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Abstract. Classical orthogonal polynomials of Jacobi, Laguerre and Hermite are character-
ized as the infinite sequences of orthogonal polynomials. In this paper, we present a sequence
of orthogonal polynomials which is finitely orthogonal with respect to inverse Gamma distri-
bution on infinite interval. General properties of this sequence such as orthogonality relation,
Rodrigues type formula, recurrence relations and also some of its applications such as Gauss
quadrature, Gauss-Radau quadrature formulas and so on are indicated. In addition, it is well-
known that spectral methods for unbounded domains can be essentially classified into four
categories; domain truncation, approximation by classical orthogonal systems on unbounded
domains, approximation by other non-classical orthogonal systems and mapping. In this pa-
per based on the second category, we propose a spectral method using the finite class of

orthogonal polynomial Nflp)(m) related to inverse Gamma distribution. Error analysis and

convergence of the method are thoroughly investigated. At the end, two numerical examples
are given for the efficiency and accuracy of the proposed method.
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1. Introduction

Consider the following Sturm-Liouville equation

o(@)yp(z) + 7(2)yp(z) = Anyn(z) =0,
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where o(z) = ax? 4+ bz +c and 7(x) = dz + e are polynomials independent of n and
An = n(n — 1)a + nd is the eigenvalue parameter depending on n = 0,1,---. It is
well-known that six special classes of orthogonal polynomials can be derived from
the differential equation (1) [1-3]. The first category of orthogonal polynomials, i.e,
the Jacobi, Laguerre and Hermite polynomials, are known as the infinite classical
orthogonal polynomials and the second one are finite.

It is worth to point out that, for the infinite orthogonal polynomials, the weight
functions are related to probability density function of Beta, Gumma and Normal
distributions for Jacobi, Laguerre and Hermite polynomials, respectively. Also,

three finite classical orthogonal polynomials, i.e., MT(Lp ’q), I,Sp ) and Nr(Lp ) are orthog-
onal with respect to probability density F' distribution, Student’s T-distribution
and Inverse Gama distribution [1, 4]. Table 1 shows these six classical orthogonal
polynomials in details.

Two infinite orthogonal polynomials, namely Laguerre and Hermite polynomials
are defined in unbounded domains. So, in the last two decades, a considerable
progress has been made in using them in spectral methods for solving PDEs. But,
in this paper, we study spectral approximations by orthogonal polynomials Nr(lp ) (x)
with the weight function w() = z7Pe~ = on unbounded interval [0, c0). In general,
spectral methods for unbounded domains can be divided into four parts. Domain
truncation is the first one, which is based on truncation of unbounded domains
into bounded domains and solve PDEs on bounded domains. The second one as is
mentioned is approximation by classical orthogonal polynomials such as Laguerre
or Hermite polynomials. The third patr is based on approximation by other non-
classical orthogonal system or mapped orthogonal systems. Finally, in the forth
part, unbounded domains are mapped to bounded domains and used standard
spectral methods to solve the mapped PDEs in bounded domains (see [5] and
references therein).

The outline of this paper is as follows. In Section 2, we give some properties of
orthogonal polynomials Nflp ) (). In Section 3, we give the analysis of approxima-

tions by NT(Lp ) (). These results will be useful for error analysis of spectral methods
for unbounded domains. In Section 4, we consider spectral-Galerkin methods and
provide an error analysis by the obtained results. Finally, we give some numerical
examples and show the validation of proposed method.

Table 1. Table of all six classical orthogonal polynomials.

Type Polynomial | o(z) T(x) Weight function Interval
Infinite Jacobi 1-22 | —(a+B+2)xz+(B-0a) | 1—2)*(1+2)%a,8> -1 [—1,1]
Infinite Laguerre T at+l—-x % Yo > —1 [0, 00)
Infinite Hermite 1 —2x e’ (—00,0)
Finite MEPY 2’ + 2—-pz+(1+9q) 29(1 + x)~ (Pt [0, )
Finite 2 a2 41 (3—2p)x (1+22)-(0—3 (=00, 00)
Finite NP 2 (2—p)z+1 xPe s [0, 50)

2. Orthogonal polynomials related to inverse Gamma distribution

2.1 Orthogonality and its consequences

Consider the following differential equation

22+ (2-px+1)y —n(n+1-p)y=0. (2)
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By applying the Frobenius method an explicit polynomial solution of (2) can be
obtained as follows

