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1. Introduction
In 2020, Wazwaz extended the Sakovich equation (see [17]) to two new Painlev-
integrable models of the same order as the Sakovich equation and of (2 + 1) and

(3+ 1) dimensions given as (see [19]):

Ugt + Uyy + 20ty + 6UPu2, + Ugy + Ugy = 0, (1)
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and
Ugt + Uy + 2uuzy + 6U2u:25$ + Upy + Ugy + Ugy + Uy = 0. (2)

Recently, multi-wave and interaction solutions and some Lie symmetry analysis to
Equation (1) have been studied [15].

In the present work, we used Lies method to examine and find the answers of
Equation (2). Next, an optimal system of subalgebras is presented associated with
Lie symmetry algebra. The second-order linear PDE called (2 + 1)-dimensional
second-order Sakovich equation was established:

Uzt + Uyy + 2Ulgy + 6utugy + QUim =0, (3)

which is quadratic in u,;, and satisfies the Painlev test for integrability. The equa-
tion of Sakovich doesn’t have a scattering expression us.,, which is not the case
in the KdV equation. Nonlinear equations are widely used in evaluating nonlinear
wave phenomena. Therefore, such equations have been considered by scientists for
years and have made it possible to conduct detailed studies. Korteweg-De Vries
(KdV) equation is one of the in-depth equations analyzed. The establishment of a
completely integrable model, which describes the true characteristics of the scien-
tific and engineering fields, is in progress, and a wide range of useful findings are
being obtained. Several properties of the integrable equations include the presence
of a Lax pair, which can be solved by the IST technique, satisfying the Painlev
criterion, having infinite symmetry and Hamiltonian and Bi-Hamiltonian formulas,
and other criteria [4, 12]. Through the Lie symmetry group process, the problem
of symmetry categorization is extensively taken into account for various equations
in different spaces [1-4, 6, 16]. On the contrary, Lies approach (symmetry group
approach), which is a computational, algorithmic method for obtaining group-
invariant solutions, is largely used in resolving differential equations. Through the
mentioned process; proper solutions can be achieved through known ones, investi-
gation of the invariant solutions, so also reduction of the ODEs order [5, 10, 13].
Studies in this area are in progress since such equations depict the states and
properties of nonlinear phenomena, broaden vision in terms of physical aspects,
and then become more practical in engineering and other sciences. So, the search
for accurate solutions is important in non-linear equations in several ways, like
plasma laser radiation [11, 18].

The paper is presented in several chapters as follows. The infinitesimal generators
of the symmetry algebra of Equation (2) are specified along with some other results
obtained in Section 2. In Section 3, we make the optimal ideal subalgebras of Eq.(2).
Following the third section, we discover the similarity solutions, Lie invariants, and
similarity reduction based on the infinitesimal symmetries of Eq.(2). In Section 4,
we show reductions for differential equations as well as for definite solutions. In the
last section, we obtain the associated non-classical symmetries of Eq.(2).

2. The symmetry computation of Eq.(2)
Normally,
Ag((zh, ..y z™), (ul, ..., u™)P)) = 0, 1< B<t, (4)

is a set of PDE of order p. (u', ...,u”)(i) represents the i-order derivative of U
regarding z, 0 < ¢ < p. On both X and U, infinitesimal transformations Lie group
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acts as:

o=l eg (@t ™), (o u™) +0(e2),  1<i<m, (5)

<
W =l 4 egy(@h, @™, (Ul ™) 0(eD), 1<) <n,

in which the infinitesimal transformations for (x',...,2™) and (ul,...,u"), are de-
noted by ¢ and ¢; respectively. A given infinitesimal generator equivalent to the

transformations group (5) is

p

V=> (2™, (uh ™) 0+ (@t ™), (e u™)) Dy (6)
j=1

=1

2

We apply z, v,z and t instead of 2!, 22, 2® and z* respectively, and for simplicity

& =&,y 2 t,u), j=1,---,4,
¢ = Qb(fﬂayaz,t,u).

