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1. Introduction and Preliminaries

George and Veeramani [3] modified the concept of fuzzy metric space, introduced
by Kramosil and Michalek and obtained several classical theorems on this new
structure. Actually, this topology is first countable and metrizable [6]. Also the
theory of fuzzy metric space is, in this context, very diferent from the classical
theory of metric completion and metric best approximation, e.g. see [5, 6] and [1],
respectively. Fixed point theory has important applications in diverse disciplines of
mathematics, statistics, engineering and economics in dealing with problems arising
in: approximation theory, potential theory, game theory, mathematical economics,
etc. Several authors [4, 7-9, 11, 13] have proved fixed point theorems for contrac-
tions in fuzzy metric spaces, using one of the two different types of completeness: in
the sense of Grabiec [4], or in the sense of Schweizer and Sklar [3, 12]. Gregori and
Sapena [7, 13] introduced a new class of fuzzy contraction mappings and proved
several fixed point theorems in fuzzy metric spaces. Gregori and Sapena’s results
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extend classical Banach fixed point theorem and can be considered as a fuzzy ver-
sion of Banach contraction theorem. In this paper, following the results of Gregori
and Sapena we give a new common fixed point theorem in the two different types of
completeness and by using the recent definition of contractive mapping of Gregori
and Sapena [7] in fuzzy metric spaces.

Recall [12] that a continuous t-norm is a binary operation * : [0, 1] x [0, 1] — [0, 1]
such that ([0, 1], <,*) is an ordered Abelian topological monoid with unit 1. The
two important t-norms, the minimum and the usual product, will be denoted by
min and -, respectively.

DEFINITION 1.1 ([8]) A fuzzy metric space is an ordered triple (X, M,*) such
that X is a non empty set, * is a continuous t-norm and M is a fuzzy set of
X x X x (0,00) satisfying the following conditions, for all z,y,z € X,s,t > 0:

(FM1) M(z,y,t) > 0;

(FM2) M(z,y,t) =1 if and only if v = y;
(FM3) M(z,y,t) = M(y,x,1);

(FM4) M(z,z,t+s) > M(z,y,t) * M(y, z,s);
(FM5) M (z, y,.) (0,00) — [0, 1] is continuous.

If, in the above definition, the triangular inequality(FM4) is replaced by
(NAF) M (z,y,max{t,s}) > M(x,z,t) « M(y, z, s) Vo,y,z € X,Vt,s >0,

then the triple (X, M,x) is called a non-Archimedean fuzzy metric space. It is
easy to check that the triangular inequality (NAF) implies(FM4), that is, every
non-Archimedean fuzzy metric space is itself a fuzzy metric space.

Ezample 1.2 (George and Veeramani[3]) Let (X, d) be a (non-Archimedean) metric
space. Let My be the fuzzy set defined on X x X x (0,+00) by

Mg(z,y,t) = t+dz.y)

Then (X, My, min) is a (non-Archimedean) fuzzy metric space and called standard
(non-Archimedean) fuzzy metric space.

Remark 1 ([3]) In fuzzy metric space (X, M,*), M(x,y,.) is non decreasing for all
z,y € X.

DEFINITION 1.3 ([4]) A sequence xy, in X is said to be convergent to a point x in

X (denoted by xy, = ), if M(xyn,z,t) = 1 for allt > 0.

DEFINITION 1.4 Let (X, M,x*) be a fuzzy metric space.

(a) A sequence {x,} is called G-Cauchy if lim M(zp4p,xn,t) =1 for each t >0

n—oo

and p € N. The fuzzy metric space (X, M,x) is called G-complete if every
G-Cauchy sequence is convergent [7].

(b) A sequence {x,} in a fuzzy metric space (X, M,x*) is a Cauchy sequence if for
each e € (0,1) and each t > 0 there exists ng € N such that M (zy, Tm,t) > 1—e¢,

for all n,m > ng. The fuzzy metric space (X, M, *) is called complete if every
Cauchy sequence is convergent [3].

PropoOSITION 1.5 ([7])

(a) The sequence {x,} in the metric space X is contractive in (X,d) iff {x,} is
fuzzy contractive in the induced fuzzy metric space (X, My, ).

(b) The standard fuzzy metric space (X, Mg, min) is complete iff the metric space
(X, d) is complete.
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(c¢) If sequence {x,} is fuzzy contractive in (X, M,*) then it is G-Cauchy.