NP)( Zk,( n—l—l)) <nﬁk>(_x)k'

These polynomiz%ls are finitely orthogonal with respect to the weight function
wP)(z) = £7Pe”= on the half line Ry := [0, 00), i.e.,

m#mn, p>20+1,

¢ = max{m,n},

/ a:*pefil-N,(Lp)(a;)Nf,f’)(x)d:z::O & {
0

and

oo 1 2 (p—1—n)!
(p) .— —Pe—3 ( NP) dr = n(p—
s /0 v e (NP(e)) do = = T (3)

The Rodrigues’ formula for this class of functions takes the form

an )
dzn (“"_pmej) ‘

NP(2) = (~1)"aPer

For example, if n = 0,1,2 and 3, we have

NP () =

NP(z) = (p—2)z -1,

NP (@) = (p— 4)(p — 3)a? — 2(p — 3z + 1,

NP (@) = (p— 6)(p — 5)(p — 4)a® — 3(p — 5)(p — 4)2% + 3(p — 4)z — 1.

The leading coefficient EP) of NP (z) is
k(()p) =1, H (n+1) 4)
=1

Since the explicit formula of the polynomials exist, one can get the three-term
recurrence formula that generates the N,(lp ) (z) as follows

9y (B @naD)p-@nrD) - @nr1) o
Nz () < 1D <p—<n+1>><p—2n>>N“”
n(p — (2n + 2)) N(p) (2). 5)

-+ —2m)

Also, it is not difficult to verify that

NP (@) =n(p— (n+ DN (@). (6)
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n=~{
This means that the finite set {%N,Sp >26+1) (x)} is also orthogonal with respect

n=1

to w®=2)(z) (see [6]). Moreover, replacing (6) in (2) yields

d
2 Z NP (@) + (1= pa) NP (@) = NP (@),

2.2 Gauss quadrature and Gauss-Radau quadrature formulas

Among all integration rules with n + 1 points, it is well-known that (n + 1)-point
Gauss quadrature rule

b n
[ @) =3 s + Bl 7)
a j=0
has the highest possible precision degree and is analytically exact for polynomials
of degree at most 2n+1, where nodes x; are zeros of an orthogonal polynomial, w;’s

are corresponding weights and E,[f] is the quadrature error. If f(x) € C""[a, b],
we have

Eulf] = — /bf<"+1><5 I wde. & € ot (8)
n - (n+1)! u X ZZO 1 bl X ) .

In next theorem, we obtain the (n+1)-point Gauss quadrature rule associated with
N(p) ( )
n+1 Z).

Theorem 2.1 (Gauss quadrature) Let {x;}7_o be the set of zeros of Népﬁl(m),
(p > 2n+3). Then there exists a unique set of quadrature weights {w;}]_o such
that

/ q(2)wP (2)dx = Zq(wj)wj, Vq € Pap,
0 :
J=0

where the quadrature weights are all positive and given by

(p—2n+2)nl(p—(n+2))!
NP () NP (@) (n+ 1)(p — (n + 2))

w; =

: (9)

Proof In view of Theorem 3.5 in [5], it suffices to derive the second formula for
the quadrature weights in (9). Let L; be the Lagrange basis polynomials related

to {z;}7_,, i.e.,

e
i=0,i#£j "7

so taking f(z) = L;j(x) in (7) and using (8), we get the quadrature weights



A. H. Salehi Shayegan et al./ IJM?C, 13 - 04 (2023) 1-22. 5

Applying Christoff-Darboux formula, we have

k(P)

- = ) (p) — _ntl ‘
i /0 Bl = o P e LN (s

We note that from (6), we have
d -
SN (@) = (n+1)(p = (n+2) NP (x). (1)

Hence, using (3), (4) and (11) yields

) HN
) n+1 w®)
;=
B N (3) e N )
n+1
[ (p—(n+1+1)) n!(p—(n+1))!

I (n+1) N(’”)%)deqSi)l( )

1
_(=CntD))p-(2n+2) nl(p — (n+1))!

(p—(n+1)) NP (@) )N () (n+ 1) (p— (n+2))(p — (2n + 1))
(- @nt+2)nlp—(n+2)!
NP ()N~ (25) (n+ 1)(p — (n+2))

Theorem 2.2 (Gauss-Radau quadrature) Let zo = 0 and {x;}}_; be the zeros of

1
gn(z) = - (Né‘?l(x) + NT(Zp) (:1:)) , p>2n+ 3.