Here, an infinitesimal transformations one parameter Lie group is taken to apply
the process for Eq.(2) as:

&= x4l +o(e?),
j = y+e€+o(e?),
F = 2483+ o(e?),
t = t+et 4+ 0(e?),

U = u+ep+o(e?).
The equivalent symmetry generator is:
V =10, + €20, + €20, + €04 + ¢0u. (7)
The criterion of invariance has associated with the equations:

PT(Q)V[UJ;,: + Uyy + 2Ulgy + 6U2U§x + Upy + Ugy + Uzz + uyz] = 0. whenever
Ugt + Uyy + 2UlUgy + 6uu2, + Upy + Ugy + Ugz + Uy = 0.

Since infinitesimal transformation are based on x,y,z, t and u, adjusting the coef-
ficients at 0, we obtain:

—A =& =0,
_45511 = _45311 = O’

—4€}, = Aduu = 0,

The number of generated equations is 48. We express the answer to the above set
of equations in the form of the following theorem:
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Table 1. Lie bracket of Eq.(2).

[, ] AN EE ST 9° Al 97

It 0 0 0 0 0 0 1191
|« 0 0 0 0 —t 2191 392
B« o« 0 0  —o 29t U I+ 3193
s * * * 0 9 +92 2791+193 ]2191—1—194
90 | ¥ % * 0 0 296

96 * * * * * 0 3196

97 * * * * * * ()

Theorem 2.1 The Lie point symmetry group of Eq.(2) has a Lie algebra made by
(7), with coefficients as follows:

¢l 15(3$+6y—|— 10t — 4z)Cy
1
15( 10t — 15y + 252)C3 + Cst + C7 — 2C5,

&2 :501y + Cst + Cg,

& nglz + Cst + Cl,

¢t :Clt + (o,

6= (2~ 12u)Cy — 703,

30
where C; e R, 1 =1,...,7.

Corollary 2.2 One-parameter Lie group of Eq.(2) for every point symmetry con-
tains the infinitesimal generators as:

It =0,
¥? =0,
W3 =0,
=0,
9 =(t — 2)0; + tdy, (9)
90 = — (gt +y— gz)ag; + 0, — éau,

1 2 2 4
O =(ca+ Zy+ ot— —
R R U T

12
+ 0 — (— 1 + 1

3 3
)ax + gyay + gzaz
1)y,

We present the Lie algebra for Eq.(2) with Table (1). The data in the i ik
and column of Table (1) are marked with [X*, ¢/] = ¥ — 979" wherei,j = 1,...,7.
For instance, the flow of 97 in Corollary 2.2 is

3, O 2 3 1 5 2 3 3 1 2 1
¢€ = (y655+6t66_5655+eg€(_y_ét_i_gz_i_x)’yegﬁ,Zegﬁ’t667g_i_e—ge(_é_i_u)).



Table 2. Adjoint representation of g

Ad 91 92 93 9 9 98 97
9! It + %5197 92 93 9 93 98 97
92 91 — 590 + %sW 92 + %9197 93 94 9° 99 97
93 91— 5195 + Esﬂﬁ — isW 92 93+ gsW 9 9? 98 97
94 9+ 509° — gsﬁﬁ + 55197 92+ 59> 94590 9+ 597 9° 99 97
9 9 4 593 — 594 92 — st 93 94 9 — 25197 96 97
98 | 9 4 s9? — 25’193 + (%s2 + 25)194 92 93 — s 94 93 96 — %5197 97
- S -3 -3 2 2
07| e5 9 +He 5° 7515 2 e 5 w2 e b 93 esgt o5 5796 9T
+(%26?S 225 e
HCes 25 e

3. Classification of one-dimensional subalgebras

The one-parameter optimal system of Eq.(2) can be determined utilizing the sym-
metry group. Such subgroups must be obtained by presenting various solutions.
Therefore, invariant solutions should be searched not connected to a transforma-
tion in the whole symmetry group. An optimal set of subalgebras is yielded. The
issue of categorizing 1D subalgebras would be similar to the question of categoriz-
ing the adjoint representation orbits. One representative is considered from each
group of equivalent subalgebras, to solve an optimum set of subalgebras problems
[13, 14]. The adjoint representation of each ¥, ¢t = 1, ..., 7 is defined as:

2
Ad(exp(s.0).97) = 9" — s.[9%,07] + %.[192 [0, 97 — - -, (10)

where s represents the parameter and [9%,9"] is presented in Table (1) for ¢, =
1,---,7 ([13], page 199). Let g is the Lie algebra generated by (9). The adjoint
action for g is given according to Table (2). Considering the Ibragimovs method,
an optimal system of one-dimensional subalgebras is presented in the form of the
following theorem.

Theorem 3.1 Considering the Ibragimovs method, the 1D optimal system of sub-
algebras for Eq.(2) are as follows:

1: 91, 8: 92+ 03,
2: 192, 9: 9?2+,
3: 93, 10 : 93 £ 9°
4. 94, 11 : 9% £ 97,
5: 99, 12 : 9% + 99,
6: 99, 13 : 9% 4 95,
797, 14 : 94 4+ 9% £+ 99,

Proof According to Table 1, we find that the center is empty. Therefore, it is
necessary to specify the subalgebras:

(0%, 9%,93, 94, 95,98, 97).
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Considering basis {9%,--- , 97} and a vector field X = Zzzl a9, fort=1,--- .7,
the map:

Ad(exp(s¥').X):g— g
X — Ad(exp(s9").X)

is a linear function. The associated matrix of functions Ad(exp(s;9").X), 1 <i <7
are reported as:

e
192
193
Ad(exp(s;9%).X) = [a1 a2 a3 a4 a5 ag a7]M?L 719;1 ,
9
196
197
where
I —1 7 (100005, —2s,]
100000 —s 52 592
010000 0 010000%332
At | 0010000 AM2— 001000 0
= 000100 0 |° “loooi00 o |
000010 0 000010 0
000001 0 000001 0
(100083 sy —s5 ] i 2 -2 7
83 ?‘93 BS3 1000 —sy4 384 ?54
01000 0 8 0100—s4 0 0
00100 0 —"s3 0010 0 s4 O
M3 = 5 %0, Mi= :
00001 0 0 0000 1 0 0
00000 1 0 0000 0 1 0
00000 0 1 | (0000 0 0 T ]
i ] - 5 5., 2 :
10—-s55500 0 1—56§s6gsg—§s600 0
0170 85000 01 0 0 000
0010000 00 1 sg 000
Mp= |00 0 1000 p6=—1o0 0o 1 000
2 9 )
00 0 010 s 00 0 0 10 0
2
00 0 001 0 00 0 0 01Zs
000000 1] 00 0 0 00X




and for instance, for matrix M7 we have:

i -2 3 5 -
es %7 e o7 ?6?57 —Ze 57 0 0
1 1 _191_
es S7 +§€ 5 S7 6?87 192
=34 5
Ad(exp(sﬂsﬂ).X) — 0 es° _gs 0 0O 0 0 24
[a1 ag a3 ayq a5 ag az] 0 0 es ™’ 0 0 00 .
0 0 0 0 6257 0 0 27
0 0 0 0 0 ess oY d
L O 0 0 0 0 0 1]

From Ad(exp(s19')) o Ad(exp(sa¥9?)) o --- o Ad(exp(s797)), we can shorten X as
follows:

For a7 # 0, the coefficients a1, as, as, a4, as and ag can be disappeared by setting,

—5&1 —5a2 —5a3 —a4q 5a5 Qg .
§] = ——, §2 = , S3 = , 84 = —, S5 = —, S¢ = — respectively.
ar 3ar 3ay ay 2a7 2a7
When required, by scaling X, we assume a7 = 1. Thus, z turns into the case (7).