Remark 2 ([10]) Let (X, M,*) be a fuzzy metric space then M is a continuous
function on X x X x (0, 00).

2. Main Results

In this section, we extend common fixed point theorem of generalized contraction
mapping in fuzzy metric spaces. Our work is closely related to [2, 7]. Gregori and
Sepena introduced notions of fuzzy contraction mapping and fuzzy contraction
sequence as follows:

DEFINITION 2.1 ([7]) Let (X, M, *) be a fuzzy metric space.

(a) We call the mapping T : X — X is fuzzy contractive mapping, if there exists
A€ (0,1) such that

1 1
— 1< A — -1
M(Tz,Ty,t) (Aiwawt) )’

for each x,y € X andt > 0.
(b) A sequence {x,} is called fuzzy contractive if there exists A € (0,1) such that

1 1
.t
M(mn,$n+1,t) o <M(xn—17xn7t) ) ’

for everyt >0, n € N.

For a family of generalized contraction mapping the following generalize Theorem
4.4 of [7].

PROPOSITION 2.2 ([7]) If sequence {xy} is fuzzy contractive in (X, M, *) then it
is G-Cauchy.

THEOREM 2.3 Let (X, M,x*) be a G-complete fuzzy metric space endowed with
minimum t-norm and {Ts}acs be a family of self mappings of X . If there exists a

fixed B € J such that for each oo € J

1 1 1
— 1< — 1 — 1
M(Tox, Toy,t) = (M(ac, y, 1) ) T (M(ac,Ta:c,t) )

1 1
NPV — TS
3<ﬂﬂ%ﬂw¢) ) 4<Mhhﬂwﬂﬂ >

o (W”)’ M

for each x,y € X,t > 0 and for some 0 < a5 and 0 < a1 + a2 + ag + 2a4 < 1.
Then all T,, have a unique common fixed point and if 0 < a5 < 1,0 < as+ a5 < 1
then at this point each T, is continuous.

Proof Let o € J and x € X be arbitrary. Consider a sequence, defined inductively
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by o = x and x2,4+1 = TaZon, Lont2 = Tprons1 for all n > 0. From (1) we get

1 1
M(x2541, Ton42,t) M(Tyxon, Tgrons1,t)

1 1
<« -1+« —1
! <M($2n,$2n+1,t) ) 2 (M($2m$2n+1,t) >

1 1
o -1+« -1
s <M($2n+1,$2n+2,t) ) ! (M(van, Ton42, 2t) >

1
+ a5 < — 1) . 2
M (x2n+1, Tont1,t) @
Since
1 1
1< — 1
M (z2n, Tan+2, 2t) min{ M (z2n, T2n+1,t), M (T2n41, Tant2,t)}

1 1
= max -1, -1
{M(xzn, Ton+41,t) M (22n41, Zont2,t) }

< (Mmeam )
M(x2n7 L2n+1, t)

1
+ -1 ) 3
<M($2n+17 Topy2,t) > ®)

combine equations (2) and (3), we get

1 1
l—a3—« —1)<(a1+as+« —1].
( 3= ) (M(9€2n+1,9€2n+2,t) > (1 +az+ay) (M($2m$2n+1,t) )

Hence,

1 1
1< —1),
M (x2n41, T2n+2,1) - (M(mn, ZTont1,1) >

where, by the asumtion, A = 21+%2+% helongs to (0,1). Similarly, we get that

l—ag—a4

1 1
—1< A —-1).
M($2nax2n+17t) - <M($2nlax2n7t) >

So {x,} is fuzzy contractive, thus, by Proposition 2.2 is G-Cauchy. Since X is
G-complete, {z,,} converges to u for some u € X. From (1) we have

1 1
—-1= -1
M(Tﬁu, Ton+15 t) M(Tﬁu, Ta.fvzn, t)
= ! 1)+ L 1
ay | ———m — ay | ———— —
= M (u, 29y, t) 2 M (u, Tgu,t)

1 1
+a —1)+ay < — 1)
3 <M($2m Top41,t) > M (u, xop41,2t)

1
1),
+%<M@%Jm2ﬂ )
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Taking the limit as infinity we obtain