Then there exists a unique set of quadrature weights {wj}?:o such that

n

/000 q(z)w® (z)dz = Zq(a:j)wj, Vq € Py,

§=0
Moreover, the quadrature weights are all positive and can be expressed as

1

wy = - w(2)w®P) (2)dx
’ (—1>"+2<p—<2n+2>>/o e e

(P—Cn+1)p—(2n+2)  |lgn-1lzm
(p—(n+1)) n—1(2;)q n(25)"

(12)

w; =

I<j<n,

where WP (z) = 2w®) ().
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Proof Using (7), (8) and (10) for any ¢ € P, we have

n

| a@u s =3 atey) / L@ @)de = S gla; ;.
=0

Next, for any q € Ps,, we write

q¢(z) =z r(2)gn() +s(x), 7€ Po1,s € Py,

which implies

- 2)w® (2)dx = Ooxr:cnxw(p)xx oosxw(p)xx
| a@e? @ = [ @@ @de + [ s @

As is observed

/OO z 7(x) g (x)w? (z)dz = 0.
0

This means that {g, : n > 0} defines a sequence of polynomials orthogonal with
respect to the weight function @® (z) = zw®) (z) where the leading coefficient of

Qn 18 Ky
Taking g(z) = Li(z) € Pay, in (13), we conclude that wy > 0 for 0 < k < n.

Again form (10), we derive

Wi — oo (2w (z)dr = > xqn(T) . |
J /0 L]( ) ( )d /0 (qn(ggj)+$jq/n($j)) (Cﬂ—xj) ( )d , 0<j<
For ] — 0, we have
wo = qnto) /OOO qn(x)w(p) (1')dx
) : - 2w (2)dz
()" +1)(p—(n+2)+ (=) nlp— (n+1)) /0 gn(z)w'P) (z)d
N 1 () (@) de

In addition for 1 < j < n, since {g,} are orthogonal with respect to w®, so the
integral part turns out to be the weight of the Gauss quadrature associated with
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n nodes being the zeros of ¢,(z). Hence, using Theorem 2.1 we can conclude that

. 1 kgﬁl ”%—1”121}@)

o kP g () ()

_p-Cn+1)p-20+2)  lgn-1]lze
(p—(n+1)) Gn-1(75)q',(75)’

Wj

1<j<n

2.3 Computation of nodes and weights

In this section an efficient algorithm, which is called Eigenvalue Method, is given
for computing zeros of orthogonal polynomials.

Theorem 2.3 [5] The zeros {z;}}_, of the orthogonal polynomial pn1 are eigen-
values of the following symmetric tridiagonal matrix

[ap B

Br a1 Be
An+1 == c. 9

Bn—l Qp—1 Bn
L Bn an_
where
b; . 1 ai_1C; .
aj=—>, j=0; b= 4— j=1,

a; aj—1 a;

with {aj,bj,c;} being the coefficients of the three-term recurrence relation, namely,
pi+1(x) = (ajz — bj)p;j(x) — ¢pj1(x), j =1,

with p_1 := 0.

Hence, in order to obtain the zeros of Nép )(:1:) where p > 2n+ 1, we use Theorem
2.3 and three-term recurrence relation (5), that is

P
(p—(27+2)(p—25)

b= p—J \/ ip— (2 —1))

Q5 =

P=2)p—-2i—-1)\ -i-2i+1))

According to Gauss integration theory, by having zeros of orthogonal polynomials,
one can approximate the integral fooo f(z)w®) (z)dx with precision degree 2n + 1
provided to be convergence. Due to this, the following results are given in tables
2, 3 and 4 for n = 1,2 and 3, respectively.

Also, using Gauss-Radau integration formula, by having zeros of ¢, (z), one can
approximate the integral [;° f (2)w® (z)dx with precision degree 2n provided to
be convergence. Due to this the following results are given in tables 5, 6 and 7 for
n = 1,2 and 3, respectively.
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Table 2. 2-point integration formula n = 1.

p (SC(),U)()) (131,’101)

6 | (0.211325,22.3923) | (0.788675,1.6077)

7 (0.166667, 108) (0.5,12)

8 | (0.138197,628.328) | (0.361803,91.6718)

9 | (0.11835,4283.63) (0.28165, 756.367)

Table 3. 3-point integration formula n = 2.

