International Journal of EE =
Mathematical Modelling & Computations I MW“
Vol. 04, No. 04, Fall 2014, 357- 364

Existence of Fixed Points of Certain Classes of Nonlinear
Mappings

G. A. Okeke®* and J. O. Olaleru®

& Department of Mathematics, Faculty of Science, University of Lagos, Akoka, Yaba,
Lagos, Nigeria;

b Department of Mathematics, Faculty of Science, University of Lagos, Akoka, Yaba,
Lagos, Nigeria.

Abstract. In this study, we introduce the classes of ¢-strongly pseudocontractive mappings
in the intermediate sense and generalized ®-pseudocontractive mappings in the intermediate
sense and prove the existence of fixed points for those maps. The results generalise the results
of several authors in literature including Xiang [Chang He Xiang, Fixed point theorem for
generalized ®-pseudocontractive mappings, Nonlinear Analysis, 70 (2009) 2277-2279].
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1. Introduction
Let E be an arbitrary real normed linear space with dual space E* and C be a
nonempty subset of E. We denote by J the normalized duality mapping from E
to 2F" defined by

J(x) = {a" € B*: (z,2") = ||2||* = |[«*|*}, Va € E, (L.1)

where (.,.) denotes the generalized duality pairing.
The following definitions will be needed in this study.
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Definition 1.1. [17]. A mapping T : C — FE is called strongly pseudocon-
tractive if there exists a constant k € (0, 1) such that, for all z,y € C, there exists
jlx —y) € J(x — y) satisfying

(Tx =Ty, j(z —y)) < (L= k)|z -yl (1.2)

T is called ¢-strongly pseudocontractive if there exists a strictly increasing function
¢ :10,00) = [0,00) with ¢(0) = 0 such that, for all z,y € C, there exists j(z —y) €
J(x — y) satisfying

(Te =Ty, j(z —y)) < llz =yl = é(llz = yl)llz — y]. (1.3)

T is called generalized ®-pseudocontractive [2] if there exists a strictly increasing
function @ : [0, 00) — [0, 00) with ®(0) = 0 such that

(Tz =Ty, j(z —y)) < llz = y|I* = 2(|l= — y])- (1.4)

The class of generalized ®-pseudocontractive mappings is also called uniformly
pseudocontractive mappings (see [10]). It is well known that those classes of
mappings play crucial roles in nonlinear functional analysis.

T is called asymptotically generalized ®-pseudocontractive [7] with sequence
{kn} if for each n € N and z,y € C, there exist constant k, > 1 with
lim;, 00 kn, = 1, strictly increasing function @ : [0, 00) — [0, 00) with ®(0) = 0 and
j(x —y) € J(x — y) satisfying

(T"x — Ty, j(z —y)) < knllz —y||* — @(|l= - yl)), (1.5)

The class of asymptotically generalized ®-pseudocontractive was introduced by
Kim et al. [7] as a generalization of the class of generalized ®-pseudocontractive
mappings.

It has been proved (see [14]) that the class of ¢-strongly pseudocontractive map-
pings properly contains the class of strongly pseudocontractive mappings. By tak-
ing ®(s) = s¢(s), where ¢ : [0,00) — [0,00) is a strictly increasing function with
»(0) = 0, clearly, the class of generalized ®-pseudocontractive mappings properly
contains the class of ¢-strongly pseudocontractive mappings.

Bruck et al. [1] in 1993 introduced the class of asymptotically nonexpansive map-
pings in the intermediate sense as follows.

The mapping T : C' — C is said to be asymptotically nonexpansive in the interme-
diate sense provided T is uniformly continuous and

limsup sup (7" — Ty — [l= - yl}) < 0. (L6)

n—oo z,yeC
Recently, Qin et al. [15] introduced the following class of nonlinear mappings.

Definition 1.2. [15]. A mapping T : C' — C is said to be asymptotically pseudo-
contractive mapping in the intermediate sense if

limsup sup ((T"z — T"y,z —y) — kullz — y||*) <0, (1.7)

n—oo g,yeC

where {k,} is a sequence in [1,00) such that k, — 1 as n — oco. This is equivalent
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to
(T"x — Ty, x — y) < kpllz — yH2 +vp, Yn>1, x,y€eC, (1.8)

where
vy, = max {0, sup ((I"z — Ty, — y) — kyllz — y|]2)} . (1.9)
z,yeC

Qin et al. [15] proved some weak convergence theorems for the class of asymptot-
ically pseudocontractive mappings in the intermediate sense. They also established
some strong convergence results without any compact assumption by considering
the hybrid projection methods. Olaleru and Okeke [12] in 2012 proved a strong
convergence of Noor type scheme for a uniformly L-Lipschitzian and asymptot-
ically pseudocontractive mappings in the intermediate sense. Olaleru et al. [13]
established some coupled fixed points results in cone metric spaces.