1 1
— 1< —_——1].
M (Tgu,u,t) = (M(u,T/gu,t) >

Thus M (u,Tu,t) =1, hence, Tgu = u. Now we show that u is a fixed point of all
{T, € J}. Let a € J. From (1) and Remark 1, we have

1
- 1= B 1
M (u, Tyu,t) M(Tpu, Tyu,t)

1 1
<ag(-—o 1 —
=2 (M(u,Tau,t) ) o (M(u,Tau, 2t) )

< (a2 + ) <M(u1Taut)_1>

Hence T, u = u, since « is arbitrary all {T,},cs have a common point.
Suppose that v is also a fixed point of T3. Similar to above, v is a common fixed
point of all {7, }4es. Form (1) we get

1 1 1
S . S ——
M(v,u,t) M(Tgv, Tou,t) =2 <M(u,Tau,t) )

Thus u is a unique common fixed point of all {7y }qes. It remains to show each
T, is continuous at u. Let {y,} be a sequence in X such that y,, — u as n — oco.
From (1) we have

1 1
M (Toyn, Tou, ) - M (Toyn, Tgu,t)
1 1
<op|——F——F 1|+t |——F—F—F—-1
1 <M(yn,u,t) > 2 <M(yn,Tayn,t) )
+ ! 1)+ ! 1 (4)
(6 —_— — le% e —
P\ M (yn,u.20) >\ M, Togm, 1)

and similar to (3) we have

W o= max{<M(yn,1u,t/2) - 1> ’ <M(Tayi,u,t/2) - 1)} (5)

Combine (4) and (5) we deduce

1 (05} 1
—-1< —1
M(Tayna Thu, t) 1—aj M(ym u, t)
(%) 1
—1
+ 1— a5 <M(yn,u,2t) >

e (s ) G ) ©




282 N. Abbasi et al./ IJM2C, 6 - 4 (2016) 277-284.

for all t > 0,n € N. So by (6) and Remark ! we have

1*0[5

lim sup M (Tpyn, Tou,t/2)

liminf M (Toyn, Tou,t) >
n—r+00 02 np—+too

1—
P> @5 lim sup M(Taym Thu, t)> (7)
Q2 n—s+o00

for all ¢t > 0. Thus

lim M (Tayn, Tau,t) = lim M(Tayn, Tou,t/2) = L, (8)

n—-+400o n—-4o00

exists, for all ¢ > 0, and then L equals 1, since in opposite case, applying (6)-(8),
one can easily concluded that ag + a5 > 1, contrary to assumption. Thus T, is
continuous at a fixed point. |

e The mapping in the preceding theorem is called generalized contraction map-
ping (see [2]). Note that every fuzzy contractive mapping satisfies condition (1).

THEOREM 2.4 Let (X, M, %) be a complete non-Archimedean fuzzy metric space
endowed with minimum t-norm and {Ty}acs be a family of self mappings of X. If
there exists a fixed 8 € J such that for each o € J

1 1
. i<a(—— S|
M(Tox, Tgy,t) = (M(:c, y,t) ) T oo <M(x, Toz,t) )

1 1
U (S OO (N N
M(y, Tpy,t) M(x,Tgy,t)

1
S |
+%<MWRLU >’

for each x,y € X,t > 0 and for some 0 < a1 + s +az+ag+as < 1. Then all Ty,
have a unique common fixed point and at this point each Ty is continuous.

Proof The proof is very similar to Theorem 2.3. In stead of the equation (3) we
have

1 1
-1 < —
M(xnfla Tn+1, t) a mln{M(;Un,I, T, t)7 M(l’n, Tn+1, t)}

-1

1 1
= max -1, —1;.
{M($n_1,l‘n,t) M(xnvxn—i-l?t) }

Proceed as the proof of the Theorem 2.3 then we conclude sequence {x,,} is fuzzy
contractive, thus by [7, Proposition 2.4] and [8, Lemma 2.5], {z,} converges to u
for some u € X. Proceed as the proof of the Theorem 2.3. [ |

The following provide a converse to Theorem 2.3.

THEOREM 2.5 Let (X, M,x*) be a G-complete fuzzy metric space endowed with
minimum t-norm. The following property is equivalent to G-completeness of X :

If Y is any non empty closed subset of X and T :' Y — Y is any generalized
contraction mapping then T has a fixed point in Y .

