International Journal of N ~
Mathematical Modelling & Computations I MW“
Vol. 09, No. 02, Spring 2019, 83- 100

Dynamics of a Delayed Epidemic Model with
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Abstract. In this paper, an SIR epidemic model with an infectious period and a non-linear
Beddington-DeAngelis type incidence rate function is considered. The dynamics of this model
depend on the reproduction number Rg. Accurately, if Rg < 1, we show the global asymp-
totic stability of the disease-free equilibrium by analyzing the corresponding characteristic
equation and using comparison arguments. In contrast, if Ry > 1, we see that the disease-free
equilibrium is unstable and the endemic equilibrium is permanent and locally asymptotically
stable and we give sufficient conditions for the global asymptotic stability of the endemic
equilibrium.
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1. Introduction

Dynamical behaviors of SIR epidemic model describing the spread of infectious
diseases in a population where the population is subdivided into three classes of
individuals: susceptible, infective and recovered, are studied by many authors (see,
for example, [1, 12, 13, 17] and the references therein).

In the natural world, there are many diseases which the infected population recover

*Corresponding author. Email: raji-allah.math@hotmail.com

© 2019 IAUCTB
http://ijm2c.iauctb.ac.ir



84 A. Raji-allah & H. Talibi Alaowi/ IJM?C, 09 - 02 (2019) 83-100.

and become susceptible or removed population by itself after they are infected by
some certain time such as tuberculoses, influenza, etc. (see, [4, 9]). In [8, 16, 17],
the authors assume that, when a susceptible individual is infected, there is a time
7 > 0, during which the infectious individual develop, and only after that time the
infected individual becomes the removed individual. The time 7 is called infectious
period.

Usually the rate of infection in most epidemic models is assumed to be bilinear in
the susceptible S and the infective I. However, the actual incidence rate is probably
not linear over the entire range of S and I. Thus, it is reasonable to assume that
the infection rate of epidemic model is given by the Beddington-DeAnglis function,
%, where a1, as > 0 are constants. The incidence function % was
introduced by Beddington (see, [1]) and DeAngelis et al. (see, [6]). When a3 > 0,
as = 0, the Beddington-DeAngelis incidence function is simplified to saturated
incidence function introduced by Capasso and Serio (see, [3]).

In [15] R. Xu and Y. Du considered the following delayed SIR epidemic model with
saturation incidence and a constant infectious period

8(0) = A= () - {300
.o BS)I)  pe TSt —T)I(t—T)
I(t)_l—f—all(t)_ [ rr— — p2l (t), (1)

where S(t) is the number of susceptible individuals, I(¢) is the number of infec-
tious individuals, R(t) is the number of recovered individuals, at time t. In (1) the
parameters A, oy, B, T, p1, pe and u3 are non-negative constants in which A is the
constant recruitment rate into the population, 3 is the average number of adequate
contacts of an infectious individuals per unit time, 7 is a time delay representing
the infection period of the disease; ui, pus > 0 are the natural death rates of the
susceptible and the removed populations, respectively; o > 0 represents the rate
of natural death and the disease-induced death of the infectious.

In the current paper, motivated by the works of R. Xu, Y. Du [15] and B.
Dubey et al. [7], we study the dynamics of the following SIR epidemic model with
Beddington-DeAngelis incidence rate and a constant infectious period:

o BS(H)I(t)

S =8 =mS0 = 17 arI(t) + aS(t)’

) — BS)I(t) Be =T S(t — T)I(t — T)

I(t) T 14 Cklf(t) + OzgS(t) 1 + 0q[(t _ 7_) + OégS(?f — T) - M2I(t)> (2)
Ry = PETSE—DIE—T)  py

Sl l(t—T)+ St —17)

here the variables S(t), I(t), R(t) and the parameters A, a1, 8, 7, pu1, p2 and us
have the same meanings as in system (1); o is a nonnegative constant.
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2. Preliminary results

The initial conditions of delay differential equations (2) are given as

S(0) = 61(6), 1(6) = ¢3(0), R(0) = da(6),
$i(0) =0, 0 € [-7,0], i =1,2,3, (3)

where ¢ = (¢1, ¢2, ¢3) € CT ([-7,0],R%), C* ([-7,0],R3) denotes the nonnega-
tive cone of the Banach space C ([—7‘, 0], §R3) of continuous functions mapping the
interval [—7, 0] into 3.

The existence and the uniqueness of the solution (S(t),I(t), R(t)) of the system
(2) with initial conditions (3) follows from the well known theorem in [12].

