
International Journal of

Mathematical Modelling & Computations

Vol. 06, No. 01, Winter 2016, 61- 81

Penalty Method for an Unilateral Contact Problem with

Coulomb’s Friction for Locking Materials

S. Bourichia,∗ and El-H. Essoufib

aDepartment of Mathematics and Informatics,

University Hassan I, FSTS, B.P. 577, 26000 Settat, Morocco;
bDepartment of Mathematics and Informatics,

University Hassan I, FSTS, B.P. 577, 26000 Settat, Morocco.

Abstract.In this work, we study a unilateral contact problem with non local friction of
Coulomb between a locking material and a rigid foundation. In the first step, we present the
mathematical model for a static process, we establish the variational formulation in the form
of a variational inequality and we prove the existence and uniqueness of the solution. In the
second step, using the penalty method we introduce the penalty numerical problem in the form
of variational equality where we replace the law behavior and the law contact of Signorini.
Then we show the convergence of the continuous penalty solution as the penalty parameter
tends to infinity. Then, the analysis of the finite element discretized penalty method is carried
out.
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1. Introduction

Locking material is material which is deformed under the effect of an external force
and the deformation stops once it reaches a certain value ”M”. After that, the ma-
terial can’t be deformed any further whatever the force. As long as the deformation
remains bounded, the material is elastic. That’s to say once we stop exercising any
external force on it, it returns back to its initial physical shape. The variational
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problems encountred in theory of locking materials introduced by Prager and de-
veloped on 1985 by F. Demengel and P. Suquet ([3, 4]). In a first step, they are
interested in the dual principles governing the equilibrium state of an elastic-locking
material. They established the inf-sup equality by means of a penalty method. In
a second step, they introduced and discussed the locking limit analysis problem.
This problem allows one to determine which displacements can be imposed on a
locking body before complete locking. Locking materials are hyperelastic materials
for which the strain tensor is constrained to stay in some convex set. We denote by
B this convex set (B(x) in the case of a nonhomogeneous material) and we assume
that a normality rule holds true in the strain space. The resulting constitutive law
reads as follows [11–13]. In this work, we study a problem for a static process of
unilateral contact with non local friction of Coulomb between a locking material
and a rigid foundation. Here, we consider a mathematical model which describes
the contact with non local friction (Coulomb) between a locking material and a
rigid foundation, within the framework of small deformations theory. The mate-
rial’s behavior is modeled with a non-linear elastic-locking constitutive law. The
contact is described with the Signorini contact conditions. In the first step, we have
formulated the mathematical problem as a variational inequality and we show the
existence of a unique solution. In the second step, we try to estimate the solution.
Because of a nonlinear contact condition and non differentiable behavior law, the
penalty method is employed and the convergence analysis of the method in this
case of non-linear elastic-locking is established. Using the numerical approximation
of the solution, we analyze both the continuous and discrete problems. We limit
the analysis to a conformal discretization with piecewise linear finite elements. We
show the theoretical convergence of the penalty method.

2. Setting of the problem

2.1 The contact problem

In this section we describe the problem of unilateral contact with Coulomb’s fric-
tion between a locking body and a rigid foundation.
The physical setting is the following : we consider a locking body which initially
occupies an open bounded domain Ω ⊂ Rd, d = 2, 3 with a sufficiently smooth
boundary ∂Ω = Γ. The body is acted upon by a volume forces of density f0. It is
also constrained mechanically on the boundary. To describe these constraints we
decompose Γ into three mutually disjoint open parts ΓD, ΓN and ΓC , on the one
hand, and a partition of ΓD ∪ ΓN on the other hand, such that meas(ΓD) > 0.
The body is clamped on ΓD and a surface tractions of density f2 act on ΓN . On
ΓC the body may come into contact with a rigid obstacle, the so called founda-
tion. The indices i, j, k, l run between 1 and d. The summation convention over
repeated indices is adopted and the index that follows a comma indicates a partial
derivative with respect to the corresponding component of the spatial variable, e.g.,
ui,j = ∂ui/∂xj . Everywhere below we use Sd to denote the space of second order
symmetric tensors on Rd while “ · ” and ∥ · ∥ will represent the inner product and
the Euclidean norm on Rd and Sd, that is ∀u, v ∈ Rd, ∀σ, τ ∈ Sd,

u · v = ui · vi, ∥v∥ = (v · v)
1

2 , and σ · τ = σij · τij , ∥τ∥ = (τ · τ)
1

2 .

We denote by u : Ω → Rd the displacement field, by σ : Ω → Sd, σ = (σij)
the stress tensor. We shall adopt the usual notations for normal and tangential
components of displacement vector and stress : vν = v · ν, vτ = v − vνν, σν =
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(σν)·ν, στ = σν−σνν, where ν denote the outward normal vector on Γ. Moreover,
let ε(u) = (εij(u)) denote the linearized strain tensor given by εij(u) =

1
2(ui,j+uj,i).

Under the previous assumption, the classical model for this process is the following:

Problem P . Find a displacement field u : Ω → Rd, a stress field σ : Ω → Sd such
that

σ(u) ∈ Aε(u) + ∂(IM (ε(u))) in Ω, (1)

Div σ(u) + f0 = 0 in Ω, (2)

u = 0 on ΓD, (3)

σν = g on ΓN . (4)

On the contact surface ΓC , we consider

σν(u) ⩽ 0, uν ⩽ 0, σνuν = 0, on ΓC , (5)
|στ (u)| ⩽ µ(∥uτ∥)|Rσν(u)|
|στ (u)| < µ(∥uτ∥)|Rσν(u)| =⇒ uτ = 0.
στ (u) = −µ(∥uτ∥)|Rσν(u)| uτ

∥uτ∥ =⇒ uτ ̸= 0
on ΓC . (6)

With IM is the indicator function of the set B = {ξ ∈ Rd2

/|ξ| ⩽M}{
IM (ξ) = 0 if ξ ∈ B
IM (ξ) = +∞ otherwise.

Here and below, in order to simplify the notation, we do not indicate explicitly the
dependence of various functions on the spatial variable x ∈ Ω. Equation (1) repre-
sents the behavior law of the material in which A denotes the elasticity operator.
Equation (2) represents the equilibrium equation for the stress displacement fields.
Relations (3) and (4) are the displacement and traction boundary conditions, re-
spectively. The unilateral boundary conditions (5) represent the Signorini law and
the (6) represents the Coulomb’s friction of the unilateral contact.