(0, wo) (z1,w1) (22, w2)

(0.128886, 565.215)
(0.109039, 3682.09)
(0.0948473,27668.4)
(0.0841378,235701)

—_ =
s © oo

(0.302535, 154.362)
(0.231933, 1349.56)
(0.188128, 12523.9)
(0.158272, 125374)

(1.06858, 0.42252)
(0.659028, 8.3458)
(0.467024, 127.661)
(0.35759, 1805.15)

Table 4. 4-point integration formula n = 3.

b (0, wo) (1, w1) (2, w2) (3, w3)
10 (0.0912917,24899.2) (0.174484,15065.4) (0.388858, 355.273) (1.34537,0.056014
11 (0.0802695, 202812) (0.144871,154334) (0.29304, 5730.89) (0.815153,3.03374
12 | (0.0718343,1.8562 x 10%) | (0.124101,1.68624 x 10°) (0.234433, 86258.6) (0.569631, 95.5948
13 | (0.0651411,1.88643 x 107) (0.108685, 1.97628 x 107) (0.194982,1.2874 x 106) (0.431191,2371.49
Table 5. 2-point Gauss-Radau integration formula n = 1.
p | (w0, wo) (z1, w1)
6 (0,6) (0.333333, 18)
71 (0,24) (0.25,96)
8 | (0,120) (0.2,600)
9| (0,720) | (0.166667,4320)
Table 6. 3-point Gauss-Radau integration formula n = 2.
p (w0, wo) (z1,w1) (z2, w2)
8 (0,48) (0.166667, 648) (0.5,24)
9 (0,240) (0.138197,4546.63) | (0.361803,253.375)
10 | (0,1440) (0.11835,36194.5) | (0.28165,2685.49)
11 | (0,10080) | (0.103673,323080) | (0.229661,29719.5)
Table 7. 4-point Gauss-Radau integration formula n = 3.
p (w0, wo) (z1,w1) (w2, wa) (z3, w3)
10 (0,720) (0.109039, 33768.6) (0.231933,5818.74) (0.659028, 12.6638)
11 | (0,4320) (0.0948473,291716) (0.188128,66571.1) (0.467024,273.35)
12 | (0,30240) | (0.0841378,2.80137 x 10°) (0.158272,792141) (0.35759,5048.09)
13 | (0,241920) | (0.0757383,2.96432 x 107) | (0.136607,9.94381 x 10%) | (0.287654, 87867.9)

2.4 Interpolation and discrete transforms

Let {z;,w; }’]?:0 be a set of Gauss or Gauss-Radau quadrature nodes and weights.
Define the associated discrete inner product and discrete norm as

(U V), o0 1=

n

> ula)o(a;)w;,

J=0

el = 4/ (s w)

n,w® *
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Note that (.,.), , 1S an approximation to the continuous inner product (.,.),,m
and the exactness of Gauss-type quadrature formulas implies

<'LL, U>n,u)(P) = (u7 v)ﬂ;(P)? \V/'LL, v e P2n+07
where 0 = 1 and 0 for the Gauss and Gauss-Radau quadratures, respectively.

For any u € C[0,00), the interpolation operator I,, : C[0,00) — P, is defined
such that

(Inu) (5) = u(x;), 0

N
<.
N
S

which can be expressed by
(Lnw) (2) = 3" @;NP(z) € Py.
§=0

Given the physical values {u(z;)}7_,, the coefficients {@;}7_, can be determined
by

3

J (p) <
ij =0

where V](‘p ) is defined in (3).
2.5 Differentiation in the physical space
Let {L; }?:0 be the Lagrange basis polynomials associated with the Gauss or Gauss-

Radau points {z;}}_. Clearly for any u € P, we have

n

u(a) =Y u(x;)Li(x).

=0
Hence, differentiating it m times leads to

n

ul™ () = > u(e) L™ (@), 0

J=0

/N
e
N
N

These derivative values can be evaluated by the general formula
u™ =pm™u, (D"=DD...D, m>1),
in which

D = (dkj)ogj7kgn = (L/j(xk))ogj,kzgn’

T
u™ = (u(m) (z0), '™ (z1),...,u™ (mn)) , u® =

Hence, it suffices to evaluate the first-order differentiation matrix D.
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Theorem 2.4 The entries of D are determined for Gauss points by