It is easy to show that all solutions of system (2) with initial conditions (3)
are non-negative on [0, +00). Furthermore, if ¢1(0), ¢2(0), ¢3(0) > 0, then the
solutions are positive on [0, +00).

We define the basic reproduction number Ry of the model (2) by

BA

0= ——(1— e H2TY,
M2M1+M2Aa2( )

It is the number of newly infectives infected by an infective individual during the
whole infection period when all of the individuals in the population are initially
susceptible. This quantity determines the thresholds for disease transmissions.

The system (2) always has a disease-free equilibrium El(uA 0,0). Moreover, if

Ry > 1, then system (2) has further the endemic equilibrium 1E;(Sg, I, R), where
po + Aag (1 — e H27)

(B4 pron) (L — e7#27) — oy’

BA(L —e7#2T) — Apoag — puapiz

(B + pran)(l —e™#27) — ppar

1 BA(L —e#2T) — Apgan — 112, o

pz (B A+ proa)(1 — e7H2T) — pgery

Sy =

Iy =

1
=— J(1—emre),
M2

Ry =

3. Permanence of disease

In the epidemic models, permanence is an important property because it implies
that the disease continues to exist for any initial conditions. In the following we
show that Ry > 1 is a necessary and sufficient condition for system (2) to be
permanent.

Definition 3.1 [12]System (2) is said to be permanent if there exists positive

constants y; and k;, i« = 1,2, 3, such that

y1 < liminf S(¢) < limsup S(¢) < k1,

t—+00 t—+o00

y2 < liminf I(t) < limsup I(¢) < ko,
t—+00 t—+o00
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y3 < liminf R(t) < limsup R(t) < ks,

t—+o0 t—s-+00
for any positive solution (S(t), I(t), R(t)) of system (2) with initial conditions (3).
Here y; and k;, i = 1,2, 3, are independent of initial conditions (3).
Theorem 3.1 If Ry > 1, then system (2) is permanent.

Proof Let (S(t),I(t), R(t)) be any positive solution of system (2) with initial con-
ditions (3).
Noting N(t) = S(t) + I(t) + R(t). Since

N(t) = A= paS(t) = pol (t) — psR(t) < A — pa N (1),

then
) A
limsup N(t) < — = ki := kg := ks, (4)
t—+00 H1
accordingly
A
limsup I(t) < —.
t—+o00 M1

Therefor, for € > 0 sufficiently small, there is a M; > 0 such that if ¢ > M, then
I(t) < & +e
We derive from the first equation of system (2) that, for ¢ > M,

. B(& +e)
S(t) >A_(Ml+m

By comparison, we have

All+ag (L +e
liminf S(t) > L+l Q].
freo p1+ (pon + B) (5 +€)

Since this inequality hold true for arbitrary e > 0 sufficiently small, we deduce that

AL+ o)
liminf S(t) > Eo— =y (5)
ftoo p1+ (pon + B)
Therefor, for € > 0 sufficiently small, there is a My > M; such that if ¢ > M>, then
S(t) =y —e.

x _ proa[BA(l—e 27— py po—poaA] . *
Denote I* = T (Frina)? . Clearly, if Ry > 1, then I* > 0 and

/BA(]. B 6_#27—) B (BHpiai)? I* + g + o\

M1

polpn + aoh + I*(B + pion)] 1+ aoA + I*(B + pian)

>1

Thus, we can choose a positive constant A > 7 such that

BA(L —e7HT) — (A
= 1—e 1oy l* > 1. 6
polpt + aaA + I*(B + piaq)] : ©
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We claim that for any ¢ty > 0, there exists a time ¢; > to such that I(¢;) > I*.
Suppose that the claim is not valid. Then there is a ty > 0 such that

I < I, >t (7)
It follows from the first equation of system (2) and (7)that for ¢t > ¢y,

pI

St}A— S m——
02 A=+

)S(t).

Therefor, for ¢t > ¢ty + A, we obtain

S(t) = S(to)ei(uﬁr%)(t*tﬂ) +A/t e*(uﬁlﬁ;*)(t—o)d‘g
to

A1+ aq %) - 6_(#14_%)@—%)]
BI* + p (1 + o I*)

ALtanl) e
= BIF 4 pi (1 + aI¥)
e (8)
Clearly,
A1+ I¥)
S* < = ’
BI+m(l+anls) Y
We define
¢ S(0)I1(0)
V(t) :=I(t) — Be 2T ab. 1
(t) (t) — Be /t_T 1+ o 1(0) + azS() 1o