2.2 Weak formulation of P

To present the variational formulation of Problem P we need some additional
notation and preliminaries. We start by introducing the spaces

H = L2(Ω)d, H1 = H1(Ω)d,

H = {τ = (τij) | τij = τji ∈ L2(Ω)}, H1 = {σ ∈ H | Div σ ∈ H}.

These are real Hilbert spaces endowed with the inner products

(u, v)H =

∫
Ω
uivi dx, (u, v)H1

= (u, v)H + (ε(u), ε(v))H,

(σ, τ)H =

∫
Ω
σijτij dx, (σ, τ)H1

= (σ, τ)H + (Div σ,Div τ)H,
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and the associated norms ∥ · ∥H , ∥ · ∥H1
, ∥ · ∥H and ∥ · ∥H1

, respectively. Let HΓ =
H1/2(Γ)d and let γ : H1 → HΓ be the trace map. For every element v ∈ H1, we
also use the notation v to denote the trace γv of v on Γ. Let H

′

Γ be the dual of HΓ

and let ⟨·, ·⟩Γ denote the duality pairing between H
′

Γ and HΓ. For every σ ∈ H1,
σν can be defined as the element in H

′

Γ which satisfies

⟨σν, γv⟩Γ = (σ, ε(v))H + (Div σ, v)H , ∀v ∈ H1. (7)

Moreover, If σ is continuously differentiable on Ω, then

⟨σν, γv⟩Γ =

∫
Γ
σν · v da (8)

for all v ∈ H1, where da is the surface measure element. Let ⟨·, ·⟩ denote the duality
pairing between V

′
and V.

Keeping in mind the boundary condition (5), we introduce the closed subspace
of H1 defined by

V = {v ∈ H1 | v = 0 on ΓD},

and K be the set of admissible displacements

K = {v ∈ V | vν ⩽ 0 on ΓC},

and the closed convex

K ′ = {v ∈ V | , |ε(v)| ⩽M a.e. on Ω}.

Since meas(ΓD) > 0 and Korn’s inequality (see, e.g., [10]) holds, then

∥ε(v)∥H ⩾ ck∥v∥H1
, ∀v ∈ V (9)

where ck > 0 is a constant which depends only on Ω and ΓD. Over the space V we
consider the inner product given by

(u, v)V = (ε(u), ε(v))H, ∥u∥V = (u, u)
1

2

V , (10)

and let ∥ · ∥V be the associated norm. It follows from Korn’s inequality (9) that
the norms ∥ · ∥H1

and ∥ · ∥V are equivalent on V . Therefore (V, ∥ · ∥V ) is a Hilbert
space. Moreover, by the Sobolev trace theorem, (9) and (10) there exists a constant
c0 > 0 which only depends on the domain Ω, ΓC and ΓD such that

∥v∥L2(Γ)d ⩽ c0∥v∥V , ∀v ∈ V. (11)

As usual, we denote by (Hs(Ω))d, s ∈ R, d = 1, 2, 3, the Sobolev spaces in one, two
or three space dimensions. The Sobolev norm of (Hs(Ω))d (dual norm if s < 0)
is denoted by ∥ · ∥s,Ω and we keep the same notation when d = 1, 2 or 3. In the
study of problem (1)-(5) we will need to suppose that:

• (h1) The elasticity operator A is the fourth order and symmetric;

• (h2) Aξ = (aijklξkl);

• (h3) aijkl ∈ L∞(Ω);

• (h4) there exists α > 0 such that aijkl(x)ξkξl ⩾ α∥ξ∥2, ∀ξ ∈ Sd, a.e. x ∈ Ω.
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The coefficient of friction µ satisfies:

(a) µ : ΓC × R+ → R+ :
(b) There exists Lµ > 0 such that for all u, v ∈ R+, a.e. x ∈ ΓC ;

|µ(x, u)− µ(x, v)| ⩽ Lµ∥u− v∥
(c) The mapping x→ µ(x, u) is Lebesgue measurable on ΓC ,∀u ∈ R+;
(d) There exists µ∗ > 0 such that

µ(x, u) ⩽ µ∗ ∀u ∈ R+, a.e. x ∈ ΓC .

(12)

Next, we use Riesz’s representation theorem, consider the elements f ∈ V , given
by

(f, v)V =

∫
Ω
f0 · v dx+

∫
ΓN

g · v da ∀v ∈ V. (13)

We suppose that the mapping R : H ′
ΓC

−→ L∞(ΓC) is linear and continus.
We define the mapping j : V × V −→ R by

j(u, v) =

∫
ΓC

µ(∥uτ∥)|Rσν(u)|∥vτ∥ da ∀v ∈ V. (14)

Keeping in mind assumption (h) it follows that the integral in (13) is well-defined.
Using Grenn’s formula (7) and (8) it is straightforward to see that if (u, σ) are
sufficiently regular functions satisfying (1)-(6), then

(σ(u), ε(v))H − ⟨σν(u), vν⟩ΓC
− ⟨στ (u), vτ ⟩ΓC

= (f, v)V , ∀v ∈ V, (15)

(Aε(u), ε(v))H + ⟨Z(ε(u)), ε(v)⟩ − ⟨σν(u), vν⟩ΓC
− ⟨στ (u), vτ ⟩ΓC

= (f, v)V , ∀v ∈ V,
(16)

with

Z(ε(u)) ∈ ∂IM (ε(u)).

We define

a(u, v) = (Aε(u), ε(v))H ∀u, v ∈ V.

From the previous assumptions, we obtain that a(., .) is bilinear, symmetric,
V−elliptic and continuous on V × V.
From convexity of IM we get :

∀v ∈ K ′ ⟨Z(ε(u)), ε(v − u)⟩ ⩽ IM (ε(v))− IM (ε(u)) = 0 (17)

and

∀v ∈ K ⟨σν(u), vν⟩ΓC
⩾ 0. (18)

Using (5), (17) and (18) we obtain the weak formulation as a variational inequality.
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Problem PV . Find a displacement field u : Ω → Rd that:{
u ∈ K ∩K ′,
a(u, v − u) + j(u, v)− j(u, u) ⩾ (f, v − u)V , ∀v ∈ K ∩K ′.

(19)

3. Setting the penalty problem

3.1 The penalty problem

Applying the penalty method consists on replacing the behavior law and the
Signorini condition. We define:

∀n ∈ N∗, ϵ > 0 uϵn,ν = uϵnν.

In the penalty problem, we replace IM (ε(uϵn)) by n[(|ε(uϵn)| − M)+]2 and
σν(u

ϵ
n) by −1

ϵ [u
ϵ
n,ν ]

+, with n ∈ N∗ and ϵ > 0 the penalty parameters.