NT(Lpiz)(a?k) 1 y

dpj = L' j(zy) = 4 N () (v o) A
kj = & 3\k) = n(p—(n+3))NP Y () k— i
aNT? () -

and for Gauss-Radau points by

dij = Lj(xx) =

(n+1) (p—(n+2)) N~ (@) +n(p—(n+ 1)) N2 () 1 k+j
(n+1)(p—(n+2))NF ™2 (z;)+n(p—(n+1) NP3 () (@e—2;)” D
(n+1) (p—(n+2))n(p—(n+3)) N" 1 (21) +1(p— (n+1)) (n—1) (p— (n+2)) NP,V () k=i

2t 1) (p— (n+2)) NT 2 (1) +n(p—(n+ )N () S

Proof The Lagrange basis polynomials can be expressed by

N(p) T
Lj(zx) = ( 1 (7) ; p>2n+3, 0<<j<n.

L (N2L@)) o=, (@ = 25)

dx

We have

For k = j, we get

dx (Néi)l( )) (x — ) — N,(fi)l(x)

1
dpe = lim L'y (z) = lim
e ! L (N @) lama, = (z = )"
P (Nﬁil )Im s (n+1)(p—(n+2)n(p — (n+3)NP Y (zp)
24 (N2 (@) la=, 2n +1)(p — (n+ )N (1)
n(p - <n+3>>N_4>< 2
()

The Lagrange basis polynomials for Gauss-Radau points will be

Liz) = N (@) + N ()
@) =

& (N @) + NP @) o=, (2 — 25)

; p>2n—|—3, 0<]<TL
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Similar to above, we derive

and
B (n+1)(p— (n+2))np— (n+3))NP Y (zy)
iy, = 72) =)
2(n+1)(p— (n+2))N"? (@) +n(p — (n + 1)) NP (a)
R ) (G VR G il GO N
2(n+1)(p — (n+2))NF 2 (2x) +n(p — (n+ 1))NP P (zy)

2.6 Differentiation in the frequency space

In addition to the differentiation in physical space, we have another differentiation,
and that is the differentiation in frequency space. In this differentiation, one tries
to give the expansion coefficients of the derivatives of a function based on the
expansion coeffcients of the main function. More precisely, given u € P,, instead
of using the Lagrange basis polynomials, we expand u in terms of the orthogonal
polynomials

n 1 00
=S NP (@), with iy = /0 u(#) NP (@)uw® (z)dz,
j=0 Y

J

and

o () :Za]i (N@(a;)) =Y @"NP(2) € Py with ) =0. (14)

n

_o in terms of {;}7_, we know that { (N(p)( ))}
are also orthogonal [6-9]. Indeed, this property holds for the classical orthogonal
polynomials. To do show, consider equation (2). Then by differentiating it with
respect to x and writing z(z) = y/(z), we obtain

In order to express {ﬁgl

22" 4+ (4-px—1)7 —(n—1)(n+2—-p)z=0. (15)

Again by applying the Frobenius method, we get the explicit solution

i (000 = S () (25 Yo

d (p>2n+1) noo, .
It is simply seen that, the finite set {7; (N (x )) } .8 orthogonal with
=

d
respect to the weight function w®=2)(z) = 2> Pe™ * on the half line R, := [0, 00),
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00 o d d m # n,p > 2E + ].
2-p,—1 & (p) — (p) = 7 7
[Tt () g (@) a0, e {772 s

Also, equation (15) leads to the following three-term recurrence relation

L (V@) = (aDz - o) L (NP @) — D (N @), (1)

where

Remark 2.5 Using the above procedure, we can also obtain

/00 x2kpeij; (N,gp) (:1:)) a* (N,(,f) (x)) dx =0, < {m 7 n p> 2t ](’19)
0

dzk ¢ = max{m,n},

and

) —/Ooox”‘pei( dF (N(p)(x>>>2dx_ (n—klp—(n+k+1) (20)

" dzk \'' p—1-2n

We note that

k-1

= () IL - =i+ .

1=0

Now, by differentiating the three-term recurrence relation (5) and using (18), we
derive

d ~y d d
@ () — 70 2 (AP » * (@ ~(p) & (P
Nn (:IZ') ap, dr (Nn—l(x)> +bn dx (Nn ($>> +cn dx (Nn+1(x)) ) (21)
where
(1) 1)
B N </ W/ R O WS S
L R K RN ()

Hence, using (14) and (21), the coefficients {&51)} can be computed in terms of
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{a;}7_, as follows:

1 L /o o -() -0 .
;_1:7@) (uj—agzﬁlugﬁl—b§p)u§)), j=n—1,...,1,

3. Approximation by NT(LP)(:L’) polynomials

This section is devoted to the analysis of approximations by Nflp ) () polynomials.
These results will be useful for error analysis of spectral methods for unbounded
domains.