The derivative of V along the solutions of (2) is given by

@) B et)S()
dt “2[u2(1 +arl(t) +asS(t) LI(e).
By (7), (8) and (9), we have
dV (t) B(1 — e HT)S*
ai ”2[/@(1 Fayl(t) + axS*) 1)
Bl —etT)S"
z /12[”2(1 +arI(t) +agm) )
— o(p— D)I(t), ¢ 3 to+ A\ (11)

We set

Ii= min I(to+A+7+u)>0.

u€[—7,0

We will show that I(t) > I; for all t > ¢y + A. Suppose the contrary. Then there is
aty >to+ A+ 7 such that I(¢;) < I;. Denote ¢; = inf{¢t|I(t) < I;,t > to + A+ 7}.
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Then we have I(t;) = I; and I(t) > I; for to+ A < t < ¢;. It follows from the second
equation of (2) that

t S(0)1(6)
1+ anl(0) + asS(0)

e (=0q0 ¢ > 1.

I(t) =5

accordingly

BS*L
>
1+ ondy +aS* Jy,_;
B85, t
1 + a1l; + aom t—T
_ BSI(1— ek
— pe(l+ard; +agm)’

I(t;) e~ r2(t=0) 4

e M2 (t—0) do

(12)

Since I; < I*, then

BS*(1 — e H=T) S BS*(1 — e HT)
wa(l+ a1y + caem) - pa(l 4+ a1 I* + agm)

=p>1

As a consequence, (12) leads to I(t;) > I;. This is a contradiction. Thus, I(t) > I;
for all t > tg + .
We deduce from (11) and (6) that

dv (t)
dt

> pa(p — 1)1 > 0,

which implies that as t — +o00, V(t) — +00. By using (4) and (10), we obtain

A A2pe™HaT
limsup V() < — + — peT T ,
t—+o0 p1 o ps oAy + aoApn

this contradicts lim; 4 V() = +00. Hence, the claim is proved.

By the claim, we are left to consider two cases. First, I(¢t) > I* for all t large
enough. Second, I(t) oscillates about I* for t large enough. For the second case, let
t* > 0 sufficiently large such that S(¢) > y1 — € for € > 0 being sufficiently small
and o > 0 satisfy

I'=It")=It"+0) and I(t)<I® for t"<t<t"+o.

We will restrict study on the interval [t*, t* +o]. Since I() is uniformly continuous,
then there is a n (0 < n < 7, and 7 is independent of the choice of ¢t*) such that
I(t) > & for t* <t < t* 4.

If 0 <7, then I(t) > L for all t € [t*,¢* + o].

Let us consider the case where n < o < 7. For t* +n <t < t* + o, we obtain

t I(G) —p2(t—06)
I(t) > B(y1 — €) /“ T+ a11(0) + aa(ys — ) s
t*+n 1(9) —paT
25(1/1_6)[* 1+a1[(6’)+a2(y1—5)e o
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Byr —e)I*e HTy

- = Ip. (13)
2(1 + 041% + a2(y1 — 6))
We set
. I
L = mln{;,[o}. (14)

Clearly, I(t) > I for t € [t*,t* + o].
If o > 7, with same reason, I(t) > I; for t € [t*,t* +7]. For t € [t* + 7, t* + 2], we
obtain

t* 41
h e#2(-0) dg

1) > Blyr — /

t+Z 1+ alll + C¥2(y1 - 6)

Blyr — €)[ye H2Tr
- 2(1 + o1l + Oéz(yl — 6))

= _[2.

For t € (t* + 27, t* + 27], we obtain

t 432
2 b == gp

I1(t) = By1 —€) /MT L+ a1l +as(y1 —€)

By1 — e)lae 27T

> = I3.
2(1—{—0&1]2—{—0&2(?;1 —6)) 3

We set N = [%] +1 ([%] is the minimum integer being greater than or equal to

A)_
Define

— e[, e 2T
L= B —dhac™r o o (15)
2(1 + a1 Ij—1 + az(y1 —¢€))

Continuing the process above, we conclude that

1

1
I(t) > Ipp—1, te(t*+(n—§)7,t*+m'], n=23,.,N.

Denote

2 = min Ik
4 1<k<2N—1 "’

with I, (1 <k < 2N —1) are defined in (13), (14) and (15).

Clearly, I(t) > yo for all t € [t*,#* + N7]. Since 2 < N, then I(t) > y» for all
te [t t"+ .

If o < A, then I(t) > ys for t € (t*,t* + o).

