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Abstract. Using a generalized spherical mean operator, we obtain a generalization of Titch-
marsh’s theorem for the Dunkl transform for functions satisfying the (¢, p)-Dunkl Lipschitz
condition in the space LP(R%, w;(x)dz), 1 < p < 2, where w; is a weight function invariant
under the action of an associated reflection group.
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1. Introduction and Preliminaries

In [11], E.C.Titchmarsh’s characterizes the set of functions in L?(R) satisfying
the Cauchy-Lipschitz condition by means of an asymptotic estimate growth of the
norm of their Fourier transform, namely we have:

THEOREM 1.1 [11] Let f € L?(R). Then the following are equivalents:
(i) fz+h) = f@)l2=00"), as h—=0,0<n<],

(ii) IFO)PdA =0 (s721), as s — oo,
>s

where ]? stands for the Fourier transform of f.

In this paper, we obtain a generalization of theorem 1.1 for the Dunkl transform
on R? in the space LP(R?% wy(z)dx), 1 < p < 2. For this purpose, we use a
generalized spherical mean operator.
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We consider the Dunkl operators D;, 1 < j < d, on R? which are the
differential-difference operators introduced by Dunkl in [4]. These operators
are very important in pure mathematics and in physics. The theory of Dunkl
operators provides generalizations of various multivariable analytic structures,
among others we cite the exponential function, the Fourier transform and the
translation operator. For more details about these operators see ([3]-[5]). The
Dunkl Kernel E; has been introduced by Dunkl in [6]. This Kernel is used to
define the Dunkl transform.

Let R be a root system in R%, W the corresponding reflection group, R a positive
subsystem of R ( see [3],[5],[7]-[10]) and | a non-negative and W-invariant function
defined on R. The Dunkl operator is defined for f € C*(R%) by

D) = L)+ 3 1), DO @) i ¢ cay,

_33‘ o, T
Oz, och, <a,r >

Here <,> is the usual Euclidean scalar product on R? with the associated norm
|| and o, the reflection with respect to the hyperplane H, orthogonal to «, and
a; =< a,ej >, (e1,ea,...,eq) being the canonical basis of R%.

We consider the weight function

(@) = [ 1< G > ) 2 c B
CERL

where w; is W-invariant and homogeneous of degree 2 where

y=7R)= > 1) =0.

CERL

The Dunkl kernel £; on R? x R? has been introduced by C.F.Dunkl in [6]. For
y € R? the function = — Ej(x,y) is the unique solution on R? of the following
initial problem

u(0,y) =0, forall y & R?

F); is called the Dunkl kernel.

LEMMA 1.2 [8] Let z,w € C and A € C
1. Ei(2,0) =1, Ei(z,w)=E(w,2), EXz,w)=E(z,\w).
2. For allv = (v1,...,vq) € N4z € RY 2z € C¢, we have

102 Ey(x; 2)| < || lexp(||| Rez]),

where

. vl
az :W7‘V‘:V1+....+Vd.
21 o0z

In particular |0V Ey(iz; 2)| < |z for all z,z € R%.
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We denote by L7(R?) = LP(RY, w(z)dz), 1 < p < 2, the space of measurable
functions on R% with the norm

1= (], |f<m>|pwl<x>dw)3’ <o,

and A; the Dunkl Laplacian defined by

The Dunkl transform is defined for f € L}(R?) = LY(R?, w;(z)dz) by

~

FDE©) = O = [ f@B(=icopmla)d,
where the constant ¢; is given by

c :/ e 2 wy(z)dz.
Ra

The Dunkl transform shares several properties with its counterpart in the classical
case, we mention here in particular that Plancherel’s theorem holds in L?(R?),

when both f and [ are in L}(R%), we have the inversion formula
f@) = | FOBOu()dsz e R,

By Plancherel’s theorem and the Marcinkiewicz interpolation theorem (see [12]),
we get for f € Lf(]Rd) with 1 < p < 2 and ¢ such that % + % =1,

IF(N)llqr < KNl llps (1)

where K is a positive constant.
The generalized spherical mean value of f € L (R9) is defined by

1
th(.ﬁU) = El /§d1 Trf(hy)dnl(y)vx € Rda h > 07

where 7, Dunkl translation operator (see [10],[13]), n be the normalized surface
measure on the unit sphere S¥1 in R? and set dn(y) = wi(y)dn(y) n is a W-
invariant measure on S~! and d; = 7;(S*1).

