZJZO’ 'S;’Xizo’ s:’yrZO! i:]-l"'lmy r:]-l"'lsl jzl,...,ny
xeZ, Viel',
y. eZ, vreQ'.

In aforementioned formula, s;,S, show the non-radial slacks. X, € Z",y, € Z" are the
integer projection points for inputs 1'and outputs O' respectively. 4;(J=1,...,n)are the
intensity vectors.

In the next subdivision, a fuzzy integer number is determined.

2.3. Main concepts of fuzzy integer numbers
Let R be the set of real numbers and Z be the set of integer numbers.

Definition 2.3.a. Suppose U : R —[0,1] is a fuzzy set. It is called a fuzzy integer if its support
is a closed integer interval (denoted as (u(0),u(0))) and satisfies the following:

1.u is normal; i.e., there exists X" € (u(0),u(0)) such thatu(x’) =1,
2.u(x) <u(x;) forany x;,x; €(u(0),x’) withx <Xx;,
3.u(x) 2 u(x;) forany x,x; €(x,U(0)) withx <X;.
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Note that an interval, which is closed and integer, is showed by (s;,s,) ={Xxe€Z:s, <X<s,}
forany s,,s,€Z and s, <s,.

Definition 2.3.b. Suppose s;,s;,t, and t, € | with s, <s <t <t;,, and m,MmeZ. If the
fuzzy set u: R —[0,1] is determined as:

1 if xe(s,t,)
X=% xe(m,s,)
( ) S
u(x) =
DX it xe(tm)
to_t1
0 if XE<m,ﬁ>

where s, <m<s, and t, <mM<t,; then u is a trapezoidal fuzzy integer. A triangular fuzzy
integer number can obtain, if s, =t, . See Kordrostami, et al. [25].

Assume there exist n DMUSs, that produce s outputs by consuming m inputs. The j-th DMU
showed by DMU; (j=1,...,n),whose X; (i=1..,m) and y, (r=1..,s) are i-th input

and r-th output, respectively. See Kordrostami, et al. [25]. The following model, referred to
as the CCR model, was introduced by Charnes et al. [1] for estimating the entities’ relative
efficiency with data that are precise and real numbers.

min @ (2.2)

st.y, SZAjyrj, r=1..,s,
=

0%y =D A%, i=L..,m,
j=1
2,20, j=1..n.

@ shows the efficiency score. ﬂj(j =1,...,,n) indicate intensity vectors. In this model, X,
and Y,, are symbols of the inputs and outputs of DMUj, respectively. X, = (xijl, Xij21 xijg),
¥ = (Y42 Yij2» Yijz) @re inputs and outputs which are triangular fuzzy numbers. Note that
X, and Y,, are inputs and outputs of DMU,. The graded mean integration representation
approach is used to calculate the DEA models with fuzzy data, as follows:

Definition 2.3.c Suppose A=(a,b,c) is a triangular fuzzy number, the graded mean

integration representation A can be determined as (a+4b+c)/6.

In fact, abovementioned models are used because of the easiness and rational calculation.
Therefore, by considering Definition 2.3.c, the CCR model with fuzzy factors can be changed
with the model (2.3) as follows:
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min ¢ (2.3)

1 10
st S (Y2 + Yoor + Vios) < E_Z(4yr,-2 Yt YA =1,

0 Z(A%iyp + Xy + Xigz) == Z(4xIJ2 + X F Xga) A, i=1..,m,
4; 20, j=1,...,n.
Definition 2.3.c will be true wherever integer variables in the fuzzy linear programming are

present.

Nevertheless, model (2.3) is not appropriate to assess DMUSs’ efficiency scores where integer
measures and fuzzy factors are present. Indeed, as non-integer values may be the reference
point of a DMU with integer data. The aim of preparing model (2.3) is to compare its outcomes
with the models with integer measures and fuzzy factors.