We recall also that for all a ∈ R, a+ = a if a ⩾ 0 and a+ = 0 if a ⩽ 0.
Because j isn’t differentiable, we regularize j by jϵ given by:

jϵ(u, v) =

∫
ΓC

µ(∥uτ∥)|Rσν(u)|Ψϵ(v) da, ∀u, v ∈ V (20)

where

Ψϵ(v) =
√

∥v∥2 + ϵ2 ∀v ∈ V. (21)

We denote :

⟨j′ϵ(uϵn, v), w⟩ =
∫
ΓC

µ(∥uϵnτ∥)|Rσν(uϵn)|
vτwτ√

∥vτ∥2 + ε2
∀v, w ∈ V. (22)

We denote

Rn(τ) = 2n[(|τ | −M)+]
τ

|τ |
∀τ ∈ Sd (23)

and

⟨[uν ]+, vν⟩ΓC
=

∫
ΓC

[uν ]
+vνda. (24)

Using the Green’s formula we obtain the variational formulation:

Problem PV ϵ
n . Find a displacement field uϵn ∈ V such that :

a(uϵn, v) + (Rn(ε(u
ϵ
n)), ε(v))H + ⟨1ϵ [u

ϵ
n,ν ]+, vν⟩ΓC

+ ⟨jn′(uϵn, uϵn), v⟩ = (f, v)V , ∀v ∈ V.
(25)
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3.2 Finite element setting

We suppose that Ω is a polygonal domain (d = 2) or polyhedral (d = 3). We
approche the space V by the finite dimension V h where h > 0 is a spatial dis-
cretization parameter

V h =
{
v ∈ C(Ω)d; v|Th

∈ P1(Ω)
d, v = 0 sur ΓD}

with T = {Th} is the triangulations set of Ω and P1(Ω)
d is the set of polynomials

of degree less than 1.
In this subsection we suppose that ϵ = 1

n and jn = jϵ.
The discrete problem of PVn is given by:

Problem PV h
n . Find the displacement uhn ∈ V h such that:

a(uhn, v
h)+(Rn(ε(u

h
n)), ε(v

h))H+⟨n[uhn,ν ]+, vhν ⟩ΓC
+⟨j′

n(u
h
n, u

h
n), v⟩ = (f, vh)V ∀vh ∈ V h

(26)

4. Main results and proofs

4.1 Existence and uniqueness of the solution

Theorem 4.1 Assume that (h1) − (h4) hold. There exists L∗ > 0 such that if
Lµ+µ∗

α < L∗, then the Problem (PV ) has a unique solution u.

Proof
The mapping a(., .) is bilinear, symmetric, continuous and V−elliptic and we

know that K ∩K ′ is a closed convex and not empty.
The functional j satisfies: in one hand ∀u ∈ V, j(u, .) is convex and l.s.c on V
and in the second hand ∀u1, u2 ∈ V and we have∣∣j(u1, u2)− j(u1, u1) + j(u2, u1)− j(u2, u2)

∣∣ =∣∣ ∫
ΓC

(µ(∥u1τ∥)|Rσν(u1)| − µ(∥u2τ∥)|Rσν(u2)|)(∥u2τ | − |u1τ∥) da
∣∣ =

∣∣ ∫
ΓC

(µ(∥u1τ∥)− µ(∥u2τ∥))|Rσν(u1)|+ µ(∥u2∥)(|Rσν(u1)| − |Rσν(u2)|)(∥u2τ∥ − ∥u1τ∥) da
∣∣ ⩽∫

ΓC

Lµ(∥u2τ∥ − ∥u1τ∥)2 + µ∗
∣∣Rσν(u1)−Rσν(u2)

∣∣∣∣∥u2τ∥ − ∥u1τ∥
∣∣ da.

Applying the continuity of R and (11), we get

∣∣j(u1, u2)− j(u1, u1) + j(u2, u1)− j(u2, u2)
∣∣ ⩽ c20(Lµ + c1µ∗)∥u2 − u1∥2V

where c1 is a positive constant depending of R and σν . Then there exists c2 > 0
such that∣∣j(u1, u2)− j(u1, u1) + j(u2, u1)− j(u2, u2)

∣∣ ⩽ c2(Lµ + µ∗)∥u2 − u1∥2V .
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Let L∗ = 1
c2
. If Lµ+µ∗

α < L∗ then c2(Lµ + µ∗) < α. In this case the problem has
a unique solution. ■

4.2 Existence and uniqueness of penalty problem

Theorem 4.2 Assume that (h1)− (h4) hold. For any n ∈ N∗ and ϵ > 0

1) the penalty problem (PV ϵ
n) has at least one solution.

2) there exists L∗ > 0 such that if Lµ+µ∗

α < L∗. Then the Problem (PV ϵ
n) has a

unique solution uϵn.

To prove this theorem,
we simplify the problem by defining the following operators Tn, S

ϵ and Bϵ
n by:


(Tnv, w)V = (Rn(ε(v)), ε(w))H ∀v, w ∈ V.

(Sϵv, w)V = 1
ϵ ⟨[vν ]

+, wν⟩ΓC
= 1

ϵ

∫
ΓC
v+ν wνda ∀v, w ∈ V.

(Bϵ
nv, w)V = a(v, w) + (Tnv, w)V + (Sϵv, w)V ∀v, w ∈ V.

The problem PV ϵ
n is written as follow:

Problem PV ϵ
n . Find the displacement uϵn : Ω → Rd such that:

(Bϵ
nu

ϵ
n, v)V + ⟨j′

ϵ(u
ϵ
n, u

ϵ
n), v⟩ = (f, v)V ∀v ∈ V. (27)

The following lemmas will be useful

Lemma 4.3

(1) Tn is the Lipshitz continuous :

(Tnu1 − Tnu2, v)V ⩽ 4n ∥u1 − u2∥V ∥v∥V ∀u1, u2, v ∈ V

(2) Tn is monotone :

(Tnu1 − Tnu2, u1 − u2)V ⩾ 0 ∀u1, u2 ∈ V

(28)

Proof

1)

R = (Tnu1 − Tnu2, v)V = 2n
∫
Ω

(
[|ε(u1)| −M ]+ ε(u1)

|ε(u1)| − [|ε(u2)| −M ]+ ε(u2)
|ε(u2)|

)
ε(v) da

= 2n
∫
Ω

(
[|ε(u1)|−M ]+ε(u1)|ε(u2)|−[|ε(u2)|−M ]+ε(u2)|ε(u1)|

|ε(u2)||ε(u1)|

)
ε(v) da.