We see that My, f € LF'(R?) whenever f € LF'(R?) and

HthHp,l < Hf”p,b

for all h > 0.
For 8 > _71, we introduce the Bessel normalized function of the first kind jg defined
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e —1)"(z 2n
o) =1+ )3 S

n=0

z e C.

LEMMA 1.3 (Analog of lemma 2.9 in [2]) The following inequality is true
11— js(@)] = c,

with |x| = 1, where ¢ > 0 is a certain constant which depend only on .

LEMMA 1.4 [8] Let f € LY(R?). Then

My f(€) = dy 21 (BIEDFE).
The first and higher order finite differences of f(x) are defined as follows
Znf(x) = (M, = I) f (),
where I is the identity operator L7 (R?).
k
Zif(x) = Zu( 2y f(2) = My = D) f(x) = Y (- (M (=),
i=0

where M} f(x)

Let WF, 1 <p<

f(x), M} f(x) = Mp(M; f(2)),i=1,2,..and k = 1,2, ...
k, 2,b

e the Sobolev space constructed by the operator Ay, i.e.,
Wy ={feLlRY):A]f € LY(RY);r =1,2,..., k},

where AVf = f, ATf = A(A]7Hf).

In view ([3] or [5]) we can write

D;f(y) =iy J(W),j =1,....dsy € R™. (2)

From formula (2) and lemma 1.4, we obtain

ZEATFE) = |7 (a1 (BIED = D F(E).
By (1) we get for f € W;l,

/Rd €1P97 11 = G (RIEDI T F () 9n (§)dE < K ZEAT ()12, 3)

1,1 _
Wherei—i—a—l.

2. Main Result

In this section we give the main results of this paper. We need first to define
(¢, p)-Dunkl Lipschitz class.
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DEFINITION 2.1 A function [ € W]fl is said to be in the (p,p)-Dunkl Lipschitz
class, denoted by Lip(p,p), if

1ZEATf () p

=0 (p(h)), as h—0,7>0,

where
i) p(t) a continuous increasing function on [0, 00),
i) p(0) =0,

i1i) @(ts) = @(t)p(s) for allt,s € [0,00).

THEOREM 2.2 Let f € W;l. If f(z) belong to Lip(p,p), then
[ € = 0 (ols7) 5 o
1,1 _
where >t = 1.
Proof Suppose that f € Lip(p,p). Then
IZEAT f(@)lpi = O (p(h)), h—0.
From (3), we have
1ZE A f (@)1, —/ €271~ jpa L (RIED|P*| £ (€)1 (€) de

If |¢| € [+, 2] then h|¢| > 1 and lemma 1.3 implies that

1 . L
1< Cﬁu —J7+§—1(h\§|)|q .

Then

1 o~
/1 €] ’ I (€)de < 02’“/1<|§<2 €1 _j7+%*1(h‘f|)\qk|f(§)\qwz(f)df

< Cgk/ €1°971 = oy (PIED || F () n(§)dE

= 0 ((¢(h)")
= 0 (p(h")).

We obtain

/ €L F(6) [T (€)de < Cpls™),
s<[€]<2s
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where C’ is a positive constant. Now,

2itlg

/|g I e = Z / €2 7€) [T (€)de

< C’ (p(s™) + @((25) ™) + p((4s)™) +-- )
27D+ (279 + (272 + - )
2+’ )+ 2+

where K, = C'(1 — ©(279))~! since p(279) < 1.
Consequently

/5 IR €)= 0 (o). e 50

COROLLARY 2.3 Let f € WF, and let

1ZEATf(@)llps = O ((h)), as h—0.

Then
/|§> |f(f)|qwl(§)df =0 (s‘quga(s_q)) , as s— 00,

1,1 _
where;—}—a—l

3. Conclusions

In this work we have succeeded to generalize the theorem 1.1 for the Dunkl trans-
form in the space LP(R?, w;(x)dz). We proved that f(z) belong to Lip(p, p) Then

/|£> F(©)] 7wy (€)de = O (s p(s7)), as s — o0,

1,1 _
Where;—ka—l.
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