3.1 Inwverse inequalities
We first present two inverse inequalities associated with NP (x) polynomials.
Theorem 3.1 Forp>2n-+1 and any ¢ € P,,

dm
—m®

< 1/m
N

wP—2m)
Proof For any ¢ € P,, we have

o(x) = Z ~g-p)N](p)(gu), with qggp) = 7(11))/0 gb(a;)N](p)(x)w(p)(:c)dw. (22)
Jj=0 J

Hence, by the orthogonality of { N ](p )(I)},

i

n
Hqﬁ”?mm = Z’Yj(-p)léf)g-p)
j=0
Differentiating (22) and using the orthogonality (16)-(17), we obtain
n

) =3 3L (N @),

j=1
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and
6120 = Zn“”’ e
Since 7\ = j(p — 1 — j)n'"""), we obtain
||¢||w<p)—z ngo| Zg Rl e [
and

||¢”w(z>) < \/717? H¢/Hw(})72) .

Using the above inequality recursively leads to

dm
—®

< 1/m
ol < (/™ |22

w(p—2m)

Next, we derive an inverse inequality involving the same weight function for
derivatives of different order.

Theorem 3.2 Forp >2n+1 and any ¢ € Py,

(»)

1/m
am m ’Yk
- < Tk
' d$m¢ e S On <0<III€1231(_1 f)/)l((p) }) ||¢”w(1’) ’
where ’y(p) = mljn{ylizjzl, 7](322, .. ,fyﬁLp)}.

Proof For any ¢ € P,, we have

2 =3 3PN (@), with ¢ = / H(@)ND (2)w® (2)dz.

j=0

Hence, using differentiation in the frequency space, we get

n—1
Z% i (V@) = Z¢ (Z%N(” ) > ;lab AN (@),
k=0 \j=k+

and

2
n—1

H(ﬁ/Hiﬂp) _ Z Z QSEP) CQ'Y](gp)-

k=0 \j=k+1
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By the Cauchy-Schwarz inequality,

2
n n

> ) < X ) ()7,

j=k+1 j=k+1 j=k+1

we conclude that

2

n—1 n
2 ~
60 =>2 | 22 6]
k=0 \j=kt1
) n—1 5 ) n ) 1 ) n—1 ')’]ip)
p p
<lollan Do | 3o (7)) | <enliéline BN N R O
k=0 j=k+1 k=0 i 'Yk.g_laryk.;_gw-'a’)/n

. 2 'Yi(cp)
<Cn ||¢||w<p Z (7 =Cn ”éf’Hw(p) max {W}
Y Vs

0<k<n
k=0

and

NS
{ b o} 191w -

H‘b/me <Cn O<k<

Using the above inequality recursively leads to

dm

’V;(f) /
Wqﬁ < Cn (0 max {%@}) @1l o -

<k<n—1

w®)

3.2 Orthogonal projections

A common procedure in error analysis is to compare the numerical solution u,, with
a suitable orthogonal projection IT,u (or interpolation I,u) of the exact solution
u in some appropriate Sobolev space with the norm ||.||g, and use the triangle
inequality,

HU_UHHS llu — n“”s"’ ||Hnu—un||5.

Hence, one needs to estimate the errors ||u — Il ul|g and ||IL,u — u,||g. Such esti-

mates involving ngp ) (x) polynomials will be the main concern of this subsection.
Consider the L2 , -orthogonal projection II,, , : L2, (Ry) — P,, defined by

(I, pu — u, vp), »y =0, YU, € Py,

'w(P

so we have

(1)/ u(x)Nj(p)(x)w(p)(m)dac.
i=0 VTR
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Introduce the space

Bp <R+) = {’U, : %(u) S L?U(P*r-’k)(R‘f‘)? 0 § k § m} s

equipped with the norm and semi-norm

2 1/2
|U|Bm = ‘
9
Li)(p2k)> !

The space Bj'(R;) distinguishes itself from the usual weighted Sobolev space
H,,(Ry) by involving different weight functions for derivatives of different or-
ders [5, 10, 11]. Tt is obvious that H, (R4 ) is a subspace of B)'(R), that is, for
any m = 0,

dk’

dk
Ak (u)

Ak (u)

m
g = (z

k=0

L2

w(P—2k)

HU||Bm(R+) CHUHH" oy (R4)

Now, we are ready to state the first fundamental result.

