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Abstract. Dynamic network data envelopment analysis (DNDEA) has attracted a lot of attention 

in recent years. On one hand the available models in DNDEA evaluating the performance of a 
DMU with interrelated processes during specified multiple periods but on the other hand they can 

only measure the efficiency of dynamic network structure when a supply chain structure present. 

For example, in the banking industry, profit is generated by using loan as a source of investment 
funds, and the generate profit can also be regarded as an added source. Existing models are not 

able to use output from different section in different period as inputs, for the next section. So, we 

propose a dynamic network DEA model involve two-stage structure in each period. Hence, this 
article is composite of two-stage and dynamic DEA that is called dynamic two-stage DEA 

(DTDEA) model. It has the advantages of both dynamic DEA and two-stage models. This model 

can be utilized to highlight those bank branch managers can be further analyzed for best practice 
benchmarking. 
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1. Introduction  

One of the important branches of operation research (OR), is data envelopment analysis 

(DEA) that introduced by Charnes and Cooper [3]. DEA was basically presented the 

efficiency of a set of decision making unites (DMUs) which consist of multiple input to 

produce multiple output. But many cases have to considered with internal structure, 

because find the internal relation help to have better analyzing of system. In other word, 

DMUs consist of multi-stage network structure. There is a set of intermediate products 

between the two-stage, which those are the output from the first stage that become input for 

second stage. For example, Wang et al. [24] found that information technology (IT) has 

effect on some process, such as banking system. Which has two process, capital collection 

and investment. Färe and Grosskopf [7] introduced the network DEA model. Kao and 

Hwang [10] describe a two-stage process where 24 non-life insurance companies. For 

further details and recent extension. See also Sexton and Lewis [17], Liang et al. [13], 

Castelli et al. [2], Tone and Tsutsui [23], Chen and Zhu [4], Chilingerian and Sherman [5]. 

However, the traditional DEA techniques are used to measure the performance of a 

DMU in particular period of time in a static framework. But when there are several periods 

with inter-temporal dependence between input and output levels, the overall efficiency 

must be measured in a new manner that’s called dynamic DEA, that taking into account the 
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inter-relationship among consecutive terms. Otherwise, the accounted results for 

efficiency measure are not correct explicitly. 

Sengupta [16] has considered a dynamic DEA model with respect to shadow values of 

quasi-fixed input and their optimal cost frontier. Färe and Grosskopf [7] formulated some 

multi period linear programming problems by which more realistic production processes 

among periods can be expressed to their DEA model. Nemoto and Goto [14] and then 

Sueyoshi and Sekitani [20] presented models that were defined on dynamic production 

possibility set. Emrouznejad and Thanassoulis [6] considered particular of inter-temporal 

dependence between input-output levels. Jahanshahloo et al. [8] and Soleimani-damaneh 

[18,19] supply some algorithm that determine the return to scale and efficiency measure by 

non-convex dynamic DEA model. Tone and Tsutsui [21,22] introduced some dynamic 

DEA model based on SBM. In application work Kawaguchi et al. [12] investigated a 

model that estimates performance of Japan hospital with dynamic network DEA. 

Amirteimoori [1] presented a dynamic DEA model that calculates performance of total 

income according to performance income, in each period. Omrani and Soltanzadeh [15] 

presented a combination of the relational dynamic DEA model, introduce by Kao [9] and 

the relational network DEA model presented by Kao and Hwang [11] to present new 

dynamic network DEA model. 

The propose model from Omrani and Soltanzadeh [15] and other models in DNDEA 

applied to use for problems with supply chain structure. In this model, section (𝑖) in (𝑡) th 

period, is connected only to section (𝑖) in (𝑡 + 1) th period. This reason, cause in some case 

study these models not responsive, in the other word, surplus of section (𝑖) in (𝑡) th period 

not become input to section (𝑖 − 1) in (𝑡 + 1) th period. For example, in the bank, profit is 

the final output of section (𝑖) in (𝑡) th period addition to the bank resources of section (𝑖 −
1) in (𝑡 + 1) th period. This is a kind of problem that conventional models are not 

responded. The main goal for this paper is combination of the relational dynamic DEA 

model introduce by Nemoto and Goto [14] and the relational two-stage model presented by 

Chen and Zhu [4] to propose a model for solve these problems. In addition to the new 

model contain both DNDEA and two-stage models advantages, and help manager for 

better analyze in in all process over the entire time. 