We will show that if o > A, then I(t) > yo for t € (t* + A\, t* + o]. Suppose the
contrary, then there is a § > 0 such that I(¢) > ya for t* <t < t*+ 0+ A< t* 4o
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and I(t* + 0 + \) = ya. Noting that I(¢t) < I* for t € [t*,t* + o], then S(t) > S*
for t > t* + A\. Hence, for t = t* 4+ 0 + ),

BS*y2 ! — 2 (t—6
I(t) > n2(t=0) g9
®) 14+ a1y2 + a2S* J_, ‘

BS*ya (1 — e™H2T)
“ pa(1+ arys + agm)’

By using I* > y2 and (6), we conclude that

BS* (1= emT) 81— et

l1<p= < .
P (U F ol +aam) = pa(1+ arys + asm)

(17)

It follows from (16) and (17) that I(t = ¢t* + 6 + A\) > ya, which contradicts
I(t = t*+ 0+ A\) = y2. Consequently, I(t) > yz for t € (t* + A\, t* 4 o]. Since
this kind of interval [t*,t* 4+ o] is chosen in an arbitrary way (we only need t* to
be large), we conclude that I(t) > yo for all large t in the second case. therefor,
liminf; o0 I(t) > yo.

Thus, for € > 0 sufficiently small, there is a M3 > My such that if ¢ > Ms, then
I(t) > y2 — €. We derive from the third equation of (2) that, for ¢ > M3,

. Be™h=T (y1 — €)(y2 — €)
R(t) > 1+ a1(y2 — 6) + a?(yl - 6)

- /'L3R(t)7
by comparison it follows that

i
liminf R(t) > pe (y1 —€)(y2 —¢) .
frre ps(l+a1(y2 — €) + az(yr —¢))

Since this inequality hold true for arbitrary € > 0 sufficiently small, we deduce that

T
liminf R(t) > Be 1y = y3.
t—=+00 ps(1+ a1y + aoyr)

This completes the proof. |

4. Global asymptotic stability of the disease-free equilibrium state
In this section, we establish the global asymptotic stability of the disease-free equi-
librium Ej of system (2).
Lemma 4.1 Let pu,7 € R. If p, 7 > 0, then
v w? _ 1 —2cos (wr)e” (VT 4 =207

1+ )2+ = > ,
(+u) T (L —e k)2

for all v,w > 0.
Proof Define the function
¥ 2 1 — 2cos ('LUT)B_(A{—F'M)T + 6_2(7"".“)7_

H(w) := (1+ ;)2 tE 14— )
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The derivative of H is given by

2w 27 sin (wr)e~ (1Hr)T

Bw) = 2Y
(w> /,L% (1 _ 6_:“27—)2
The derivative of H is given by
H(w) _ 32 B 272 cos (wT)ef(V;M)T > % B 272 H2T .
M2 (1 —e#T) py (1 —emreT)

(e trranryz 5 (I—em2m)2 (1—e=r27)?

(14 1)z - U 220 )
M2 (1—e—#27)

Define de function

Since H(0) = 0 and H(w) > & — 222" then %—m >0 and H(0) =
>

F
0 are sufficient conditions to ensure that H(w) > 0.

It is clear that R(0) = 0 and the derivative of R is given by

1 re~ (V)T 1 Te H2T

Ry = LoTeTT 1 e
(7) o 1 — e kT %) 1 — e H2T

—u

It is not difficult to show that i1 (u) =1 — (17‘_2:7%)2 >0, ou) =1— = >0

for all © > 0. [ ]

Theorem 4.1 If Ry < 1, then the disease-free equilibrium E; of system (2) is
locally asymptotically stable; if Rg > 1, then E; is unstable.

Proof The characteristic equation of the linearized system of system (2) near the
disease-free equilibrium F4 takes the form

BA n BA
p1+ Aoz pr + Aas

A+ 1) (A + pa) (A + o — et — 0. (18)

Clearly, (18) always has two negative roots A\; = —pu1, A2 = —ps. The other roots
of (18) are determined by the following equation

BA n BA
p1 4+ Aoe g+ Ao

T e~ 2N — ), (19)

Let A = v+ dw. Thanks to the property of symmetry we can assume that w > 0.
Separating real and imaginary parts of (19), it follows that

A
a7 = L= e cos ()
A
w = leme_(”z“ﬁﬁ sin (wT). (20)

BA — H2Ro
pit+Aas T 1—emrH2T)

Squaring and adding the two equations of (20) and using we
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obtain that

iKl + ’7 ) + :] 1 — 2COS (U)T)e (7—"—“) + e_Q(W‘HL)T
R% K2 ,U,2 (1 S /“_)2

We assume for contradiction that there exists v > 0 satisfy the two equations of
(20). It follows from Lemma 4.1. that if Ry < 1, then

1 w? 2 1_9 ()T 4 =20y )T
2[<1+’y> +7] (1+l)2 wf} cos (wT)e +e ’
R? 142 115 12 12 (1—er)?

which is a contradiction. Consequently, the disease-free equilibrium FEj; is locally
asymptotically stable when Ry < 1.
For X real, denote

A BA —(patnr

A) = At s — +
g() e p1+Aag - p1+ Aas

If Ry > 1, clearly,

g(0) = p2(1 — Rp) <0, lim g(\) = +oo.