2.4. SBM model with Flexible factor (FSBM)

Amirteimoori, et al. [4] provided the following model in terms of computing the DMUs’
efficiency where the flexible measures are present:

® 2.4
1-(m+K) (Z +ng) @4
7z, =min i %o = Z(";)
- q 9
1+ (s+K) 1(2 —y S
r=1 Yro k=1 Zko
s.t.
j=1
Yo =2 A Y —0p r=1..,5s,
j=1

20 =3 4,2, +90 -0, k=1..K,
=1
g¥.g? =0, k=1..K,
2,,90,0%,0,,5 >0, i=L..m, r=1..s, j=L..n k=1..s.

Aforementioned model evaluates the maximum of DMUs’ efficiency scores and determines
the role of the flexible measures. Then, they changed model (2.4) into MILP model (2.5) using
Charnes and Cooper’s transformation [34] and some variables substitutions:
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0 25
=min po(maky (3 S 3 9 (2.5)
i=1 o k=1 %ko
st.
q g
pr (k)Y ’+Z )=
r=1 Yro k=1 ko
PXio :lexij +5 i=1..,m,
j=1
PYro =Z/’tjyrj -q, r=1..,s,
j=1
Pl :Z/Ijzk] ""9151) gﬁz’, k=1..,K,
j=1
0<gy <Md” k=1..K,
0< g <Md?, k=1..K,
d” +d? k=1..K,
2;,00,92,q,,5,.,20,  d®.d?e{01}, Vi jkr,
g4 <9
That | 1+(s+K) Z r +Z k = p and M is a large positive number.
i1 Yo k21 Zo

DMU, is efficient if and only if 7, =1.

If g =g® =0, the factor which is flexible, can be input or output.

To assess the DMUSs’ relative efficiency where integer data and flexible measures are present,
Kordrostami et al. [7] suggested the following model:

(1)

LOBD =N JLR ) 2 I I e 3

iell Xio icl! Xig  kek' Zko kek' Zio  re0' Yo reo' Yro  kek' Zko kek' Zio
s.t.
n
Xo =S = D A% gl (2.6)
j=1
n
yr0+s:—zzﬂ“jyrj r%ol,
j=1
n
X,OZZJJXU, X, -8 =%, iel',
j=1
n
Yro Zﬂ’ yr]’ yro+§r+=yro reol’
j=1
2,-90 +g? = Z/l Z, keK',

0<g® <Md®, 0<g?® <Md®,
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n
5 _ a0, 40 _ W, q@ _ I
Z, - G§® + ¢! _Z/ljzkj, 2,-9\"+9? =2, keK',
=

0<g,” <Md®, 0<g,? <Md?, 0<g¢® <Md?, 0<§® <Md®,
d® +d® =1,

Ko Vo Zio €27, d®,d?e{01}, iel'keK're0' >0
s, 20,igl', s >0,re0', § >0iel', §>0,re0',

9.,/ >0,6",6® >0, keK', g®»+g?® >0, keK'

3. DEA models with integer data, flexible factors and fuzzy integer measures

Suppose n DMUs (i.e. DMU;(j=1,...,n)) is present that produces s outputs (i.e.
Y;(r=1..,s)) by consuming m inputs (i.e. X;(i=1...,m)). The following model is

provided to assess the DMUs’ performance wherever integer data, the flexible
fuzzy integer measures are present and specify the role of flexible factors.