Let a7 = 0. Consider a vector

(a1, a2, a3, a4, as, ag, 0). (11)
. . . . al —as
For ag # 0 , the coefficients a1, a3 disappeared by adjusting, ss = —, 54 = ——
ag ag
respectively. Thus, (11) is reduced to
(0,&2,0,@4,0,5,61,6,0). (12)

Let a7 = 0 and ag = a5 # 0, for vector (12), the coefficient ay can be disappeared
by setting s4 = i Thus, by scaling X, we suppose a4 = 1 and ag = a5 = £1.
a

5
Thus, X gives rise to the case (14). For ay = 0, by scaling X, a5 = 1 and ag = *1
are supposed. Thus, X gives rise to the case (13).

Let a7 = a5 = 0 and ag # 0. Thus, (12) is reduced to

(0,@2,0,&4,0,@6,0). (13)

Let a7 = a5 = 0 and ag = a4 # 0, for vector (13), the coefficient ay is vanished
by s5 = 4 adjusting a. Thus, we assume a4 = 1, ag = £1, by scaling X. Hence,
ay
X turns into the case (12).

Let a7 = a5 = ag = 0 and ag # 0, in vector (13). Thus, by scaling X, we assume
az = 1 and ag = 1. Thus, X gives rise to the case (9). For ag = 0, we assume
ag = 1, by scaling X . Therefore, X gives rise to the case (6).

Let a7 = ag = 0. Thus, (11) is reduced to

(al,a27a37a4,a5,0,0). (14)

© 2023 IAUCTB
http://ijm2c.ctb.iau.ir



For a7 = ag = 0 and a5 # 0, for vector (14), the coefficients a; , ay are vanished

a -
by setting, s3 = -t 84 = 2 respectively. Therefore, (11) is reduced to
as as

(0,0, a3,a4,a5,0,0). (15)

Let a; = ag = 0 and a5 = a4 # 0, for vector (15), the coefficient ag can be
disappeared by setting sg = %. Thus, by scaling X, we suppose a4 = 1, a5 = £1.
Thus, X turns into the case ?fl).

Let a7 = ag = a4 = 0 and a5 # 0, in vector (15). Thus, by scaling X, we assume

az = 1 and a5 = +1. Thus, X gives rise to the case (10). For a3 = 0, by scaling X,
we assume as = 1. Thus, X gives rise to the case (5).

Let a; = ag = a5 = 0. Thus, (14) is reduced to

(a1,a2,a3,a4,0,0,0). (16)

Let a; = ag = a5 = 0 and ag # 0, for vector (16), the coefficients a1, ag, as
a a2 as .

—, s¢ = — respectively. Thus, we

a4 a

assume a4 = 1, by scaling X. Thus, X gives rise to the case (4).

can be disappeared by setting s5 = —1, S5 =
a

Let a7 = ag = a5 = a4 = 0. Thus, (14) is reduced to

(a17a27a370)0)0)0)' (17)

Let a; = ag = a5 = a4 = 0 and a3 # 0, for vector (17), the coefficient a;
—a

is vanished by setting s; = -t Thus, by scaling X, we assume ay = 1, and
as

ag = £1. Thus, X gives rise to the case (8). For ag = 0, we suppose ag = 1, by
scaling X. Hence, X gives rise to the case (3).

Let a7 = ag = a5 = ag = ag = 0. Thus, (17) is reduced to

(al,GQ,0,0,0,0,0). (18)

Let a7 = ag = a5 = a4 = a3 = 0 and ag # 0, for vector (18), the coefficient a; is
vanished by adjusting sg = —a Thus, we assume as = 1 by scaling X. Therefore,
az
X gives rise to the case (2). For ag = 0, we suppose a; = 1, by scaling X. Thus,
X gives rise to the case (1).
We have obtained all cases, and the proof is complete. [ ]

4. Equivalent solutions of Equation (2)

First, symmetry reduction of Eq.(2) is classified, taking into account the subalge-
bras of Theorem 3.1. It is essential to look for a new form of Equation (2) in specific
coordinates. In these new coordinates, reduction occurs. Independent variables p, ¢
and r must be found for the infinitesimal generator to create these coordinates.