Most of the works in dynamic systems, calculate overall efficiency and specific period 

efficiencies, separately. dynamic network DEA models have supply chain structure that 

overproduction in section (𝑖) of period (𝑡) cannot transfer as input as section (𝑖 − 1) of 

period (𝑡 + 1) and it is not suitable for our case study. Therefore, we present a new model 

that is a combination of dynamic and two-stage structure. This new model is called 

dynamic two-stage DEA (DTDEA) that solves this issue and also it has both dynamic DEA 

and two-stage models advantages.  

2. Definition 

2.1. Black box model 

In traditional DEA models, DMUs use inputs to produce output and ignore internal 

relations of sub processes, for this reason called black box models (Figure 1). 

 

  

 

 

 

Figure 1. An example of black-box system. 
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2.2. Two-stage models 

Simplest structure of network DEA models is two-stage that is, for each DMU𝑗  (𝑗 =

1, … , 𝑛), all inputs (𝑥𝑖𝑗, 𝑖 = 1, … , 𝑚) in stage 1, produce intermediate products (𝑧𝑑𝑗, 𝑑 =

1, … , 𝐷) and then, in stage 2, 𝑧𝑑𝑗 as input product final output (𝑦𝑟𝑗, 𝑟 = 1, … , 𝑠). For 

DMU𝑜 (𝑜 ∈ 𝑗 = 1, … , 𝑛), 𝐸𝑜
1, 𝐸𝑜

2 are respectively performance of stage 1 and stage 2, 

according to CCR input-oriented model (Figure 2).  

 

 

 

 

                                                                                                              Fig2.Two-stage process    

Figure 2. Simplest structure of two-stage network DEA models. 

𝐸𝑜
1 is 

 
max  

∑ 𝑤𝑑𝑧𝑑𝑜
𝐷
𝑑=1

∑ 𝑣𝑖𝑥𝑖𝑜
𝑚
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s.t.  

∑ 𝑤𝑑𝑧𝑑𝑗
𝐷
𝑑=1

∑ 𝑣𝑖𝑥𝑖𝑗
𝑚
𝑖=1

≤ 1,     𝑗 = 1, … , 𝑛,        

      𝑤𝑑 ≥ 0,     𝑑 = 1, … , 𝐷,                           

      𝑣𝑖 ≥ 0,     𝑖 = 1, … , 𝑚.                                

And E𝑜
2 is 

 
𝐸𝑜

2 = max   
∑ 𝑢𝑟𝑦𝑟𝑜

𝑆
𝑟=1

∑ �̂�𝑑𝑧𝑑𝑜
𝐷
𝑑=1
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∑ 𝑢𝑟𝑦𝑟𝑗
𝑆
𝑟=1

∑ �̂�𝑑𝑧𝑑𝑗
𝐷
𝑑=1

≤ 1,     𝑗 = 1, … , 𝑛,        

      �̂�𝑑 ≥ 0,     𝑑 = 1, … , 𝐷,                           

      𝑢𝑟 ≥ 0,     𝑟 = 1, … , 𝑠.                                

So, if put 𝑤𝑑 = �̂�𝑑 (Kao and Hwang [10]), final efficiency is equal to 𝐸𝑜
1 ∗ 𝐸𝑜

2 and so 

final model is 

 
max   𝐸𝑜

1 ∗ 𝐸𝑜
2 =  

∑ 𝑢𝑟𝑦𝑟𝑜
𝑠
𝑟=1

∑ 𝑣𝑖𝑥𝑖𝑜
𝑚
𝑖=1

 
 

 s.t.  E𝑗
1 ≤ 1,     𝑗 = 1, … , 𝑛,        

      E𝑗
2 ≤ 1,     𝑗 = 1, … , 𝑛,                           

      𝑤𝑑 = �̂�𝑑 ,    𝑑 = 1, … , 𝐷.                                

