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Interpolation by Hyperbolic B-spline Functions
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Abstract. In this paper we present a new kind of B-splines, called hyperbolic B-splines
generated over the space spanned by hyperbolic functions and we use it to interpolate an
arbitrary function on a set of points. Numerical tests for illustrating hyperbolic B-spline are
presented.
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1. Introduction

B-spline basis is important base of the polynomial space spanned by {1,¢,--- ,tk}
in which %k is an arbitrary positive integer. In recent years, several new spline
curve and surface scheme have been proposed for geometric modeling in CAGD.
For instance, Nouisser et al. [14] introduced 27-periodic trigonometric. Maes and
Bultheel [13] presented a normalized spherical B-splines. In this paper, we begin
by considering the hyperbolic B-splines generated on the space

span{ {sinh(21), cosh(21$)}} 2 1 U{1}}, Kk is odd
Ty =

span{{sinh(2] — 1)¢, cosh (2l — 1)¢}E]1}, k is even

(for k > 1). We call such splines hyperbolic B-splines of order k. Finally, some
numerical examples are given.
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Polynomial B-splines are the basic basis which are contained in many literatures,
See [5, 16]. Recently in many works the authors try to use various types of B-splines
on spheres [1, 6, 9, 10, 13, 14, 17].

The paper is organized as follows: In Sections 2, 3 and 4, we recall polynomial B-
splines, 27-periodic trigonometric B-splines and algebraic hyperbolic B-spline basis
(AH B-splines), respectively. In section 5, we introduce the hyperbolic B-splines.
The construction of interpolation by hyperbolic B-splines are given in Section 6.
There are some numerical examples in Section 7.

2. Polynomial B-splines

Let -+ < t_o < t_1 <tg <t <ty < --- be a sequence of knots on R. The
B-splines of order zero are piecewise constants defined by

BO(.T) _ 1, t<z<t4 (1)
0, otherwise

and those of order & > 0 are defined recursively in terms of those of order k£ — 1 by

Bl(@) = (1) Bl (g) 4 (AL L ) phol (g 2)
bivk — i Litk+1 — tit1

They satisfy the following properties:

L.V & [ti, tiyxia], Bf(z) =0
2. Vz € R, BF(z) >0
3. BF e CF-1(R)

DEFINITION 2.1 The support of a function is the closure of the set of points in
which the function is not zero:

suppf = {z: f(z) # 0}

3. 2mw-Periodic Trigonometric B-Splines

Suppose that J = [0, 27]. Let m be an odd positive integer and let Y = {¢;} be the
2m-periodic partition J defined by

tn =0 <ty < - <ty <. <tryrom1 < tarim = 2,

such that 0 < tivm—1 — t;i < ™, t; = tyrys — 2, and tm+i = tM4m+i — 27 for
t1=1,--- ,m—1

The 2m-periodic trigonometric B-splines N;" of order m associated with the parti-
tion X are defined by [14]:

0, otherwise



M. Amirfakhrian & H. Nouriani/ IJM?C, 01 - 03 (2011) 175 -181. 177

and for m > 1,

s(¢p —ti)

5(tmti—1 — i)

S(ti+m - ¢)

'mfl
$(tigm — tit1) N (@)

Ni"(¢) = NHe) + i+1

z

where s(z) = sin (£) and ¢(z) = cos (%). They satisfy the following properties:
1. N™ € C™ %(R), and for all ¢ we have N/, (¢) = N(¢ — 2r).
2. N/"(¢) is a piecewise trigonometric function, i.e., NJ"(¢)|[tj,tj+1] € I'm,
where
L [<L526),¢20), s((m — 1)), e((m — 1)) >, mis odd
" <8(¢)7C(¢)7"' 73((m_1)¢)7c((m_1)¢) >, m is even
is the space of trigonometric polynomials of order m.
3. N/™(¢) > 0 and supp N;" = [t;, tiym]-
4. The family {N/",i=1,--- ,M +m — 1} forms a basis for the space S, =
{g € C™ ([0, 27]); gl[ts, tis1] € T}