Hence, the equation is expressed in novel coordinates through the chain rule re-
ducing the system. Table 3.1 shows the similarity variables p;, g;, ; and h; for 1D
subalgebras in Theorem 3.1. Using each similarity variable, the reduced PDE of
Eq.(2) is found (Table 4).

For example, we calculated the invariants related to subalgebra Hy := 92 + 93,
by solving the characteristic equation as follows:

Thus, the new variables are:
p=uxa, q=vy— z, r=t, h = u,
where h(p, q,r) meets a decreased PDE with three variables as:
hor + haq — 2hhpg + 68 by + 212, + By — hgg = 0. (19)

Subalgebra 9?2 + 93, and the decreased equation (19) are presented in Tables 3 and
4, by the case (5). Equivalent solution of Eq. (19) becomes:

B 4C3 cosh @ — Cy cosh § — 12C3
6C5 cosh @ ’

h(p, q, T) = U(SU, Y, Z’t) =

where 0 = %C%(GC&CQ + 602233 — 6tC’22 - 16tC§ + tC’Z + 604022 — 6C41Cay))?%. Using
a similar argument, for the vector 92, Equation (2) is decreased as:

hor + 6B hpp, + 282, + hpp + hpg = 0, (20)

where the independent variables are as p = z,q = z,r = t and the dependent
function is as u = h(p, ¢, ). The equivalent solution of Eq. (20) becomes:

B 202 (cosh 6 — 3)
3 coshf ’

h(p, q, T) = u(x, Y, Z7t) =

where 0 = (01 + Cox + Cst — %zC’g’ —zC3 — 202)2. Also, for the vector 93, Equa-
tion (2) decreased as:

hor + haq + 2hhpg + 60 hyp + 212 + hyp + hpg = 0, (21)

where the independent variables are as p = x,q = y,r = t and the dependent
function is as u = h(p, ¢, 7). The equivalent solution of Eq. (21) is derived as:

4C3 cosh 0 + C3 cosh  — 12C3
6C5 cosh @ ’

h(p,q,7) = u(x,y,z,t) =

where 0 = (%O%(601C'2 + 602258 + 6yC3Cy — 16tC§ — 6tC3Cy — 675022 — 5tC’§))2. For
case (4), in Tables 3 and 4, the corresponding solution is derived as:

_ 4C§ cosh§ + C3 cosh § — 12C3
6C5 cosh @ ’

h(p7 q, T) = u(xayazat> =
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Table 3. Similarity solution.

i H; Di i T wj U

1 97 y z t u h(p,q,7)
2 192 T z t u hgp, q, r%
3 9 T Yy t u h p,q,r
4 94 T y z u h(p,q,r)
5 92 4+ 93 x y—z t U h(p,q,7)

5 1 5 1 5 1
6 94 4+ 90 y f§t2+z f§t3+§t2+yt7 §2t+33 u+6t h(p,q,r)

Table 4. Reduced equations.

hp + hyq =0,

hpr + 62y, + 202, + hpp + hypg = 0,

hpr + haq + 2hhpg + 682 hyy, + 202 + by, + hypg = 0,

haq + 2hhpg + 60> hyy 4 202 4 hyy + hpg + Bypr + her = 0,

hpr — 2hhpg + 6h*hyp + 202 + hyy = 0,

6hg — 10h, 4 6hy, + 12hhyy, + 36h, — h? 4 12h2 4 6y + 6hyp + Ghyg + 6hyg = 0.

OOk W N

where 0 = (%m@ClC‘g + 6C102 + 61’0302 + 60221' + 60§y + 6y0302 — 162026 —
62C3Cy — 62C35 — 5203))2.

5. Non-classical symmetries

Here, using the method of non-classical symmetries, we try to get closer to the
solutions to the equation. Indeed, the method of non-classical symmetries is applied
to get other solutions for a system of PDEs and ODEs. For years, this method has
been applied in many types of research and plays an influential role in solving
partial differential equations. Now, we apply a variant of this method used by Cai
Guoliang et al. [7].