A—400

Consequently, (19) admits at least one positive root. Hence, if Ry > 1, E; is
unstable. m

Lemma 4.2 [10] Let (f,)nen be a measurable sequence of non-negative uniformly
bounded functions. Then

/liminf fn < liminf/fn < limsup/fn < /limsupfn.

Theorem 4.2 If Ry < 1, then the disease-free equilibrium E; of system (2) is
globally asymptotically stable; if Ry > 1, then FEj is unstable.

Proof In Theorem 4.1, we have given the local asymptotic stability of F1. We now
prove that E; is globally attractive.

Let (S(t),1(t), R(t)) be any non-negative solution of (2) with initial conditions (3).
Clearly,

A

limsup S(t) <

21
t—+o0 M1 ( )

Therefore, for ¢ > 0 sufficiently small, there is a M; > 0 such that if ¢ > M,
S(t) < 2 +e
It follows from the second equation of system (2) that

t—+o00 t—+o00 (t—0)+ a2S(t—10)

. /T limsup;_, o, 81 6) limsup,_,, o, S(t — )
= Jo 1+limsup, o arl(t —0) + limsup,_,, o a2S(t — 0)

. . T BI(t—6)S(t—0) ad
1 I(t) =1 122 qdp
imsup I(t) 1msup/0 Tl ) e

(t—

e 12940

A (1= et limsup;_, o BI(t)

< ,
1 2 1+ limsupy_, o onI(t) + 042%
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< A (1- e*uzT)hm Supt—)—i-(x[)xﬁj(t)’
Hp2 1+ Q27,0
= limsup I(t) Ry,
t—+o00
hence,
limsup I(t)(Ro — 1) > 0. (22)
t——+o0

Since Ry < 1, then (22) ensures that

limsup I(t) = 0.

t——+o0

Thus, for € > 0 sufficiently small, there is a My > M such that if t > My, I(t) < e.
We derive from the third equation of system (2) that, for t > My + T,

—p2T (A
Rty < ¢+ e

X —MgRt.
1—|—0416—{—042(ﬁ—|—6) ®)

By using a comparison argument, we obtain

Be HaT A4 oo)e
lim sup R(t) < 7 A) .
t—+00 N3(1+a1€+a2(m+6))

Since this inequality holds true for arbitrary e > 0 sufficiently small, we conclude
that

lim R(t) =0.

t—+o0

It follows from the first equation of system (2) that, for t > Mo,

. 56
Sit) = A—uS(t) — S(t).
()2 A= S(0) = TS0
By using a comparison argument, we obtain
A(1+ oqe)

liminf S(t) > .
P50 ®) Be + 1 (1 + aqe)

Since this inequality holds true for arbitrary ¢ > 0 sufficiently small, we conclude

that

A
liminf S(t) > —.
t——4o00 M1

We deduce from this inequality and (21) that

lim S(t) = A
t—+o00 M1

This completes the proof. |



94 A. Raji-allah & H. Talibi Alaowi/ IJM?C, 09 - 02 (2019) 83-100.

5. Global asymptotic stability of the endemic equilibrium state

In this section, we establish the local asymptotic stability of the endemic equi-
librium Fs of system (2) and we give the sufficient conditions for the global
asymptotic stability of the endemic equilibrium Fs.

Theorem 5.1 If Ry > 1, then the endemic equilibrium FEs of system (2) is locally
asymptotically stable.

Proof The characteristic equation of the linearized system of system (2) near the
endemic equilibrium Fs takes the form

(A + 13) [N + pr(T)A + po(7) + (@1 (1)A + qo(7))e ] = 0, (23)
where

pi(T) =p1+p2+1l —lo,  po(r) = pa(pr +11) — mlo,
(1) =le ™7, qo(1) = pilae ™7,

Bl2(1 4 ails) BS2(1 + aS2)

1 = , .
! (1+ ailz + @252)? (1+ ails + a252)?

lo =

Clearly, (23) always has a negative root A = —u3. Other roots of (23) are deter-
mined by the following equation

A2+ p1(T)A + po(T) + (q1(T)X + qo(7))e T = 0. (24)