There are three cases:
- If |ε(u1)| ⩽M, |ε(u2)| ⩽M then R = 0
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- If |ε(u1)| > M, |ε(u2)| ⩽M hence

|R| = 2n

∣∣∣∣∫
Ω
(|ε(u1)| −M)

ε(u1)

|ε(u1)|
ε(v) da

∣∣∣∣
⩽ 2n

∫
Ω
(|ε(u1)| −M)

|ε(u1)|
|ε(u1)|

|ε(v)| da

= 2n

∫
Ω
(|ε(u1)| −M)|ε(v)| da

⩽ 2n

∫
Ω
(|ε(u1)| − |ε(u2)|)|ε(v)| da

⩽ 2n

∫
Ω
|ε(u1)− ε(u2)||ε(v)| da

⩽ 2n ∥u1 − u2∥V ∥v∥V .

- If |ε(u1)| > M and |ε(u2)| > M then

|R| = 2n

∣∣∣∣∫
Ω

(
(|ε(u1)| −M)

ε(u1)

|ε(u1)|
− (|ε(u2)| −M)

ε(u2)

|ε(u2)|

)
ε(v) da

∣∣∣∣ .
= 2n

∣∣∣∣∫
Ω

(
(ε(u1)− ε(u2))−M(

ε(u1)

|ε(u1)|
− ε(u2)

|ε(u2)|
)

)
(ε(v))

∣∣∣∣
⩽ 2n

∫
Ω
|(ε(u1)− ε(u2)||(ε(v)|+ 2n

∣∣∣∣∫
Ω
−M(

ε(u1)

|ε(u1)|
− ε(u2)

|ε(u2)|
)(ε(v))

∣∣∣∣
⩽ 2n ∥u1 − u2∥V ∥v∥V + 2n

∫
Ω
M

∣∣∣∣ ε(u1)|ε(u1)|
− ε(u2)

|ε(u2)|

∣∣∣∣ |ε(v)|
⩽ 2n ∥u1 − u2∥V ∥v∥V + 2n

∫
Ω
|ε(u1)− ε(u2)| |ε(v)|

⩽ 4n ∥u1 − u2∥V ∥v∥V .

For all cases we find:

|R| ⩽ 4n ∥u1 − u2∥V ∥v∥V .

2) The mapping ϕ : Sd −→ R; ξ 7−→ n ((|ξ| −M)+)
2

is convex function and
continuously differentiable and

∀ξ, ψ ∈ Sd; ⟨ϕ′n(ξ), ψ⟩ = 2n
(
(|ξ| −M)+

) ξ

|ξ|
.ψ.

Hence the mapping F : V −→ R; u 7−→ ϕ(ε(u)) is also convex function and
continuously differentiable
and

∀(u, v) ∈ V 2; ⟨ϕ′n(ε(u)), ε(v)⟩ = 2n
(
(|ε(u)| −M)+

) ε(u)

|ε(u)|
ε(v).

From convexity property of ϕn we obtain that ϕ′n is monotone, then ⟨ϕ′n(ε(u))−
ϕ′n(ε(v)), ε(u)− ε(v)⟩ ⩾ 0.
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■

Lemma 4.4

(1) Sϵ is the Lipshitz :
|(Sϵu− Sϵv, w)V | ⩽ c0

ϵ ∥u− v∥V ∥w∥V ∀u, v, w ∈ V.
(2) Sϵ is monotone : ⟨Sϵv − Sϵu, v − u⟩ ⩾ 0 ∀v,w ∈ V.

(29)

Proof

1)

∣∣(Sϵv − Sϵu,w)V
∣∣ = 1

ϵ

∣∣⟨[vν ]+ − [(u)ν ]
+, wν⟩ΓC

∣∣
=

1

ϵ

∣∣ ∫
ΓC

[vν ]
+ − [uν ]

+)wν

∣∣
⩽ 1

ϵ

(∫
ΓC

∣∣[vν ]+ − [uν ]
+)

∣∣∣∣wν

∣∣) ,

using the inequality
∣∣[vν ]+ − [uν ]

+
∣∣ ⩽ ∣∣vν − uν

∣∣ we obtain:

∣∣(Sϵv − Sϵu,w)V
∣∣ ⩽ c0

ϵ
∥v − u∥V ∥w∥V .

2) We remark that for all a, b ∈ R

([a]+ − [b]+)(a− b) = a[a]+ + b[b]+ − a[b]+ − b[a]+

⩾ ([a]+)2 + ([b]+)2 − 2[a]+[b]+

= ([a]+ − [b]+)2 ⩾ 0

■

Let κ be a real positive number, we set

G =
{
h ∈ L2(ΓC); ⟨h, uϵn⟩ ⩾ 0 and ∥h∥L2(ΓC) ⩽ κ

}
where is G is a closed convex.
For h ∈ G, we define the function j̃h on K by:

j̃h(v) =

∫
ΓC

hvτ da. (30)

From the Riesz’s representation theorem and the fact that V is a real Hilbert
space, there exists fh ∈ V such that (fh, v)V = (f, v)V − j̃h(v) ∀v ∈ V .
For any h ∈ G we associate the following intermediate problem :

Problem PV hϵ
n . Find a displacement field uhϵn : Ω → Rd such that:

a(uhϵn , v) + (Rn(ε(u
hϵ
n )), ε(v))H +

1

ϵ
⟨[uhϵnν ]+, vν⟩ΓC

= (fh, v)V ∀v ∈ V. (31)
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Lemma 4.5

i) For any h ∈ G, the problem PV hϵ
n has a unique solution uhϵn .

ii) The function h ∈ G −→ uhϵn is the Lipshitz.
iii) ∃c > 0, ∥uhϵn ∥V ⩽ c∥fh∥V .

Proof

i) We show that Bϵ
n is strongly monotone and the Lipshitz continuous:

• ∀u, v ∈ V we have
(Bϵ

nv−Bϵ
nu, v−u)V = a(v−u, v−u)+(Tnv−Tnu, v−u)V +(Sϵv−Sϵu, v−u)V .

Using lemma (4.3) and lemma (4.4) we obtain

(Bϵ
nv −Bϵ

nu, v − u)V ⩾ a(v − u, v − u).

From the ellipticity of a(., .) we deduce that Bϵ
n is strongly monotone.

• We show next that Bϵ
n is the Lipshitz continuous.

From the Lipshitz continuity of Tn, S
ϵ and a(., .) is bilinear continuous, we

deduce that Bϵ
n is the Lipshitz continuous.