(3)

1-(m+K) (Z ng)

Illo

min

(4)

1+(s+ K)‘l(z +ng )

ro k=1 Zko
st.

n
Z/ljf(ij <X, X =%, —S, Vi,

z/inrj 2yr! yr = yro +S:' vr’
j=1

> Az =2, -9 + g, kek',
=

Zk:Zko_QIES)"'glE“)’ keK',

0<gP <Md®, 0<g® <Md®, 0<g® <Md®, 0<gl” <Md¥?
d® +d? =1,

X,Y,,2,€Z, iel' keK' reo, dél),déz)e{O,l},

s; 20, 5720, 9,9,9,9Y>0, 2,20, x>0, ,y, >0, Vj,i,r

factors and

(3.1)

/’tj (j =1,...,n) are intensity vectors. When imprecise data as triangular fuzzy numbers are

present (i.e. X; = (X, Xj20 Xija)s Vi = (Yijur Yiga» Vije) in the model (3.1) that X,

i1 =0 and

Vi1 2 0), a fuzzy model should be used to assess the DMUs’ efficiency score. In above model

X, and ¥, are inputs and outputs of DMU, The data of DMU, are fuzzy integer measures.

66



Z. Moazenzadeh, et al./ IJIM Vol.16, No.3, (2024), 58-73

Consider that in this case inputs and outputs of DMU, are showed by X, and ¥,
respectively.

The graded mean integration method is used to calculate the DEA models with fuzzy data and
handle fuzzy factors. Based on Definition 2.3.c, the model with integer data, fuzzy integer
measures and flexible factors can be written as follows:

K g® (3.2)
) 5 )
min m+K 4X|oz + Xlol + X k=1 4'Zkoz + Zkol + zko3

+

K g¢”
1+ (Z +Z4z

s+K 4yr02 + yrol + yroS k=1 k2t Zkol + ZkoS
st.
1<
EZAJ (4Xi12 + lel + le3) <X|! VI,
j=1
1 -
= 6(4Xi02 + XIOl + X|o3) S V|,
18
S 2 A A+ Yo+ Vi) 2, v,
j=1
1 +
yl’ = E(4yr02 + yrol + yros) + Sr ’ vr,
18
Ezﬂ’j (4ij2 +ij1+zkj3) =L — gﬁl) +gk , vk,
j=1
1
Z = g(4zk02 + Zg + Zyo3) — 9153) + gé“’, VYK,

0<gP<Md®, 0<g®<Md?, 0<g® <MdP, 0<g” <Md?,
d® +d{®? =1 d,d? €{0,1},

X,Y,,2.€Z, iel',re0' kekK',

s; 20, 5720, 9”,0”,9,91Y>0, x>0, y, 20, 2,20, Vj,i,r

In aforementioned formula, A; indicates intensity weights. M is a large positive number.
X, Y, Z, are variables that are positive and integer. They represent integer projection points
for data that are integer. Moreover, if 9(3) >0 then z, is considered as an input, and it will
be an output if g{* >0. On the other hands if d =0, the flexible factor is called output

and otherwise (i.e.d® =0), it is considered as an input.

In fact, fuzzy sets X;,¥;and Z; are replaced with (4x;, +X; +X;)/6,
(4Y,+ Y+ VYys) /6 and (4z,, +2,5, +24,) /6, respectively. The pessimistic and

optimistic targets are used to show the fuzzy produced outputs and the fuzzy consumed inputs
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Table 1. Data of an example

(Flexible
(x) (x,) (%3) Y, measure)
DMU | Beds | Doctors | Nurses Y Nurse

number | Number | Number Trainees

Number
1 158 44 138 (7000,9500,8280) | (2000,900,1918) 15
2 62 22 81 (2000,3000,1000) (300,250,770) 12
3 139 41 142 | (4300,2700,1100) | (700,900,860) 60
4 263 70 412 | (9400,5700,7748) | (2500,3000,2486) 50
5 245 69 286 | (8000,4900,10500) | (1700,1250,1046) 30
6 129 40 202 | (3900,3000,5400) | (820,500,1140) 15
7 123 21 169 | (2700,2050,1550) | (500,750,370) 20
8 222 41 143 | (2000,2000,1400) | (320,120,442) 30
9 123 68 160 (4800,5300,3100) (850,1000,838) 30
10 61 25 90 (2750,1200,1030) | (400,550,196) 34
11 100 28 113 | (3600,5000,5800) | (730,1200,848) 24
12 32 22 38 (800,820,1380) | (170,100,210) 15
13 117 35 121 | (4100,6000,5500) | (750,750,1212) 52
14 103 41 121 | (5100,6000,3600) | (920,1050,826) 14
15 32 14 70 (800,300,700) (75,120,180) 36
16 50 31 114 (9500,9000,10600) (80,150,412) 60
17 119 38 86 (2700,3000,2600) (600,850,290) 55
18 38 21 75 (1500,2000,1000) (270,300,396) 13