Let A = v + dw. Thanks to the property of symmetry we can assume that w > 0.
Separating real and imaginary parts of (24), it follows that
(v + 1) (7 + p2 — 12) — w? + (v + p2)li = —la[(y + p1) cos (wr) +w

x sin (wr)]e” KT, (25)

wly + po — lo + vy + p1 + 1] = —lo[wcos (wr) — (7 + p1) sin (wr)]e~OF#2)7 (26)
Multiplying (25) by w and (26) by ~ + p; and subtracting the products, we obtain
that

w

m(m — 1)l —w = —lysin (wT)e_W*“?)T. (27)
Multiplying (25) by v+ u1 and (26) by w and adding the products, we obtain that

(v + ) (v + p2) + w?
(v + p1)? + w?

v+ p2 + I1 = Io[1 — cos (wr)e AT, (28)

We set

[+ ) (y + p2) + w?P? w?
(v + )+ w2 0 [y + )+ w?

Tl = }2(“2 _,U/l)2l27
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7, = 220+t ae), e 4 2l )t o) + w?] "
(v + ) + w? (v + p)? + w? (v +p)? + w? '

Squaring and adding the two equations (27) and (28), we get that

(v + p2)? + w? + Ty + Ty = 12[1 — 2 cos (wr)e~O0FH)T 4 e=200F02)T) - (99)
We assume for contradiction that there exists v > 0 satisfy equations (25) and
(26). Since Ty + T» > 0, then it suffices to prove that (y + ug)? + w? > 13[1 —

2 cos (wT)e_(7+“2)T 4 6—2(7-&-#2)7']'
Define the functions

1 —2cos (wq-)e—(v-mz)r 4 e 20rtu)T
Z(w) = ey

It is clear that if Ry > 1, then 2 = (1 — e*#ﬂ)% >1—e M7 It

follows from Lemma 4.1. that G(w) > Z(w) for all w > 0, which is a contradiction.
]

Theorem 5.2 Suppose that ajpu; = 8. If Ry > 1, then the endemic equilibrium
Es of system (2) is globally asymptotically stable.

Proof In Theorem 5.1, we have given the local asymptotic stability of Fo. We now
prove that Fs is globally attractive.

Let (S(t),1(t),R(t)) be any positive solution of (2) with initial conditions (3).
Denote

Ss =limsup S(t), Is=IlimsupI(t), Rs= limsup R(t),

t—400 t—+o00 t—+400

S; = liminf S(¢), I, =lminfI(t), R;=lminf R(¢).
t—4o00 t—+o0 t—4o00
In the following we prove that Sy = 5; = S, I = I; = I>, R = R; = Ro.
Clearly,
A

limsup S(t) < — = X7,
t—+o0 H1

Consequently, for € > 0 sufficiently small there is a M; > 0 such that if ¢t > Mj,,
S(t) < X7 + e
We derive from the second equation of system (2) that

[T BI(t —0)S(t —0) — 2
It = /0 ol 0) 1 a5 0)° 4P (30)

It follows from (31) and Lemma (4.2) that

7 BI(t—0)S(t—0) 10
/0 T foli—0)+asi—0° ¥

limsup I(t) = lim sup

t—+o0 t——+o0
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< /T limsup;_,, o, BI(t — ) limsup;_,, ., S(t —0)
0

. - e 20 qp
1+ limsup;_,, o, a1l(t — 0) 4 limsup;_,, , a2S(t — 0)

BXY (1= ebar) limsup; o I(t)

< .
2 1+ limsup,_,, o a1 (t) + e X?

— p3R(t),

which leads to

lim sup I(£) < (B(1—e™H2T) — poca) X7 — po

o I
— x1.
t—4-o00 H201

Consequently, for € > 0 sufficiently small there is My > M such that if ¢ > Mo,
I(t) < X{ +e
We derive from the third equation of system (2) that, for ¢ > My + 7,

. —M2T S I
Rt < Be SXl +e)(X; Ze) 7
1+ ai1(X] +€) +a(X? +e)

which leads to

— 2T XS XI
limsup R(t) < be (11 o)X +;) .
t—-+00 ps(1 + ar (XY +€) + ao (X7 +€))

Since this inequality holds true for arbitrary ¢ > 0 sufficiently small, we conclude
that

—MQTXSX]
limsup R(t) < be 11

=X
t—400 ps(1+ a1 XT + as X?)