Thus, PV hϵ
n has a unique solution uhϵn .

ii) We show now that the function h −→ uhϵn is the Lipshitz
Let h1, h2 two elements of G,

(Bϵ
nu

h1ϵ
n , v − uh1ϵ

n )V =(fh1 , v − uh1ϵ
n ) ∀v ∈ V

(Bϵ
nu

h2
n , v − uh2ϵ

n )V =(fh2 , v − uh2ϵ
n ) ∀v ∈ V.

We replace in the first inequality v by uh2
n and in the second v by uh1

n we
obtain

(Bϵ
nu

h1ϵ
n , uh2ϵ

n − uh1ϵ
n )V =(fh1 , u

h2ϵ
n − uh1ϵ

n )

(Bϵ
nu

h2ϵ
n , uh1ϵ

n − uh2ϵ
n )V =(fh2 , u

h1ϵ
n − uh2ϵ

n ),

we sum the last equalities:

(Bϵ
nu

h1
n −Bϵ

nu
h2
n , u

h1
n − uh2

n )V = (fh1 − fh2 , uh1ϵ
n − uh2ϵ

n )V .

Using PV h1ϵ
n and PV h2ϵ

n , we obtain:

(Bϵ
nu

h1
n −Bϵ

nu
h2
n , u

h1
n − uh2

n )V =

∫
ΓC

(h2 − h1)(u
h1ϵ
nτ − uh2ϵ

nτ )da

⩽∥h1 − h2∥L2(ΓC)∥uh1ϵ
n − uh2ϵ

n ∥L2(ΓC)

⩽c0∥h1 − h2∥L2(ΓC)∥uh1ϵ
n − uh2ϵ

n ∥V .

We know that

α∥uh1ϵ
n − uh2ϵ

n ∥2V ⩽a(uh1ϵ
n − uh2ϵ

n , uh1ϵ
n − uh2ϵ

n )

⩽(Bϵ
nu

h1ϵ
n −Bϵ

nu
h2ϵ
n , uh1ϵ

n − uh2ϵ
n )V ,
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then

∥uh1ϵ
n − uh2ϵ

n ∥V ⩽ c0
α
∥h1 − h2∥L2(ΓC) (32)

iii) We show now that ∃c > 0, ∥uhϵn ∥V ⩽ c∥fh∥V .
Using (Bϵ

nu
hϵ
n , u

h
n)V = (fh, uhϵn ), we obtain

α∥uhϵn ∥2V ⩽a(uhϵn , uhϵn )

⩽(Bϵ
nu

h
n, u

hϵ
n )V

⩽∥fh∥V ∥uhϵn ∥V ,

thus ∥uhϵn ∥V ⩽ 1
α∥f

h∥V
■

Lemma 4.6 The mapping h→ uhϵn is weakly continuous.

Proof

Let (hk)k be a sequence converging weakly in L2(ΓC) to h.
Using (32) we get ∥uhkϵ

n ∥V ⩽ c0
α ∥hk∥L2(ΓC), then (uhkϵ

n )k is bounded in V.

It implies that it exists a subsequence (uhkϵ
n )k converging weakly to ũϵn.

We have in one hand:

(fhk , v − uhkϵ
n ) = (f, v − uhkϵ

n )V − j̃hk
(v − uhkϵ

n ) (33)

|̃jhk
(uhkϵ

n )− j̃hk
(ũϵn)| ⩽ ∥hk∥L2(ΓC)∥uhkϵ

n − ũϵn∥L2(ΓC). (34)

In other hand, the Sobolev’s trace γ : V → L2(ΓC) is compact.

Then (uhkϵ
n )k −→ ũϵn as k −→ ∞ and

(fhk , v − uhkϵ
n )k −→ (f, v − ũϵn). (35)

We take v = Bϵ
nu

hkϵ
n in the equality (Bϵ

nu
hkϵ
n , v)V = (fhk , v)V , we find that

∥Bϵ
nu

hkϵ
n ∥ ⩽ ∥fhk∥V ,

it implies that there exists L > 0 verifying

∥Bϵ
nu

hkϵ
n ∥ ⩽ L, ∀k ∈ N.

From

(Bϵ
nu

hkϵ
n , uhkϵ

n − ũϵn)V = (Bϵ
nu

hkϵ
n , uhkϵ

n − v)V + (Bϵ
nu

hkϵ
n , v − ũϵn)V

we obtain that

(Bϵ
nu

hkϵ
n , uhkϵ

n − ũϵn)V ⩽ (fhk , uhkϵ
n − v)V + L∥v − ũϵn∥V

It results that

lim sup
k→+∞

(Bϵ
nu

hkϵ
n , uhkϵ

n − ũϵn)V ⩽ (f, ũϵn − v)V + L∥v − ũϵn∥V
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Taking v = ũϵn we obtain that lim sup
k→∞

(Bϵ
nu

hkϵ
n , uhkϵ

n − ũϵn)V ⩽ 0 and then

(Bϵ
nũ

ϵ
n, ũ

ϵ
n − v)V ⩽ lim inf

k→∞
(Bϵ

nu
hkϵ
n , uhkϵ

n − v)V . (36)

We combine (35) and (36) to get{
ũϵn ∈ V
(Bϵ

nũ
ϵ
n, ũ

ϵ
n − v)V ⩽ (f, ũϵn − v) ∀v ∈ V.

(37)

For any ṽ ∈ V we change v by ṽ = ũϵn + v and ṽ = ũϵn − v in (37) to obtain
that ũϵn is a solution of PV ϵ

n .
We deduce that ũϵn = uhϵn and (uhkϵ

n )k ⇀ uhϵn as k −→ +∞ and finally, the
function h→ uhϵn is weakly continuous on L2(ΓC).

■

Lemma 4.7 The mapping Λ : h 7−→ µ(|uhϵnτ |)|Rσν(uhϵn )| uhϵ
nτ√

∥uhϵ
nτ∥2+ϵ2

has a fixed

point.

Proof

Let h ∈ G, we recall that ⟨h, uhϵn ⟩ ⩾ 0 and ∥h∥L2(ΓC) ⩽ κ.

Using ⟨h, uhϵn ⟩ ⩾ 0 we obtain that (fh, uhϵn )V ⩽ (f, uhϵn )V , and applying (4.3)
we get ∥uhϵn ∥V ⩽ 1

α∥f∥V .
Now we have ∥Λh∥L2(ΓC) ⩽ µ∗∥∥uhϵnτ∥|Rσν(uhϵn )| uhϵ

nτ√
∥uhϵ

nτ∥2+ϵ2
∥L2(ΓC).

We know that R is linear continuous, then there exists c > 0 such that

∥Λh∥L2(ΓC) ⩽ c0µ
∗ c

α
∥f∥V .

If we choose κ = c0µ
∗ c
α∥f∥V then Λ : G −→ G.