The above model can be change to linear programming as follows: 

Stage one Stage two 

𝑥𝑖𝑗 ,   𝑖 = 1, … , 𝑚               𝑧𝑑𝑗 , 𝑑 = 1, … , 𝐷                   𝑦𝑟𝑗 ,   𝑟 = 1, … , 𝑠 

DMU𝑗 , 𝑗 = 1, … , 𝑛 
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 max  ∑ 𝑢𝑟𝑦𝑟𝑜
𝑠
𝑟=1   

s.t.   ∑ 𝑢𝑟𝑦𝑟𝑗
𝑠
𝑟=1 − ∑ 𝑤𝑑𝑧𝑑𝑗

𝐷
𝑑=1 ≤ 0,     𝑗 = 1, … , 𝑛,  

      ∑ 𝑤𝑑𝑧𝑑𝑗
𝐷
𝑑=1 − ∑ 𝑣𝑖𝑥𝑖𝑗

𝑚
𝑖=1 ≤  0,     𝑗 = 1, … , 𝑛,                 

      ∑ 𝑣𝑖𝑥𝑖𝑜
𝑚
𝑖=1 = 1,   

      𝑤𝑑 ≥ 0,     𝑑 = 1, … , 𝐷,                               

      𝑣𝑖 ≥ 0,      𝑖 = 1, … , 𝑚,  

      𝑢𝑟 ≥ 0,     𝑟 = 1, … , 𝑆.     

But one of problem in the above model when happen that intermediate products have 

different goals, in this case according to Chen and Zhu [4] the final model is 

 min   𝑤1𝛼 - 𝑤2𝛽      

 s.t.    ∑ 𝜆𝑗
𝑛
𝑗=1 𝑥𝑖𝑗 ≤ 𝛼𝑥𝑖𝑜,     𝑖 = 1, … , 𝑚,                                             

        ∑ 𝜆𝑗
𝑛
𝑗=1 𝑧𝑑𝑗 ≤ 𝑧�̅�𝑜,     𝑑 = 1, … , 𝐷, 

        ∑ 𝜆𝑗
𝑛
𝑗=1 =  1,     𝑗 = 1, … , 𝑛, 

        ∑ 𝜇𝑗
𝑛
𝑗=1 𝑧𝑑𝑗 ≤  𝑧�̅�𝑜,     𝑑 = 1, … , 𝐷, 

        ∑ 𝜇𝑗
𝑛
𝑗=1 𝑦𝑟𝑗 ≤ 𝛽𝑦𝑟𝑜,     𝑟 = 1, … , 𝑅, 

        ∑ 𝜇𝑗
𝑛
𝑗=1 = 1,      𝑗 = 1, … , 𝑛, 

        𝜆𝑗 , 𝜇𝑗 ≥ 0,     𝑗 = 1, … , 𝑛, 

        𝛼 ≤ 1, 𝛽 ≥ 1. 

2.3. Dynamic DEA model 

Dynamic structure is general form of series structure that each period has a network 

structure. 

2.4. Proposed model 

The main contribution of this paper is combination of the Dynamic DEA model introduced 

by Nemoto and Goto [14] and the two-stage model by Chen and Zhu [4]. The proposed 

Dynamic Two-stage DEA (DTDEA) model is applied to calculate the efficiency scores of 

Iranian Saderat Bank branch. In this paper we develop a new structure of dynamic DEA 

model. We present a model that is able to transfer over production in section (𝑖) of period 

(𝑡) as input as to section (𝑖 − 1) of period (𝑡 + 1).   

3. Formulation for dynamic two-stage DEA model 

For measuring score of efficiency, we deal with 𝑛  DMUs (𝑗 = 1, … , 𝑛 ) consist of 

two-stage structure at 𝑇 time periods (𝑡 = 1, … , 𝑇). The observed data are as follows 

(Figure 3): 

𝑥𝑡𝑖𝑗 is 𝑖th input of DMU𝑗 in the period 𝑡.  

𝑘𝑡𝑓𝑗 is 𝑓th quasi-fixed input of DMU𝑗 at the end of the period 𝑡. 

𝑦𝑡𝑟𝑗 is 𝑟th good production of DMU𝑗 in the period 𝑡. 
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𝑧𝑡𝑑𝑗 is 𝑑th intermediate production of DMU𝑗 in the period 𝑡. 

 

 

 

 

Figure 3. Structure of dynamic two-stage DEA models. 