Proof The sufficient condition follows from Theorem 2.3. Suppose now that the
property holds, but (X, M, %) is not complete. Then there exists a Chuchy sequence
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{z,,} in X which does not converge. We may assume that M (z,, 2, t) < 1 for all
m # n and for some ¢ > 0. For any x € X define

1
=infd ——— —1; =0,1,... ;.
r(z) =in {M(xn,x,t) ixn #x,n=0,1, }

Clearly for all z € X we have r(z) > 0, as {z,,} has not a convergent subsequence.
Let a1 = ag = a3 = 2a4 = a5 = 1/8. We choose a subsequence {z;, } of {z,} as
follows. We define inductively a subsequence of positive integer greater than i,_;
and such that m — 1< ayr(z;,_,) for all i,k > i,,n > 1. This can done, as
{zy} is a Chuchy sequence.

Now define T'z;, = x;, ., for all n. Then for any n > m > 0 we have

1 1
—1= —1
M(Txl,, y T.fUim 5 t) M(xin+1 ) xim+l ) t)
1

< )< —_ 1

> Oél"f’(mzm) S g (M(ximxim’ t) >
< ! 1)+ ! 1

A\ 7 — R\ o A

- ! M(xin’ xim ) t) 2 M(‘/E'Ln ? xin+1 ? t) ’

1 1
-1 -1
T (M(xim7xim+l7t> > T <M(‘rinaxim+172t) )

1
-1
T <M(:B74m y Lipy1 t) >
1 1
o | S
al <M(‘rin7 xinz ) t) > + a2 <M('r7/n ’ Txin ? t) >
1

1
1 _1
tas <M(azim Tz 1) > T oy (M(xi" Tri . 20) >

1
—1).
T <M($im7T'xinvt) >

Thus T is a general contraction mapping on Y = {z;, }. Clearly, Y is closed and T
has not a fixed point in Y. Thus we get a contradiction. [ |

3. Conclusions

In this paper, a theorem on the existence of a common fixed point is proved which
characterizes G-completeness of fuzzy metric spaces.

References

[1] N. Abbasi and H. Mottaghi Golshan, On best approximation in fuzzy metric spaces, Kybernetica
(Prague), 51 (2) (2015) 374-386.

[2] L. B. Ciri¢, On a family of contractive maps and fixed points, Publ. Inst. Math (Beograd) (N.S),
17 (31) (1974) 45-51.

[3] A. George and P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Sets and Systems, 64
(3) (1994) 395-399.

[4] M. Grabiec, Fixed points in fuzzy metric spaces, Fuzzy Sets and Systems, 27 (3) (1988) 385-389.

[6] V. Gregori and S. Romaguera, On completion of fuzzy metric spaces, Fuzzy Sets and Systems,
Theme: Fuzzy intervals, 130 (3) (2002) 399-404.



284

[6]
[7]
(8]
(9]
(10]
(11]

[12]
(13]

N. Abbasi et al./ IJM2C, 6 - 4 (2016) 277-284.

V. Gregori and S. Romaguera, Characterizing completable fuzzy metric spaces, Fuzzy Sets and
Systems, 144 (3) (2004) 411-420.

V. Gregori and A. Sapena, On fixed-point theorems in fuzzy metric spaces, Fuzzy Sets and Systems,
125 (2) (2002) 245-252.

D. Mihet, Fuzzy t)-contractive mappings in non-Archimedean fuzzy metric spaces, Fuzzy Sets and
Systems, 159 (6) (2008) 739-744.

E. Pap, O. Hadzi¢ and R. Mesiar, A fixed point theorem in probabilistic metric spaces and an
application, J. Math. Anal. Appl, 202 (2) (1996) 433-449.

J. Rodriguez-Lépez and S. Romaguera, The Hausdorff fuzzy metric on compact sets, Fuzzy Sets
and Systems, 147 (2) (2004) 273-283.

S. Romaguera, A. Sapena and P. Tirado. The Banach fixed point theorem in fuzzy quasi-metric
spaces with application to the domain of words, Topology Appl, 154 (10) (2007) 2196-2203.

B. Schweizer and A. Sklar, Statistical metric spaces, Pacific J. Math, 10 (1960) 313-334.

R. M. Tardiff, Contraction maps on probabilistic metric spaces, J. Math. Anal. Appl, 165 (2)
(1992) 517-523.