Because G is a closed convex not empty of L2(ΓC) and Λ is weakly continuous
and using the Schauder’s theorem of fixed point, we deduce that Λ has a fixed
point.

■

Now, we are ready to prove theorem (4.2).

1) Existence:

Let g∗ be a fixed point of Λ. Using Λg∗ = g∗ we deduce that ug
∗ϵ

n is a
solution of PV ϵ

n .

2) Uniqueness:
Let uϵ1,n and uϵ2,n be two solutions of PV ϵ

n .
We have for any v ∈ V{

(Bϵ
nu

ϵ
1,n, v)V + ⟨j′

ϵ(u
ϵ
1,n, u

ϵ
1,n), v⟩ = (f, v)V

(Bϵ
nu

ϵ
2,n, v)V + ⟨j′

ϵ(u
ϵ
2,n, u

ϵ
2,n), v⟩ = (f, v)V .

Then

(Bϵ
nu

ϵ
1,n −Bϵ

nu
ϵ
2,n, v)V = ⟨j′

ϵ(u
ϵ
2,n, u

ϵ
2,n), v⟩ − ⟨j′

ϵ(u
ϵ
1,n, u

ϵ
1,n), v⟩. (38)
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Taking v = uϵ1,n − uϵ2,n in (39) we obtain

(Bϵ
nu

ϵ
1,n−Bϵ

nu
ϵ
2,n, u

ϵ
1,n−uϵ2,n)V = ⟨j′

ϵ(u
ϵ
2,n, u

ϵ
2,n), u

ϵ
1,n−uϵ2,n⟩−⟨j′

ϵ(u
ϵ
1,n, u

ϵ
1,n), u

ϵ
1,n−uϵ2,n⟩.

Since jϵ(u, .) is convex we obtain

jϵ(u, v)− jϵ(u, u) ⩾ ⟨j′

ϵ(u, u), v − u⟩ ∀u, v ∈ V. (39)

Thus

(Bϵ
nu

ϵ
1,n −Bϵ

nu
ϵ
2,n, u

ϵ
1,n − uϵ2,n)V ⩽ jϵ(u

ϵ
1,n, u

ϵ
2,n)− jϵ(u

ϵ
1,n, u

ϵ
1,n) + jϵ(u

ϵ
2,n, u

ϵ
1,n)− jn(u

ϵ
2,n, u

ϵ
2,n)

=

∫
ΓC

µ(∥uϵ1,nτ∥)(|Rσν(uϵ1,n)| − |Rσν(uϵ2,n)|)(
√

∥uϵ1,nτ∥2 + ϵ2 −
√

∥uϵ2,nτ∥2 + ϵ2)

+

∫
ΓC

|Rσν(uϵ2,n)|(µ(∥uϵ1,nτ∥ − µ(∥uϵ2,nτ∥)(
√

∥uϵ1,nτ∥2 + ϵ2 −
√

∥uϵ2,nτ∥2 + ϵ2)

⩽ (µ∗c1c
2
0 + Lµ∥Rσν(uϵ2,n)∥L∞(ΓC)c

2
0)∥uϵ1,n − uϵ2,n∥2V

where c1 is a positive constant.
Then, there exist a positive constant C such that

α∥uϵ1,n − uϵ2,n∥2V ⩽ C(Lµ + µ∗)∥uϵ1,n − uϵ2,n∥2V .

Let L∗ = 1
C . If

Lµ+µ∗

α < L∗ then uϵ1,n = uϵ2,n.

4.3 Convergence of penalty method

In this subsection, we suppose that ϵ = 1
n , Bϵ

n = Bn, Sn = Sϵ and jϵ = jn.
The problem PV ϵ

n becomes:

Problem PVn. Find the displacement un : Ω → Rd such that:

(Bnun, v)V + ⟨j′

n(un, un), v⟩ = (f, v)V ∀v ∈ V (40)

The following lemma will be useful

Lemma 4.8 Let (fn)n a sequence of positives functions which converge to f
weakly in L2(Ω), and L > 0.
For n ∈ N, we define An = {x ∈ Ω/ fn(x) ⩾ L} a measurable set .
If meas(An)n −→ 0, then f ∈ L∞(Ω) and ∥f∥L∞ ⩽ L.

Proof We consider φ ∈ C∞
0 (Ω) and ϵ > 0.

For n large enough we have

∣∣ ∫
Ω\An

φ(fn − f)
∣∣ ⩽ ϵ.

∣∣ ∫
Ω\An

φf
∣∣ ⩽ ϵ+

∣∣ ∫
Ω\An

φfn
∣∣ ⩽ ϵ+ L

∫
Ω\An

∣∣φ∣∣
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From meas(An) −→ 0, then φfχAn
−→ 0 a.e in Ω and |φfχAn

| ⩽ |fφ| ∈ L1(Ω).

Using the dominate convergence theorem, we obtain

|
∫
An

φf | −→ 0.

When ϵ −→ 0, we find

|
∫
Ω
φf | ⩽ L

∫
Ω
|φ|

We deduce that f ∈ L∞(Ω) and ∥f∥L∞ ⩽ L. ■

Theorem 4.9 Assume that (h1) − (h4) hold and there exists L∗ > 0 such that
Lµ+µ∗

α < L∗.
Let un be the solution of PVn. Then the sequence (un) converges strongly to u.

Proof

a) We show that (un) converges weakly:
We have

(Bnun, un)V + ⟨j′

n(un, un), un⟩ = (f, un)V .

From ⟨j′

n(un, un), un⟩ ⩾ 0, the V−ellipticity of Bn and Cauchy-shwartz in-
equality we get α∥un∥2V ⩽ ∥f∥V ∥un∥V and ∥un∥V ⩽ 1

α∥f∥V .
Then the sequence (un) is bounded in V and there exists a subsequence

denoted (un) converging weakly to ũ ∈ V.

b) We show that ũ ∈ K:
Since the Sobolev’s trace on L2(ΓC) is compact, we find that

(un) −→ ũ strongly on L2(ΓC) (41)

and

lim
+∞

∥u+n,ν∥L2(ΓC) = ∥ũ+ν ∥L2(ΓC).