Inspired by the above facts, we now introduce the following two classes of
nonlinear mappings.

Definition 1.3. A mapping T : C — C is called ¢-strongly pseudocontrac-
tive mapping in the intermediate sense if there exists a strictly increasing function
¢ : [0,00) — [0,00) with ¢(0) = 0 such that, for all x,y € C, there exists
jlx —y) € J(x — y) satisfying

limsup sup ((Tz — Ty, j(z —y)) = llz = yl* + é(llz = yl)[l= —y| <0). (1.10)

n—oo z,yeC

for all z,y € C and for some j(z —y) € J(x — y). Put

T, = mMax {O,xs;lepc (<Ta: —Ty,j(z—y)) — ||z — ?JH2 +o(llz —yl) |z — ?/H)} .
’ (1.11)

Observe that 7,, — 0 as n — oco. Hence, (1.10) reduces to

(Tz =Ty, j(z —y)) < llz = ylI* + 70 — &(l|lz = ylDllz - yl. (1.12)

If 7, = 0 for all n € N, then (1.12) reduces to the class of ¢-strongly pseudocon-
tractive mappings. Clearly, the class of ¢-strongly pseudocontractive mappings in
the intermediate sense contains the class of asymptotically ¢-strongly pseudocon-
tractive mappings and the class of ¢-strongly pseudocontractive mappings studied
by several authors (see, e.g. Deimling [3], Khan et al. [6], Ding [4], Liu and Kang
[8], Tan and Xu [16], Xu [18]).

Definition 1.4. A mapping T : C' — C is called generalized ®-pseudocontractive
mapping in the intermediate sense if there exists a strictly increasing function
®:[0,00) — [0,00) with ®(0) = 0 satisfying

limsup sup ((Tz — Ty, j(z — ) — [z —y? + (e —yl)) <0, (1.13)

n—oo z,yeC
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for all z,y € C and for some j(z —y) € J(x —y). Put

£n = max {07;;16130 (Tz =Ty, j(x —y)) — |z —y[|* + 2(||lz — yll))} , o (L.14)

we observe that &, — 0 as n — oo. Hence (1.13) reduces to
(T =Ty, j(x = y) < llz = ylI* + & — (= — y). (1.15)

Clearly, the class of asymptotically generalized ®-pseudocontractive mappings in
the intermediate sense is a generalization of the class of asymptotically ¢-strongly
pseudocontractive mapping in the intermediate sense, and consequently generalises
the classes of asymptotically ¢-strongly pseudocontractive mappings and asymp-
totically generalized ®-pseudocontractive maps studied by several authors (see, e.g
Khan et al. [6], Ding [4], Kim et al. [7], Liu and Kang [8], Mogbademu and Olaleru
[9], Osilike [14], Tan and Xu [16], Xu [18]).

Accretive maps are firmly connected with pseudocontractive maps. In fact, T is
accretive (strongly accretive) if and only if (I — T") is pseudocontractive (strongly
pseudocontractive) (see, e.g. Deimling [3], Chidume and Chidume [2]). The study
of accretive maps is enhanced as a result of its application since many physically
significant problems can be modelled in terms of an initial value problem of the
form

d

o —Tu, u(0)=up (1.16)
dt

where T' is accretive or strongly accretive in an appropriate Banach space (see,

Khan et al. [6], Mogbademu and Olaleru [9]). Thus we have the following definitions:

Definition 1.5. A mapping A : C — C is said to be (®,&,)-strongly ac-
cretive if there exists a strictly increasing function ® : [0,00) — [0,00) with
®(0) = 0 satisfying

(Az — Ay, j(z —y)) > o — yl* + & — @(lx - yl)), (1.17)

where &, is as defined in (1.14).

A mapping T : C — C is called generalized ®-pseudocontractive mapping in the
intermediate sense if and only if (I —T) is (P, &, )-strongly accretive.