Consequently, for € > 0 sufficiently small there is M3 > Mo+ 7 such that if t > Ms,
R(t) < Xf+e
We derive from the first equation of system (2) that, for ¢ > M3,

| i ) B(XS +e)(XI +e)

which yields

1 XS pel
liminf S(t) > —[A — A } +)( 1+€)S
frree H 1+ a1(X] +¢€) + a(X7 +¢€)

-

Since this inequality holds true for arbitrary e > 0 sufficiently small, we conclude
that

Syl
liminf S(t) > i(A OXT X

t—+o00 1 1+ Ole{ + OéQXig

Consequently, for € > 0 sufficiently small there is My > Ms such that if ¢ > My,
We derive from the second equation of system (2) that

T BI(t—0)S(t—0) 120
/0 T oal(i—0) toasi—0)° ¢

liminf I(¢) = lim inf
t—+00 t—+o00
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- /T liminf, o BI(t — 0)liminf, , - S(t — 0) o—h20 g
“ Jo 1+ liminf, sy o agI(t — ) + liminf, o a2 S(t — 6)
S . .
> BY; (1= b . h.m inf; o0 BI(t) - (31)
142 1+ liminfy o0 g I(t) + a2y

It follows from section 3. that liminf;, ., I(t) > 0, we conclude from (31) that

1— e #eT) — YS -
liminf 7(t) > PU =€) Z o)V — s yr
t——+oo Moy

Consequently, for € > 0 sufficiently small there is M5 > M, such that if ¢ > Ms,
It) > Y{ -«
We derive from the third equation of system (2) that, for t > M5 + T,

: Be T (Y — ) (Y{ —¢)
RO 13 ar(Y! =€) + az(Y —¢)

- :U’3R(t)a

which leads to

— 2T YS o YI _
lminf R(t) > — 00 0TI )
A~ pa(l4+oq (Y] —e€) + aa(Yy —¢))

Since this inequality holds true for arbitrary e > 0 sufficiently small, we conclude
that

—;,LQTYSYI
lim inf R(t) > — ¢ Yi Vi

=Y
t=r+00 p3(l 4 a1 Y + anYyd) !

Consequently, for € > 0 sufficiently small there is Mg > M5+ 7 such that if t > Mg,
R(t) > Yt —e
Another time, we derive from the first equation of system (2) that, for ¢ > Mg,

BV — Y — o)
L+ a1 (Y] —e) + (Y —¢)’

S(t) <A—py —

which leads to

BT — (Y —¢)

1
li S(t) < A—
im sup S(t) [ L+ on (Y] —€) +an(Y —¢)

t—+o0 M1

!

Since this inequality holds true for arbitrary e > 0 sufficiently small, we conclude
that

1 YoY!
limsup S(t) < — (A — b L S
t—400 H1 1+ oY) + Yy

)= XQS.

Consequently, for € > 0 sufficiently small there is M7 > Mg such that if ¢ > Mr,
S(t) < X5 + e

Continuing the process above, we obtain six sequences (X2 )nen, (XD)nen,
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(Xrll%)TLGNa (Yns)n€N7 (Ynl)néNa (YnR)’rLEN SllCh tha't7 fOI' n 2 27

XS — i(A _ BYns—IYT{—l
" 1 1+ Oélynlfl + agYnsfl ’
ool XKD
" 14+ a1 X+ ae X5
I _ (B(1—e™2T) — ppaa) X — pio
" M2
vI— (B(1—e™H2T) — poag) Y, — puo
" H201

R BerTXEX]
" ug(l +041X£ +042X;§)
Be HTYSY !

YR = - =
ps(l+ Yl + ag)?)
Clearly,
YOS <S8 < X2 Vi< <1, < XL YE<R <R, < XE.

It follows from (32) that

1 1 Bl —e#7) — poay 2
X5, =—{1-— A
" H pr o ay(l—emkeT) A+ ay(l —erT)
L B(l—e™T) — poovzp g
— X2
+/u[ o (1= er) "X}

We derive from (34) that

1 1 Bl —e#T) — poary 2
XS, - XS=-{1-— Ay M2
mee o #1{ pr an(l—emreT) HA+ o (1 —eheT)
B —e™T) — paay
(1l — e #2T)

)X,

since X7 > Sy and (1 — e #27) (101 — B) = 0 > —pugasz, then

1 1 (1 —e™#2T) — pocs 2
X5 —X9<—{1-— A
mH e M1{ p ar(l—emreT) A ai
1 1—e 2T — ey
C g 8 ) iy

p ar(l—emreT)

(32)

(34)

1
—pr(1+ —

M1

Hence, the sequence (X2),cn is monotonically non-increasing. Thus, (X3),en is

convergent. We derive from (34) that

Aar(1 — e her
lm x5 fefhal-e®) o
n—-+oo (B4 par)(1l — e H2T) — poay

(35)
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It follows from (32) and (35) that

lim X7 =Sy, Jim Xl =8,, lim X['=R,,

n—-+o0o n—-+o00
: S _ : I _ . R __
wife T =% Bp e =h, I =R (%)

We deduce from (33) and (36) that
Ss=8;=2952, Is=1;=1, Rs;=R;=Rs.
Consequently

lim S(t) =S,  lm I(t) =1,  lim R(t)=R,.

t—+o0

This completes the proof.