based on [35]; that is WX, + WXy + WXz, WYy, + W, Yy + WY, and

WiZ,jp +W,Zy +W,Z,;5 Where Wy +W, +W, =1,

As explained in [35], X, and Yy, are too optimistic and X;; and Yy, are too pessimistic.
Therefore, we use the weightsw, =1/6,w, =4/6and w, =1/6,w, =4/6 that can be
substituted subjectively. Thus, these boundary values provide us boundary solutions.

Notice that(a,b,c) is a triangular fuzzy integer number, while (a+4b+c)/6 is gained as
non-integer value, we will round it to the closest integer value. Indeed, we consider

|_(a +4b+c)/ 6_| in terms of the effect of rounding (a+4b+c) /6 is almost insignificant.

4. Numerical example

This example is about estimating the efficiency of 18 hospitals in an Iranian province, and
determining the role of flexible factors. The inputs and flexible factors were taken from [7].
Since enormous resources are used in the health sector such as hospitals, it is necessary to
evaluate the efficiency of these facilities. In this case study, the number of beds, doctors and
nurses are considered as inputs. In addition, the number of nursing trainees is assumed to be
a flexible variable. The columns in Table 1 show the inputs, outputs and flexible factors.
Columns 2,3 and 4 show the first, second and third inputs while columns 5 and 6 show the
outputs and column 7 the flexible factors. As you can see, all inputs and flexible factors are
integer data, and the outputs are triangular fuzzy integers. Model (3.2) is used to evaluate the
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Table 2. Efficiency scores and optimal slacks

DMU Efficiency S? S; S;_ SF S? d él) d ,52)
1 0.59 70 18 35 20.420 0 0 1
2 0.61 27 10 34 43.985 0 0 1
3 0.41 60 19 53 1600 3.429 1 0
4 1 0 0 0 0 0 0 1
5 0.49 100 27 100 3527.800 0 0 1
6 0.38 61 14 100 2884.269 0 0 1
7 0.51 62 4 100 1150 6.286 1 0
8 0.41 100 3 0 0 601.567 1 0
9 0.56 21 31 17 3559.944 0 0 1
10 0.39 17 12 40 1107.208 2.012 1 0
11 1 0 0 0 0 0 1 0
12 0.33 19 17 21 0 6.791 1 0
13 0.74 35 7 13 0 3.773 1 0
14 0.65 10 12 8 40 0 0 1
15 0.19 20 10 57 223.894 1.304 1 0
16 1 0 0 0 0 0 0 1
17 0.52 52 19 11 474.168 0 1 0
18 0.53 0 5 14 2209.202 0 0 1

performance of hospitals and determine the status of the student nurse factor. From the
efficiency scores in Table 2, it can be seen that three hospitals are efficient with 4,11 and 16.
In addition, column 2 of Table 2 shows that DMU 15 is the most inefficient DMU in this study
with an efficiency score of 0.19. As shown in columns 8 and 9 of Table 2, nine hospitals
(3,7,8,10,11,12,13,15,17) consider the student nurse factor as input and nine hospitals
(1,2,4,5,6,9,14,16,18) as output. The optimal slacks are also listed in columns 3-7 of Table 2.
As shown, all optimal slacks of the optimal hospital are zero. Furthermore, the projection

points determined with model (3.2) are shown in Table 3. It can be seen that all the targets of
the integer factors are given as integer values.