We remark that (Tnun, un)V ⩽ (Bnun, un)V ⩽ (f, un)V ⩽ ∥f∥V ∥un∥V , then∫
ΓC

u+n,νun,ν ⩽ 1

n

1

α
∥f∥2V

and

n∥un∥2L2(ΓC) ⩽
1

α
∥f∥2V . (42)

Thus

lim
+∞

∥u+n,ν∥L2(ΓC) = 0.
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It results that ∥ũ+ν ∥L2(ΓC) = 0 and ũ+ν = 0 a.e on ΓC and ũν ⩽ 0 on ΓC . Then
ũ ∈ K.

c) By Lemma(4.8) we have ũ ∈ K ′.
We take fn = ε(un) and K = M + η with 0 < η < 1 and An = {x ∈

Ω/|ε(un)| > M + η}. We show that meas(An) −→ 0.
We have η2|An| ⩽

∫
An

(|ε(un)| − M)2 ⩽
∫
Ω[(|ε(un)| − M)+]2 ⩽ C

n −→ 0.

Applying (4.8), we get ∥ε(ũ)∥[L∞(Ω)]d2 ⩽M + η and |ε(ũ)| ∈ L∞(Ω).

Finally, ∥ε(ũ)∥[L∞(Ω)]d2 ⩽M.

d) Let n ∈ N∗ and v ∈ K ∩K ′, we show that (Tnun, v − un)V ⩽ 0.
- If |ε(un)| ⩽M, then Rn(ε(un) = 0, then (Tnun, v − un)V = 0.
- If |ε(un)| ⩾M, so using the Cauchy-Schwartz inequality we obtain

(Tnun, v − un)V = 2n

∫
Ω
((|ε(un)| −M)+)

ε(un)

|ε(un)|
(ε(v)− ε(un))

= 2n

∫
Ω

(|ε(un)| −M)

|ε(un)|
ε(un)(ε(v)− ε(un))

. ⩽ 2n

∫
Ω

(|ε(un)| −M)

|ε(un)|
|ε(un))||ε(v)| − |ε(un)|2

= 2n

∫
Ω

(|ε(un)| −M)

|ε(un)|
|ε(un)|(|ε(v)| − |ε(un)|)

⩽ 2n

∫
Ω

(|ε(un)| −M)

|ε(un)|
|ε(un)|(M − |ε(un)|) ⩽ 0.

We deduce that

∀v ∈ K ∩K ′ (Tnun, v − un)V ⩽ 0 (43)

e) We show that (Snun, v − un)V ⩽ 0 ∀v ∈ K ∩K ′

(Snun, v − un)V = n

∫
ΓC

u+n,ν(vν − un,ν) = n

∫
ΓC

(u+n,νvν − u+n,νun,ν).

Since u+n,νvν ⩽ 0 and u+n,νun,ν ⩾ 0 we obtain (Snun, v − un)V ⩽ 0. Then

∀v ∈ K ∩K ′ (Snun, v − un)V ⩽ 0 (44)

From (43) and (44) we find that

a(un, v − un) + ⟨j′

n(un, un), v − un⟩ ⩾ (f, v − un)V ∀v ∈ K ∩K ′.

Using (39) we deduce that

a(un, v − un) + jn(un, v)− jn(un, un) ⩾ (f, v − un)V ∀v ∈ K ∩K ′.

We apply (41) to obtain

a(ũ, v − ũ) + j(ũ, v)− j(ũ, ũ) ⩾ (f, v − ũ)V ∀v ∈ K ∩K ′.

Thus ũ = u and ũ is unique and all subsequences of (un) converge weakly to
u.
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f) We show that (un) −→ u as n −→ +∞.
We have

α∥un − u∥2V ⩽ a(un − u, un − u)

= a(un, un − u)− a(u, un − u)

= −a(un, u− un)− a(u, un − u)

= (Tnun, u− un)V + (Snun, u− un)V + ⟨j′

n(un, un), u− un⟩ − (f, u− un)

− a(u, un − u)

⩽ j(u, u)− j(u, un)− a(u, un − u),

and then, (un) −→ u strongly as n −→ +∞ by (41).

■

4.4 Theorem3.4

In this subsection, we treat the case of the finite element discretized penalty
method, we suppose also that ϵ = 1

n .

Theorem 4.10 Assume that (h1) − (h4) hold. For any n ∈ N∗ we suppose that
h = 1

n2 . Then

1. there exists L∗ > 0 such that Lµ+µ∗

α < L∗ then the problem PV h
n has a

unique solution uhn in V h.
2. the sequence (uhn) −→ u strongly in V as h −→ 0.

Proof We apply theorem (4.2) to deduce that the problem (26) has a unique
solution uhn in V h. Let U =

{
v ∈ C∞(Ω)d; v = 0 on one neighborhood of ΓD}

and Rh : U −→ V h such that for v ∈ U , Rhv is the linear interpolate of v.
We recall that U is dense in V and ∀v ∈ U

∥Rhv − v∥V ⩽ Ch∥v∥H2(Ω)d

∥Rhv − v∥L2(Γ) ⩽ Ch∥v∥V

(Rhv)h −→ v strongly in V as h −→ 0.

We take v = uhn in (26) and using


(Tnu

h
n, u

h
n)V ⩾ 0,

(Snu
h
n, u

h
n)V ⩾ 0,

⟨j′n(uhn, uhn), uhn⟩ ⩾ 0,

we find

a(uhn, u
h
n) ⩽ (f, uhn)V .
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Using the V−ellipticity of a(., .) we find

∥uhn∥V ⩽ ∥f∥V
α

.

From


a(uhn, u

h
n) ⩾ 0,

(Snu
h
n, u

h
n)V ⩾ 0,

⟨j′n(uhn, uhn), uhn⟩ ⩾ 0,

we get

(Tnu
h
n, u

h
n)V ⩽ (f, uhn)V ⩽ ∥f∥V ∥uhn∥V ⩽ ∥f∥2V

α
.

Then 2n
∫
Ω(|ε(u

h
n)| −M)+|ε(uhn)| ⩽

∥f∥2
V

α .
It follows

2n

∫
Ω
(|ε(uhn)| −M)2 ⩽ ∥f∥2V

α
.

Then

∥Tnuhn∥V ⩽
√
2n

∥f∥V√
α

∀h > 0. (45)

From continuity of a(., .) there exists ma > 0 such that

|a(w, v)| ⩽ ma∥w∥V ∥v∥V , ∀v, w ∈ V.

Hence

a(uhn, v) ⩽ ma
∥f∥V
α

∥v∥V , ∀v ∈ V. (46)

There exists a subsequence of (uhn) denoted also (uhn) which converges weakly to
u∗.
We follow the same steps with (4.9) to show that (uhn) −→ u∗ on L2(ΓC) and
u∗ ∈ K ∩K ′.
For all v ∈ U, we have

a(uhn, u
h
n −Rhv) + (Tnu

h
n, u

h
n −Rhv)V + (Snu

h
n, u

h
n −Rhv)V

+ (j′n(u
h
n, u

h
n), u

h
n −Rhv)V = (f, uhn −Rhv)V .

and

(Tnu
h
n, u

h
n −Rhv)V = (Tnu

h
n, u

h
n − v)V + (Tnu

h
n, v −Rhv)V .