Xiang [17] in 2009 obtained the following existence results for the class of
generalized ®-pseudocontractive mappings.

Theorem 1.6. (Xiang [17]). Let E be a real Banach space, C' be a nonempty
closed convex subset of E, and T : ¢ — C be a continuous generalized -
pseudocontractive mapping. Then 7" has a unique fixed point in C.

It is our purpose in this study to prove the existence of fixed points for our newly
introduced class of asymptotically generalized ®-pseudocontractive mappings in
the intermediate sense, thus generalizing the results of Xiang [17] and several other
authors in literature.

The following lemmas will be needed in this study.

Lemma 1.7. [2]. Let E be a real normed linear space. Then for all z,y € E, we
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have
Iz +ylI> < ||zl + 2(y, j(z +y)), Vi@+y) e J(@+y).

Lemma 1.8. [10]. Let ¢ : [0,00) — [0,00) be a strictly increasing function with
¥(0) = 0 and let {0,}, {0} and {v,} be nonnegative real sequences such that
on = 0(vy), Zn>0 Vp = 00, limy,_ o0 v = 0. Suppose that

02,1 <02 —vup(Opi1) + 00, =0

Then 6, — 0 as n — .

2. Main Results

Theorem 2.1. Let C C E be closed and convex, A : C — FE continuous and
(P, &,)-strongly accretive and the following boundary conditions are satisfied

(i) ||lx = Mz — C|| = o(\) as A — 0 holds for each = € C.

(i) If 2 € C, 2 € B\{0} and |o"|[Jlo]] = sup,cc: 2 [}y then

ol — Aal] <0,
If either (Az,z) > 0 for ||z|| > R or ||Ax| — oo as ||z|| = oo, then 0 € A(C).
Proof. Since C is translation invariant, except (Az,z) > 0, we assume that 0 € C,
but we have to change (Az,x) > 0 into (Ax,x + zo) = 0 for |z + x| > R
(for some zy € C fixed). Let A, = A+ 1I. Suppose z € 9C, z* € E*\{0} and
o 21| = supyec o llyl] then

1
121l = Anzll = [l Il = Az]| = ~fl"[[ll2]] <O, (2.1)

since ||z*|||| — Az|| < 0 by conditions (i) and (ii) and ||z*||||z]| = 0 (since 0 € C).
Hence, condition (i) is also true for A, . In addition, A, is (®, &, )-strongly accretive
with ®,,(r) = 1. Let f(u) = —Au for u € C. Since C is convex,

(—(Apu — Apv),u—v) = —(Apu — Apv,u—v) <0 (2.2)

is sufficient for (1.16) to have a unique global solution. Hence, A,, has a zero z,, € C,

i.e. Az, = —1x, for every n. Now, suppose that |[Az| — oo as ||z|| = oo holds.

Since A is accretive, we have ||Azy| = [|2z,| < [|A(0)]. Hence, ||2,| must be

bounded.

However, if (Az,x + x9) > 0 for ||z + zo|| > R, then ||z, + xo|| > R implies
(Tp, xp + 20) < 0. Let 2* € F(x, + x9). Then ||z*|| = ||z, + z0o|| and

[z + ol = ll2|[lznll + [l2"{[[[zoll < llz*[H[lzn]l + llzn + wollllzoll- (2.3)

This implies
l|xn + :1:0H2 < AT, T + x0) + |20 + zo|||20]|- (2.4)

Therefore, ||z,| < max{R + ||zol|,2||xo||} for every n.
Since in both cases, ||z,| < ¢ for some ¢ > 0 and every n, we obtain

1 1
O([|lzn — Tl lTn — Tm|| < (Azy — A, Tn — Tim) < C(E + E)Hxn — ZTmll, (2.5)
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hence ®(||x,, — 2 ||) = 0 as n,m — oco. Therefore, {z,} is a Cauchy sequence and
thus convergent to some xz € C. Since A is continuous and Az, = —%mn — 0 as
n — oo, Az = 0. ([

We now obtain the following corollary as a consequence of Theorem 2.1.

Corollary 2.2. Let C' C FE be closed and convex, T' : C — FE continuous
and generalized ®-pseudocontractive mapping in the intermediate sense. Suppose
that the condition ((1 — X))z + ATz, D) = o(\) as A\ — 0, for each x € C. If C
is unbounded, assume either ||z — Tx|| — oo as ||z|| — oo or (T'z,x) < ||z||* for
|z|| = R. Then T has exactly one fixed point.