A branch puts (𝑥𝑡𝑖𝑗 , 𝑥𝑡𝑓𝑗) into both the production process and the investment activity to 

yield (𝑦𝑡𝑟𝑗 , 𝑘𝑡𝑓𝑗). Denote to Figure 3, the proposed model is: 

 min  𝑍 = ∑ 𝜁𝑡
𝑇
𝑡=1 (𝑤𝑡(𝜃𝑡 − 𝛽𝑡))  

 s.t.   ∑ 𝜆𝑡𝑗
𝑛
𝑗=1 𝑥𝑡𝑖𝑗 ≤  𝜃𝑡𝑥𝑡𝑖𝑜,     𝑡 = 1, … , 𝑇, 𝑖 = 1, … , 𝑚,  

       ∑ 𝜆1𝑗
𝑛
𝑗=1 �̅�01𝑗 ≤ 𝜃𝑡𝑘01𝑜,  

       ∑ 𝜆𝑡𝑗
𝑛
𝑗=1 𝑧𝑡𝑝𝑗 ≥  �̃�𝑡𝑝𝑜,     𝑡 = 1, … , 𝑇, 𝑝 = 1, … , 𝑓,  

       ∑ 𝜇𝑡𝑗
𝑛
𝑗=1 𝑧𝑡𝑝𝑗 ≤ �̃�𝑡𝑝𝑜,     𝑡 = 1, … , 𝑇, 𝑝 = 1, … , 𝑓,  

       ∑ 𝜇𝑡𝑗
𝑛
𝑗=1 𝑘𝑡𝑙𝑗 ≥ 𝛽𝑡𝑘𝑡𝑙𝑜,     𝑡 = 1, … , 𝑇,   𝑙 = 1, … , 𝑑,  

       ∑ 𝜇𝑡𝑗
𝑛
𝑗=1 𝑦𝑡𝑟𝑗 ≥ 𝛽𝑡𝑦𝑡𝑟𝑜,     𝑡 = 1, … , 𝑇, 𝑟 = 1, … , 𝑠,  

       ∑ 𝜆𝑡𝑗
𝑛
𝑗=1 = 1,     𝑡 = 1, … , 𝑇,  

       ∑ 𝜇𝑡𝑗
𝑛
𝑗=1 = 1,     𝑡 = 1, … , 𝑇,  

       𝜃𝑡 ≤ 1,     𝑡 = 1, … , 𝑇,  

       𝛽𝑡 ≥ 1,     𝑡 = 1, … , 𝑇,  

       𝜆𝑡𝑗 , 𝜇𝑡𝑗 , 𝑥𝑡𝑖𝑗 , 𝑦𝑡𝑟𝑗 , 𝑘𝑡𝑙𝑗 ≥ 0, 

       𝑡 = 1, … , 𝑇,    𝑖 = 1, … , 𝑚,    𝑙 = 1, … , 𝑑,    𝑟 = 1, … , 𝑠,    𝑗 = 1, … , 𝑛.                                   

 

According to (1) and (2), the above formula can be rewritten as follows: 

 min  𝑍 = ∑ 𝜁𝑡
𝑇
𝑡=1 (𝑤𝑡(𝜃𝑡 − 𝛽𝑡))  
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       ∑ 𝜇𝑡𝑗
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𝑗=1 𝑧𝑡𝑝𝑗 ≤  ∑ 𝜆𝑡𝑗

𝑛
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𝑛
𝑗=1 𝑘𝑡𝑙𝑗 ≥ 𝛽𝑡𝑘𝑡𝑙𝑜,     𝑡 = 1, … , 𝑇,   𝑙 = 1, … , 𝑑, 
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       ∑ 𝜆𝑡𝑗
𝑛
𝑗=1 = 1,     𝑡 = 1, … , 𝑇, 
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       𝜃𝑡 ≤ 1,     𝑡 = 1, … , 𝑇, 

       𝛽𝑡 ≥ 1,     𝑡 = 1, … , 𝑇, 

       𝜆𝑡𝑗 , 𝜇𝑡𝑗 , 𝑥𝑡𝑖𝑗 , 𝑦𝑡𝑟𝑗 , 𝑘𝑡𝑙𝑗 ≥ 0, 

       𝑡 = 1, … , 𝑇,    𝑖 = 1, … , 𝑚,    𝑙 = 1, … , 𝑑,    𝑟 = 1, … , 𝑠,    𝑗 = 1, … , 𝑛.                                   

4. Conclusion  

In this paper, a new model was presented by combining two-stage and dynamic DEA. This 

new model is called dynamic two-stage DEA (DTDEA) and also it has both dynamic DEA 

and two-stage models advantages. 
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