Note that, first, we used a method to defuzzify the fuzzy numbers. Second, we evaluated the
performance of the DMUs. Therefore, the reference points are evaluated as continuous and
unique values.

Recall that all integer measures in model (3.2), have integer projections. However, in Lozano
and Villa [8], it is pointed out that the rounding of the real reference point may not be
appropriate. Therefore, the proposed model (Model (3.2)) is obviously suitable under the
conditions of integers, fuzzy integer measures and flexible factors.

5. Conclusions

In conventional DEA models, all data are usually considered as exact and real numbers.
Classification of data is an important issue when analyzing performance. In real applications,
there are situations where the efficiency of DMUs needs to be evaluated in the presence of
integer data, fuzzy integer measures and flexible factors. Therefore, in this paper a DEA model
was developed to evaluate the efficiency of DMUs and specify the role of flexible factors,
where all input data and flexible factors are integer numbers, and the output data are fuzzy
integer measures.
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Table 3. Projection points

DMU Projection Projection Projection Projection Projection
Beds number Doctors Number | Nurses Number y1 y2

1 88 26 103 4953.753 973
2 35 12 47 2710.652 336.667
3 79 22 89 4033.333 896.762
4 263 70 412 6041.333 2914.333
5 145 42 186 9361.133 1216
6 68 26 102 6284.269 606.667
I 61 17 69 3116.667 692.952
8 122 38 143 9266.667 795.234
9 102 37 143 8493.277 973
10 44 13 50 2278.875 493.012
11 100 28 113 5133.333 1141.333
12 13 5 17 913.333 125.124
13 82 28 108 5916.667 830.773
14 93 29 113 5640.794 1012.667
15 12 4 13 590.560 131.304
16 50 31 114 9266.667 193.667
17 67 19 75 3407.501 756.667
18 38 16 61 4042.536 316

Some studies investigated the efficiency scores of DMUs when integer data and fuzzy integer
measures are available. In addition, some studies investigated the efficiency of DMUs when
integer data and flexible factors are available. In this paper, a Slacks-based nonlinear
programming problem was proposed to estimate the efficiency values of DMUs and specify
the role of flexible factors in the presence of integer data, flexible factors and fuzzy integer
measures. The method of graded mean integration representation was applied to fuzzy data in
order to defuzzify them. An example was given to describe and illustrate the approaches. The
extension of the proposed model for situations where some data are integer and flexible factors
and fuzzy numbers are also present, are interesting topics for future research. Further research
can also rank DMUs when integer data, flexible factors and fuzzy integer measures are

present.

70




Z. Moazenzadeh, et al./ IJIM Vol.16, No.3, (2024), 58-73

References
[1] Charnes, A. Cooper, W.W. and Rhodes, E. (1978), “Measuring the efficiency of decision-
making units”, European Journal of Operational Research, Vol. 2, pp. 429-444.

[2] Banker, R.J. Charnes, A. and Cooper, W.W. (1984), “Some models for estimating
technical and scale inefficiencies in data envelopment analysis”, Management Science,
Vol. 30, pp. 1078-1092.

[3] Cook, W.D. and Zhu, J. (2007), “Classifying inputs and outputs in data envelopment
analysis”, European Journal of Operational Research, Vol. 180, pp. 692-699.

[4] Amirteimoori, A. Emrouznejad, A. and Khoshandam, L. (2013), “Classifying flexible
measures in data envelopment analysis: A slack-based measure”, Measurement, Vol. 46,
pp. 4100-4107.

[5] Tohidi, G. and Matroud, F. (2017), “A new non-oriented model for classifying flexible
measures in DEA”, Journal of Operational Research Society, Vol. 68, pp. 1019-1029.

[6] Toloo, M. Allahyar, M. and Hanclova, J. (2018), “A non-radial directional distance
method on classifying inputs and outputs in DEA: Application to banking industry”,
Expert Systems with applications, Vol. 92, pp. 495-506.