6. Discussion

In this work, we have studied an SIR epidemic model with nonlinear incidence rate
which has a more general form, and with a constant infectious period. The dynam-
ical behaviors of the model are almost completely determined by the reproduction
number Ry. When Ry < 1, the disease-free equilibrium F; is globally asymptoti-
cally stable, and no other equilibria exist. When Ry > 1, the equilibrium FE; loses
its stability, and an unique endemic equilibrium FEs appears which is permanent,
locally asymptotically stable and if aju; > 8, the endemic equilibrium is globally
asymptotically stable. The global asymptotic stability of both the disease-free and
endemic equilibrium was established by analyzing the corresponding characteristic
equation and using comparison arguments. The Lemma 4.1. was necessary and
important to show the local asymptotic stability of the equilibria. The global at-
tractiveness of the endemic equilibrium s when a1 > 8 was based on the result
liminf I(¢) > 0 obtained in the proof of the permanence of the endemic equilibrium
FEs. In future work, we would like to study the global asymptotic stability of the
endemic equilibrium Fs without restrictions on the parameter values.

References

[1] J. R. Beddington, Mutual interference between parasites or predators and its effect on searching
efficiency, Journal of Animal Ecology, 44 (1) (1975) 331-340.

[2] E. Beretta and Y. Kuang, Geometric stability switch criteria in delay differential systems with delay
dependent parameters, SIAM Journal on Mathematical Analysis, 33 (5) (2002) 1144-1165.

[3] V. Capasso and G. Serio, A generalization of the Kermack-Mckendrick deterministic epidemic model,
Mathematical Biosciences, 42 (1-2) (1978) 43-61.

[4] R. Casagrandi, L. Bolzoni, S. A. Levin and V. Andreasen, The SIRC model and influenza A, Math-
ematical Biosciences, 200 (2006) 152-169.

[5] C. Connell McCluskey, Global stability of an SIR epidemic model with delay and general nonlinear
incidence, Mathematical Biosciences and Engineering, 7 (4) (2010) 837-850.

[6] D. L. DeAngelis, R. A. Goldstein and R. V. O’Neill, A model for trophic interaction, Ecology, 56
(1975) 881-892.

[7] B. Dubey, P. Dubey and U. Dubey, Dynamics of an SIR model with nonlinear incidence and treat-
ment rate, Applications and Applied Mathematics, 10 (2)(2015) 718-737.

[8] S. Gao, Z. Teng and D. Xie, Analysis of a delayed SIR epidemic model with pulse vaccination, Chaos
Solitons Fractals, 40 (2009) 1004-1011.

[9] H. Guo, Global dynamics of a mathematical model of tuberculosis, Canadian applied mathematics
quarterly, 13 (4) (2005) 313-323.

[10] J. Hale, Theory of functional differential equations, Springer, heidelberg, (1977).



100

(11]
(12]
(13]
(14]
(15]

(16]

(17]

A. Raji-allah & H. Talibi Alaowi/ IJM?C, 09 - 02 (2019) 83-100.

A. Kaddar, On the dynamics of a delayed SIR epidemic model with a modified saturated incidence
rate, Electronic Journal of Differential Equations, 133 (2009) 1-7.

Y. Kuang, Delay Differential Equations with Applications in Population Dynamics, Academic Press,
New York, (1993).

A. Lahrouz, Dynamics of a delayed epidemic model with varying immunity period and nonlinear
transmission, International Journal of Biomathematics, 8 (2) (2015) 1550027.

S. Pathak, A. Maiti and G. P. Samanta, Rich dynamics of an SIR epidemic model, Nonlinear Analysis:
Modelling and Control, 15 (1) (2010) 71-81.

R. Xuand Y. Du, A delayed SIR epidemic model with saturation incidence and a constant infectious
period, Journal of Applied Mathematics and Computing, 35 (2011) 229-250.

P. Yongzhen, L. Shuping, L. Changguo and S. Chen, The effect of constant and pulse vaccination on
an SIR epidemic model with infectious period, Applied Mathematical Modelling, 35 (2011) 3866-
3878.

F. Zhang, Z. Li and Z. Zhang, Global stability of an SIR epidemic model with constant infectious
period, Applied Mathematics and Computation, 199 (2008) 285-291.