Theorem 3.3 Let 0 </{<m<n+1< %. Ifue BJ'(Ry), we have

d’ (p+1)/2-0" | a™
—— (Unpu—u < u
| =], \/ (02— m @ ] o,
Proof Thanks to the orthogonality (19),
d" ’ - (pk) | ~(p)
- > ,
' d.’L'k (U) w(P—2k) Z ‘ ’ k 0
so we have
d’ ’ S 0:0)] - () |2 (pm ( ! ()|
HM(Hn,pU—U) e Z i ‘uj ’ Z 1 (pm ’uj ‘
wP= j=n+1 Jj=n+1
(
< p7
\]gln_ﬂ{ (pm } Z ;
j=n+1
- | (s ] m 2
< max { ('j O)\(p (j.—f-f—l—l)). } d ()
izntl | (J—m)l(p— (G +m+1)] |[dx™ wr—2m)
G-0' | d™ , | (p+1)/2=0! || d™ , |
< < ;
jg??—i{l{(j —m)1 | || @zm @ woam (P +D/2—m)! ||dzm () -
and
d (p+1)/2=0)! | a™
a7 Hn - <
| (o= o \/<<p+ /2 —mt ||z @
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Since H), (Ry) is a Hilbert space, the best approximation polynomial for u is
the orthogonal projection of w upon P, under the inner product

— (d" dF
(%U)m,w(m = Z (dxku’ dﬂckv>w<p)’

k=0

which induces the norm || .|, , o of H}{, (R+). In fact, this type of approximation

results are often needed in analysis of spectral methods for second-order elliptic
PDEs [5, 11-13]. Therefore, we consider below the Hllu(p)—orthogonal projection.
Define the orthogonal projection H}l’p :H! (Ry)— P, by

w

(H}l’pu — U, vp) =0, Y, € Py. (23)

1,w®
By definition, H}L’pu is the best approximation of u in the sense that
1 .
HHn,pu - uHLw(m = ¢1€ﬂ]£n ¢ — U”Lw(p)- (24)

Using Theorem 3.3, we can derive the following estimate.

Theorem 3.4 Let 1<m<n+1< 1%1. If %(u) € B '(Ry), we have

L o] (p=1)/2)!
[Tt = ull i < \/((p+ 1)/2 —m)!

where ¢ is a positive constant independent of m,n,p and u.

dm
dx™

(u)

)
wp—2m—2)

Proof Let I1,,_1, be the Lg}(m -orthogonal projection upon P,_;. Set

o(x) = 6(0) + /0 "1l (y)dy,

where the constant ¢(0) is chosen such that ¢(0) = u(0). In view of (24), we derive
from the Poincare inequality and Theorem 3.3 that

Hﬂ—i,pu - uHLw(p) < ”(ls - qu,w(P) < CH(¢ - “),me

/ !
< CHWN—LPU —u me

-, \/ ((p—1)/2)!
((p+D/2—m)!

The approximation results in the Sobolev norms are of great importance for
spectral approximation of boundary value problems. Oftentimes, it is necessary to
take the boundary conditions into account and consider the projection operators
onto the space of polynomials built in homogeneous boundary data [11]. To this
end, denote

dm

dx™

()

wP—2m—2)

Hy o (Ry) = {u € Hyy (Ry) : u(0) =0},
PY={p € Py : $(0)=0}.
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Then the orthogonal projection H}Z’,% cHY O (Ry) — PYis defined by

0,w(®

((H,ll’gu — ), v'n) =0, Yo, € P

w®)

Theorem 3.5 If u € Hy,
n+1< %, we have

o [ w-np!
[T, H1,w<p> S \/((p+ 1)/2 —m)!

where ¢ is a positive constant independent of m,n,p and u.

(Ry) and L(u) € B Y (Ry), then for 1 < m <

dm

dx™

()

)
wP—2m—2)

Proof The desired result can be proved as in Theorem 3.4 by taking ¢(x)
foz 1 pu' (y)dy. |

4. Spectral methods using N{P)(z) polynomials

In this section, we consider spectral-Galerkin methods using N7(Lp )(x) polynomials.

An advantage of using N,SP ) (z) polynomials is that they are mutually orthogonal,
so we can work with the usual variational formulation.