4. Algebraic Hyperbolic B-splines Basis (AH B-splines)

Let X be a give knot sequence {z;}7% with z; < w;11 we first give a set of initial
functions by [20]

Sinh(:ltfaji) ) .
) 4 <@ < @i

. — sinh(z;42—1)
M; () Sh(@iye—zia1) Titl < T < Tit2

0, otherwise

We define that % = 0. Then the algebraic B-spline basic functions of order k in

k-3

space I'y_1 = span{l, z, "2 sinhz, coshz} can be defined recursively. as:

M; () =/ (0 -1 Mig-1(8) = dip1 k-1 Mit16-1(s))ds k>3 (3)

— 00

1
T2 Miw(a)de
If Mz;k($) = 07 6i,k = oo and 6Z,kMZ,k($) =0.
We have from (3) the following:

where 6; , =

0, =<z
T
/ OikMig(s)ds =< 20,2, <& < Tipp
— 00
]-7 x z Titk

Properties of the AH B-spline basis:
(1) Mig(z) =0, z & [zi, Tiyx]
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+o0
(2) > M;p(x) =1forall k >3 and all .
(3) Mp(x) =0ifand only if ; = 241 =+ = Tj4p

(4) M;,(z) = 0ip—1Mip—1(z) = diyr -1 M1 k-1 ()

5. Hyperbolic B-Splines

In this section we introduce hyperbolic B-splines. The hyperbolic B-splines TZ’c of

order k associated with the partition X are defined by:

$) = {1, ti <P <tlit1

0, otherwise

and for k£ > 1,

TH(p) = s(¢ —ti) TH1(4) + s(tivk — ) TN (9)

S(tpyio1 — 1) ° s(tivk — tiv1)

where s(z) = sinh(z). They satisfy the following properties:

1. For k > 2, TF € CF2(R)

TF(¢) is a piecewise hyperbolic function.
Tf(4) 2 0.

supp T = [t;, tiyi]

’Tik el

Crk N

span{{sinh(2¢), cosh(2l¢)}l | U{l}} k is odd

I'y =
span{{sinh(2] — 1)¢, cosh(2] — 1)gz’)}l 1} k is even

is the space of hyperbolic polynomials of order k.

(6)

Let X = {0, 4 - 3, 1}. The graphs of the basis functions 777, T and T} are shown

in Figures 1,2, and 3.
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Figure 1. The hyperbolic B-splines T7.
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Figure 2. The hyperbolic B-splines Ti3'
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Figure 3. The hyperbolic B-splines T'.

6. Interpolation by Hyperbolic B-Splines

Suppose that the support points {(z;,v;)};"; are known in which z;’s can be the
same as t;>s. We consider the interpolating function as

m+k—1

ar(@) = Y Tf(2) (7)

=1

in which T%'s are given in (4) and (5). By considering the interpolation condition
we should have

Qk($j) = f($J) J=1--,m (8)

If the k£ — 1 additional conditions are chosen suitably [5], then the interpolation
problem has a good solution.

If for the support points we have z; # t; for at least one 4 and one j, then we
should solve a least square problem to find the control points.

7. Numerical Examples

In this section we compute the interpolating function on support data or for a
given function.
In our examples we consider the set of nodes as X.
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Ezample 7.1 Let X = {0, %, %, 1}. We interpolate the following function:

f(z) = 2sinh(z) — % cosh(z)

m—1

o) = Y oI (@)

1=2

in which ¢;’s can be easily computed. The error function is shown in Figure 4.
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OO Y
02 04 [ 06 \jﬂ.s o
—5.x10716 |
—Lx1075 -

Figure 4. The error function f(z) — g3(x).

Ezample 7.2 Let X = {0,1,2,3}. The error of interpolating function of
f(a;) — ez+2 _ 67$+1

is shown in Figure 5.
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Figure 5. The error function f(z) — ¢3(x).

8. Conclusion

In this work we introduced hyperbolic B-splines and used it to interpolate a func-
tion. The interpolation method by using 7} is exact for any function in T'.
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