From (43) and (44) we have for all v ∈ K ∩K ′ ∩ U (Tnu
h
n, v − uhn)V ⩽ 0

(Snu
h
n, v − uhn)V ⩽ 0.

(47)



S. Bourichi & El-H. Essoufi/ IJM2C, 06 - 01 (2016) 61-81. 79

Then  (Tnu
h
n, u

h
n −Rhv)V ⩾ (Tnu

h
n, v −Rhv)V

(Snu
h
n, u

h
n −Rhv)V ⩾ (Tnu

h
n, v −Rhv)V .

From one side we have

a(uhn, u
h
n − u∗) = a(uhn, u

h
n −Rhv) + a(uhn, R

hv − u∗) (48)

then

a(uhn, u
h
n − u∗) = −(Tnu

h
n, u

h
n −Rhv)V − (Snu

h
n, u

h
n −Rhv)V

− ⟨j′n(uhn, uhn), uhn −Rhv⟩+ (f, uhn −Rhv)V + a(uhn, R
hv − u∗)

⩽ −(Tnu
h
n, v −Rhv)V − (Snu

h
n, v −Rhv)V

− ⟨j′n(uhn, uhn), uhn −Rhv⟩ + (f, uhn −Rhv)V + a(uhn, R
hv − u∗).

Then

a(uhn, u
h
n − u∗) ⩽ −(Tnu

h
n, v −Rhv)V − (Snu

h
n, v −Rhv)V

− ⟨j′n(uhn, uhn), uhn −Rhv⟩ + (f, uhn −Rhv)V + a(uhn, R
hv − u∗).

(49)

For the other side, we use (46) to obtain

lim sup
h→0

a(uhn, R
hv − u∗) ⩽ lim sup

h→0
ma

∥f∥V
α

∥Rhv − u∗∥V

= ma
∥f∥V
α

∥v − u∗∥V

and 

lim
h→0

j′n(u
h
n, u

h
n), u

h
n −Rhv⟩ = j(u∗, u∗)− j(u∗, v)

lim
h→0

(f, uhn −Rhv)V = (f, u∗ − v)V

|(Tnuhn, v −Rhv)V | ⩽
√
2n∥f∥V√

α
∥v −Rhv∥V

⩽ Ch
√
2n∥f∥V√

α
∥v∥H2(Ω)d .

(50)

Using h = 1
n2 in (50) we get lim

h→0
(Tnu

h
n, v −Rhv)V = 0. Then

|(Snuhn, v −Rhv)V | = |
∫
ΓC

nuh+n (v −Rhv)ν | ⩽ Cnh∥uhn∥L2(ΓC)∥v∥V .

Using (42) we find

|(Snuhn, v −Rhv)V | ⩽ Cc0hn
1

α
∥f∥V ∥v∥V .
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Because h = 1
n2 , we deduce that

lim
h→0

(Snu
h
n, v −Rhv)V = 0 (51)

From (49),(50) and (51) we deduce that

lim sup
h→0

a(uhn, u
h
n−u∗) ⩽ j(u∗, v)−j(u∗, u∗)+(f, u∗−v)V +ma

∥f∥V
α

∥v−u∗∥V ∀v ∈ K∩K ′∩U.

(52)

Since K ∩K ′ ∩ U is dense in K ∩K ′ then (53) is also valid in K ∩K ′.
We take v = u∗ in (53) we get

lim sup
h→0

a(uhn, u
h
n − u∗) ⩽ 0 (53)

and for any v ∈ K ∩K ′ we have

a(uhn, v − uhn) = a(uhn, v − u∗) + a(uhn, u
∗ − uhn)

= (Tnu
h
n, v − u∗)V + (Snu

h
n, v − u∗)V + ⟨j′n(uhn, uhn), v − u∗⟩+ a(uhn, u

∗ − uhn),

that leads by (53), after passing to the limit, to

a(u∗, v − u∗) ⩾ −j(u∗, v) + j(u∗, u∗) + (f, v − u∗)V ∀v ∈ K ∩K ′,

then u∗ is a solution of a variational inequality. Finally, we deduce that u∗ is
unique and u∗ = u.
Now, we show now that (uhn) −→ u strongly.
Let v ∈ K ∩K ′ ∩ U , we have

α∥uhn − u∥2V ⩽ a(uhn − u, uhn − u)

= a(uhn, u
h
n − u)− a(u, uhn − u)

= a(uhn, u
h
n −Rhv) + a(uhn, R

hv − u)− a(u, uhn − u)

= (f, uhn −Rhv)V − (Tnu
h
n, u

h
n −Rhv)V − (Snu

h
n, u

h
n −Rhv)V

− ⟨j′n(uhn, uhn), uhn −Rhv⟩ − a(u, uhn − u)

= (f, uhn −Rhv)V + (Tnu
h
n, v − uhn)V − (Tnu

h
n, v −Rhv)V

+ (Snu
h
n, v − uhn)V − (Snu

h
n, v −Rhv)V − ⟨j′n(uhn, uhn), uhn −Rhv⟩ − a(u, uhn − u).

Using (47) we find that

α∥uhn − u∥2V ⩽ (f, uhn −Rhv)V − (Tnu
h
n, v −Rhv)V

− (Snu
h
n, v −Rhv)V − ⟨j′n(uhn, uhn), uhn −Rhv⟩ − a(u, uhn − u).

Now, we pass to the limit using (50), we obtain

lim
h→0

α∥uhn − u∥2V ⩽ (f, u− v)V − j(u, u) + j(u, v) ∀v ∈ K ∩K ′ ∩ U. (54)
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Since K ∩K ′ ∩ U is dense in K ∩K ′ we deduce that (54) is valid in K ∩K ′.
If we take v = u we find that (uhn) −→ u strongly. ■

5. Conclusion

In this paper, we consider a classical penalty method applied to the unilateral
contact problem with Coulomb friction for locking material. We obtain various es-
timates depending on the mesh h and on the penalty parameters ϵ ; n. We show
that the theorical convergence of the penalty method gives the best results when
ϵ = 1

n and h = 1
n2 . We note that any choice ϵ = C

n and h = C
ns with C a positive

constant and s > 1 would give the same theoretical convergence.
The next work we are interested in will be to study the theoretical and the numer-
ical penalty method in order to find the error estimate for the unilateral contact
problem.
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