4.1 NP (x)-Galerkin method

Consider the model equation:

—Ugy +yu=f, xER4, v>0

_ . _ (25)
u(0) =0, xgrfoou(x) =0.

Let Hé,wu» (Ry) and P? be the spaces as defined before. Then, a weak formulation

of (25) is

(', 0") + 7 (w,0) = (f,0), Vo€ Hy o (RE),

where (-,-) is the usual (non-weighted) inner product in Lo-space. The NP (x)-
Galerkin approximation to (25) is

(W, V") +7 (up,v) = (fiv), Vo€ Py

As in the Laguerre and Hermite cases, the Ny(Lp ) () polynomials are not very useful
in practice due to its wild behavior at infinity. Therefore, we consider the polyno-
mials functions defined by

o®) (z) = (ngm(x) + N,gﬁ(x)) s Fem,  p>2%+3.
So one verifies that

PS = Span{(p(()p)vtpgp% .. '7907(117—)1} :
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n—1
Hence, by setting u,(xz) = > ukgpggp) (z) and v = gog.p) () for j=0,1,--- ,n—1, we
k=0

get

S () 6 (o)) = (o)
k=0

and in matrix form
AU = F,
where

A = [akyj]nxn7 U - [uﬂ]nxl’ F = I:fj]’l’LX].7

in which

= (). ()) #o(et)

fi=(£:6). (26)

Note that all integrals in (26), are solved by Gauss-Radau quadrature (see Theorem
2.2).

4.2 Numerical results

Now, we present some numerical results to illustrate the convergence behavior of
the proposed schemes. We consider (25) with two sets of exact solutions having
different decay properties.

Example 4.1 Exponential decay with oscillation at infinity:
u(x) = e “sin(x), € (0,+00).

The exact solution u(z) = e *sin(x) and the approximate solution u,(z) for n =
10,p = 22 and n = 26, p = 54 are demonstrated in Figure 1. At the end, the plot
of logarithm error function |u(z) — u,(x)| at different points in intervals [0, 1] and
[0,1000] for n = 26, p = 54 is shown in Figure 2. In these figures, we clearly observe
that the desired solution is provided by the approximate solution as well.

e B e
ot L

'/{*‘n

Figure 1. The plots of exact solution u(z) = e *sin(x) and the approximate solution
un(x) for n = 10,p = 22 and n = 26, p = 54.
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Figure 2. The plot of logarithm error function |e~* sin(z) — u,(z)| at different points in
intervals [0, 1] and [0, 1000] for n = 26,p = 54.

Remark 4.2 Note that, according to [6, 14], the following relationship between

Laguerre polynomials Ly (z) and NP (z) can be derived easily

1) PN L(p)(x) - inN(p+2n+1) (1) )
n n' n

" x x

N (z) = plgn Lo 1) (

Hence, the numerical results based on NT(Lp ) (z)-Galerkin method are approximately
similar to Laguerre-Galerkin Method.

Example 4.3 Algebraic decay without oscillation at infinity:

x
The exact solution u(z) = 1757 and the approximate solution u, () for n = 10,p =

22 and n = 26,p = 54 are demonstrated in Figure 3. At the end, the plot of
logarithm error function |u(z) — u,(x)| at different points in intervals [0, 1] and
[0,1000] for n = 26,p = 54 is shown in Figure 4. In these figures, we clearly
observe that the desired solution is provided by the approximate solution as well.

AAAAAA

Figure 3. The plots of exact solution u(z) = 7% and the approximate solution u,(z)
for n = 10,p = 22 and n = 26, p = 54.

02 ik 06 g L . 200 400 GO &0 Lo

LT g,

Figure 4. The plot of logarithm error function | =57 —u, ()| at different points in intervals
[0,1] and [0,1000] for n = 26,p = 54.
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5. Conclusion

In this paper, we proposed a spectral method using the finite class of orthogonal

polynomial N,(Lp ) (x) related to inverse Gamma distribution. Almost all properties
of this class of orthogonal polynomials were studied. In addition, error analysis
and convergence of the proposed spectral method were given. It is worth to point
out, in particular, this class is directly related to generalized Bessel polynomials
and has also relation with the Laguerre polynomials. Hence, the numerical results

based on NT(LP ) (z)-Galerkin method are approximately similar to Laguerre-Galerkin
method and we see a resemblance between the two numerical approaches.
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