[7] Kordrostami, S. Amirteimoori, A. and Noveiri, M.J.S. (2019), “Inputs and Outputs
Classification in Integer Data Envelopment Analysis”, Measurement, Vol. 139, pp. 317-
325.

[8] Lozano, S. and Villa, G. (2006), “Data envelopment analysis of integer inputs and
outputs.” Computers & Operations Research, Vol. 33, pp. 3004-3014.

[9] Kuosmanen, T. and Matin, R.K. (2009), “Theory of integer data envelopment analysis”,
European Journal of Operational Research, Vol. 192, pp. 658-667.

[10] Jie, T. Yan, Q. and Xu, W. (2015), “A technical note on “A note on integer radial model
in DEA”, Computers & Industrial Engineering, Vol. 87, pp. 308-310.

[11] Due, J. Chen, C.M. Chen, Y. Cook, W.D. and Zhu, J. (2012), “Additive super-efficiency
in integer data envelopment analysis”, European Journal of Operational Research, Vol.
218, pp. 186-192.

[12] Abolghasem, S. Toloo, M. and Amezquita, S. (2019), “Cross-efficiency evaluation in the
presence of flexible measures with an application to healthcare systems”, Healthcare
Management Science, Vol. 22, pp. 512-513.

[13] Sedighi Hassan Kiyadeh, M. Saati, S. and Kordrostami, S. (2019), “Improvement of

models for determination of flexible factor type in data envelopment analysis”,
Measurement, Vol. 137, pp. 49-57.

71



Z. Moazenzadeh, et al./ IJIM Vol.16, No.3, (2024), 58-73

[14] Toloo, M. Bohlool, E. and Amin, G.H.R. (2021), “New data envelopment analysis model
for classifying flexible measures: the role of non-Archimedean epsilon”, European
Journal of Operational Research, Vol. 293 No. 3, pp. 1037-1050.

[15] Salehian, M. V. Saati, S. and Sohraiee, S. (2023), “Flexible factors in categorized data for
data envelopment analysis”, OPSEARCH, vol. 61(1), pages 163-188,

[16] Zadeh, L.A. (1965), “Fuzzy sets”, Information and control, VVol. 8, pp. 338-353.

[17] Kao, C. and Liu, S.T. (2000), “Fuzzy efficiency measures in data envelopment analysis”,
Fuzzy Sets and Systems, Vol. 113, pp. 427-437.

[18] Hatami-Marbini, A. Ebrahimnejad, A. and Lozano, S. (2017), “Fuzzy efficiency measures

in data envelopment analysis using lexicographic multiobjective approach”, Computers
& Industrial Engineering, Vol. 105, pp. 362-376.

[19] Ebrahimnejad, A. and Amani, N. (2021), “Fuzzy data envelopment analysis in the
presence of undesirable output with ideal points”, Complex & Intelligent Systems, Vol.
7, pp. 379-400.

[20] Peykani, P. Hosseinzadeh Lotfi, F. Sadjadi, S.J. Ebrahimnejad, A. and Mohammadi, E.
(2021), “Fuzzy chance-constrained data envelopment analysis: A structured literature
review, current trends, and future directions”, Fuzzy Optimization and Decision Making,
http://doi.org/10.1007/s 10700-021-09364-x.

[21] Saati, S. Hatami-Marbini, A. Tavana, M. Agrell, P. (2013), “A fuzzy data envelopment
analysis for clustering operating units with imprecise data”, International Journal of
Uncertainty, Fuzziness and Knowledge-Based Systems, VVol. 21 No. 1, pp. 29-54.

[22] Hatami-Marbini, A. Saati, S. and Sajadi, S.M. (2018), “Efficiency analysis in two-Stage
structures using fuzzy data envelopment analysis”, Central European Journal of
Operations Research, Vol. 26, pp. 909-932.