Theorem 2.3. Let E be a real Banach space, C be a nonempty closed convex
subset of E, and T : C' — C be a continuous generalized ®-pseudocontractive
mapping in the intermediate sense. Then 7" has a unique fixed point in C.

Proof. For each u € C, the mapping S : C — C defined by Sx = %u + %Tx
for each z € C' is a continuous generalized ®-pseudocontractive mapping in the
intermediate sense. By Corollary 2.2, we see that S has a unique fixed point in C.
Hence, given z( € C, the sequence {x, } defined by x,,+1 = %mn—i— %T$n+1 (Vn > 0)
is well defined.

For each n > 1, we have
Tptl = Tn — Tpyl + TTpy1,  Tn = Tp_1 — T + Ty (2.6)

Using Lemma 1.7 and (1.15), it follows that there exists j(xp41—2n) € J(Tnr1—2p)
such that
= [[(xn — 2n-1) = (Tn1 = n) + (Tp41 — Twn) |2
< Hxn - xn—1H2 - 2<xn+1 - xnaj(xn-i-l - xn)>
+2<T«73n+1 - Txnyj(mn—i—l - wn))
< lan = zp-1l? = 2 2nt1 — zal?
+2 {[lzn+1 — 2nl* + & — (| 241 — 2nl]) }
= [lzn = 2p-1]* = 2l|2nt1 = @all? + 2[2nt1 — znl?
26, — 20(|2s1 — all). (2.7

Zn+1 — *an2

From (2.7), we obtain

|Znt1 — anQ < lzn — xn71||2 = 29(||zns1 — zal]) + 26,

2.8
< lttn — a1 |? — 260@([[20s1 — ) + 260 (28)

where @ : [0,00) — [0,00) is a strictly increasing function with ®(0) = 0. Let
On, = ||zn — Tpn—1|| V' n = 1), o0, = 2&,, v = 2&, and P(s) = ®(y/s). Then
QZH < 02 —vp(0ny1) +op for all n > 1. By Lemma 1.8, we obtain lim, s ||z, —

Tp_1]]? = lim, o 62 = 0. Hence,

nh—>Holo |xn — Tn—1]] = 0. (2.9)

Observe that z,, — -1 = Tz, — x,, for each n > 1. We obtain

| Txy — x| = 0. (2.10)

lim
n—oo

For each € > 0, we take 0 = (I;(EE) > 0, it follows from (2.9) and (2.10) that there
exists a natural number N such that ||z,+1 — x,|| < € for every n > N and
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|(Txm — xm) — (Txn — )| < 6 for each m > n. Next, we prove by induction that
|Tm —znl| <€, Vm>n>N. (2.11)

For each natural number n > N, if we take m = n + 1, then we observe that (2.11)
holds for some m > n + 1. Then

[#mi1 = nll < |Zma1 = Tml| + [|[2m — 0]l < 2. (212)
Using (1.15), we obtain
(T2mi1 = T, j(Tmi1 = 2n)) < [Emi1 = 20]? + & = D([@mir — za]). (2.13)

From (2.13), we obtain

O([|zmr1 — znll) < |Zme1 — 2all® + &0 — (T2my1 — T2p, §(Tmi1 — 20))
< <(1'm+1 - Tmm+1) - (:L'n - Txn)aj(merl - $n)> + fn
< (@mt1 = Tzms1) — (@ — Tap) ||| Tmr1 — 2ol + &
<6.2e + &,
<62 as n—
= P(e). (2.14)

Since ® is a strictly increasing function, we have that ||zy,+1 — 2| < €, meaning
that (2.11) holds for m + 1. By induction, (2.11) holds for all m > n > N, which
implies that {z,} C C is a Cauchy sequence. But E is a Banach space and C' is
closed, hence {z,} converges to some p € C. Since T': C — C' is continuous, we
conclude that Tp = p using (2.10). From (1.15), we see that the fixed point of T
is unique. The proof of Theorem 2.3 is completed. [J

Remark 2.4. Theorem 2.3 is a generalization of Theorem 2.1 of Xiang [17]
and the references therein since the class of generalized ®-pseudocontractive
mappings in the intermediate sense is more general than those defined by these
authors.

3. Conclusion

The existence of fixed points established for the class of generalized &-
pseudocontractive mappings in the intermediate sense in this study generalizes
and extends several known results in literature.
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