Using the notation

& =& (z,y, 2 t,u), j=1,--,4,
¢ = é(z,y, 2,t,u),

one relates to the infinitesimal generator V' given by

V =¢10, + &0, 4 €20, + €10, + ¢, (22)
the following first order PDE system

glut + £2Ua: + £3uy + £4uz -0, (23)
representing the features of the vector field V. Equation (23) is known as the
invariant surface condition in our context. To obtain the nonclassical symmetries,
we have:
PT(Q)V[uxt + Uyy + 2y + 6uPu2, + Uzy + Uy + Uzs + Uys] = 0. whenever

Ugt + Uyy + 2UlUgy + 6U2U§x + Ugy + Ugy + Ugz + Uy, =0,
Elug + Euy + Euy + Euy — ¢ = 0.

10



To obtain a system of the determining equations with respect to &1, €2, €3, 4 and ¢,
the governing equation of (24) should be solved. Solving the determining equations
of (24) results in the non-classical symmetries of (2). During the solving of the non-
classical symmetries of (2), there are two cases needed to discuss:

=1, ¢=o. (24)

For case £! = 1, we can get the following determining nonlinear PDE system for
the symmetries of (2):

46088 = 0,4y, = 0, —8€3 = 0, 4¢3, = 0,862 = 0, 4¢3, = 0,
AE3E3 + 4oy = 0, —4€2, + 8ppu = 0,464€3 +4€363 + 4y, = 0,

The number of generated equations is 25. The general solution of this nonlinear
PDE system is the following result.

Theorem 5.1 In case &' = 1, for equation (2), we have the following infinitesi-
mals:

9 _1 5C3C1t + Cixz — 5C12C3 + 4C1z + 5C4Cq + 30z + 5C3Cy
© 5 Cit+ Cy ’
3 1 5C1tFy(t) + 3C1y + 5F1(t)Cy
¢ 5 Chit + Cy ’ (25)
4 _1 2C1t + 3C1z + 30t + 5C5
£ 5 Cit + Cy ’
- 1 (2uCy + 5)
O NN

where C; € R, i=1,...,5 and

5 (jtFl(t)> Cit — 5C1C5 + 2C, + 5C1 Fi(t) + 5 <jtF1(t)) Cy — 20 = 0.

From (25) we get the following infinitesimal generators:

Corollary 5.2 In case €' = 1, for Eq.(2) in addition to infinitesimal generators
in Corollary 2.2 we get the additional nonclassical operators:

1 (z + 34z — 30y) 1 (18t + 3y)
9 =8, + = 9. 4 —AotT oY)
1(321&—1—32)8 1(2u+5)

5 ot 5t

ay
Ou,

92 =0, + %(302’ — 30y) 0y + 4t0y + 6t0, — Oy.

For case &' = 0, set £* = 1. We can get the following determining nonlinear PDE
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system for the symmetries of (2):

Apuy = 0, —8E3 = 0,—€3 =0, 4¢3, = 0, —6£2 + 2, = 0, —4€2, + 8¢y = 0,

— 86— 2+ - -GG - =0, - Lo+ =0,-

The number of generated equations is 19. The general solution of this nonlinear
PDE system is the following result.

Theorem 5.3 In case £ = 0, for equation (2) we have the following infinitesimals:

_ —Coz — 6y + 6t +tCy — Cy

2 _
&= —6t + C4
10t + tCy — C3
3 _ 26
¢ —6t + C1 (26)
1
gb_—ﬁt—i-cl7

where C; € R, 1 =1,...,4.

From (26), we get the following infinitesimal generators:

Corollary 5.4 In case &' = 0, for Eq.(2) ,we get the additional non-classical

operators:
—6y + 6t 10t
N= -y 9,40, ———
6t 1 —et+1r T e
1—z—6y+Tt 11 11
= 2Ty 9,48, — =0
6 t R
1—6y + 6t 110t — 1 11
$PB= —_J - - _ -z
5 " 8x+6 ; Oy + 0, Gtau’
1—1— 6y + 6t 5 11
= Ty 20,48, — -0,
6 t SRR A
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