[23] Kordrostami, S. Farajpour, G. Jahani Sayyad Noveiri, M. (2014), “Evaluating the
efficiency and classifying the fuzzy data: A DEA based approach”, International Journal
of Industrial Mathematics (ISSN), Vol. 6 No. 4, pp. 321-327.

[24] Saati, S. Imani, N. (2015), “Classifying Flexible factors Using Fuzzy Concept”, Journal
of New Researches in Mathematics, Vol. 1 No. 2, pp. 35-46.

[25] Kordrostami, S. Amirteimoori, A. and Noveiri, M.J.S. (2018), “Fuzzy integer data
envelopment analysis”, RAIRO Operation Research, Vol. 52, pp. 1429-1444.,

[26] Mirmozaffari, M. Yazdani, R. Shadkam, E. Khalili, S.M. Tavassoli, L.S. and Boskabadi,
A. (2021), “A novel hybrid parametric and non-parametric optimization model for
average technical efficiency assessment in public hospitals during and post-COVID-19
pandemic”, Bioengineering, Vol. 27 No. 9, pp. 1-7.

72


https://ideas.repec.org/s/spr/opsear.html
http://doi.org/10.1007/s

Z. Moazenzadeh, et al./ IJIM Vol.16, No.3, (2024), 58-73

[27] Mirmozaffari, M. Yazdani, R. Shadkam, E. Tavassoli, L.S. and Massah, R. (2021), “VCS
and CVS: New combined parametric and non-parametric operation research models”,
Sustainable operations and computers, Vol. 1 No. 23, pp. 6-56.

[28] Mirmozaffari, M. Shadkam, E. Khalili, S.M. Yazdani, M. (2021), “Developing a novel
integrated generalized data envelopment analysis (DEA) to evaluate hospitals providing
stroke care services”, Bioengineering, Vol. 8 No. 12, pp. 207.

[29] Mirmozaffari, M. Yazdani, R. Shadkam, E. Khalili, S.M. (2022), “An integrated artificial
intelligence model for efficiency assessment in pharmaceutical companies during the
COVID-19 pandemic”, Sustainable Operations and Computers, Vol. 1 No. 3, pp. 156-
167.

[30] Mirmozaffari, M. and Kamal, N. (2023), “The application of Data Envelopment Analysis
to Emergency Departments and Management of Emergency Conditions: A Narrative
Review”, Healthcare, Vol. 11 No. 18, pp- 2541.
http://doi.org/10.3390/healthcare11182541.

[31] Karsak, E.E. (2008), “Using data envelopment analysis for evaluating flexible
manufacturing systems in the presence of imprecise data”, The International Journal of
Advanced Manufacturing Technology, Vol. 35, pp. 867-74.

[32] Mirmozaffari, M. Yazdani, M. Boskabadi, A. Ahady Dolatsara, H. Kabirifar, K. Amiri
Golilarz, N. (2020), “A novel machine learning approach combined with optimization
models for eco-efficiency evaluation”, Applied Sciences, Vol 10 No. 15, pp. 5210.

[33] Mirmozaffari, M. Shadkam, E. Khalili, S.M. Kabirifar, K. Yazdani, R. Asgari
Gashteroodkhani, T. (2021), “A novel artificial intelligent approach: Comparison of
machine learning tools and algorithms based on optimization DEA Malmquist

productivity index for eco-efficiency evaluation”, International journal of energy sector
management, VVol. 15 No. 3, pp. 523-50.

[34] Charnes, A. and Cooper, W.W. (1962), “Programming with linear fractional functionals,
Naval”, Research Logistics Quarterly, Vol. 9, pp. 181-186.

[35] Lai, Y.J. and Hwang, C.L. (1992), “A new approach to some possibilistic linear
programming problems”, Fuzzy Sets Syst, Vol. 49, pp. 121-133.

73


http://doi.org/10.3390/healthcare11182541

