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Abstract. Let G be a graph with each vertex is colored either white or black. A white vertex
is changed to a black vertex when it is the only white neighbor of a black vertex (color-change
rule). A zero forcing set S of a graph G is a subset of vertices G with black vertices, all other
vertices GG are white, such that after finitely many applications of the color-change rule all
of vertices G becomes black. The zero forcing number of GG is the minimum cardinality of
a zero forcing set in G, denoted by Z(G). In this paper, we define /—Path graphs. We give
some {—Path and /—Ciclo graphs such that their maximum nullity are equal to their zero
forcing number. Also, we obtain minimum propagation time and maximum propagation time
for them.
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1. Introduction

In this paper, all graphs are assumed to be finite, simple and undirected. We will often
use the notation G = (V, E) to denote the graph with non-empty vertex set V = V(G)
and edge set F = E(G). Order of a graph is the number of vertices in the graph and
size of a graph is the number of edges in the graph. An edge of G with endpoints u
and v is denoted by uv. For every vertex x € V(G), the open neighborhood of vertex
x is denoted by Ng(x) and defined as Ng(z) = {y € V(G) | zy € E(G)}. Also, the

*Corresponding author.
E-mail address: F.kheiry@Edu.ikiu.ac.ir (F. Kheirydoost); vatandoost@sci.ikiu.ac.ir (E. Vatandoost);
a.bahraini@iauctb.ac.ir (A. Bahraini).

Print ISSN: 2252-0201 © 2023 IAUCTB.
Online ISSN: 2345-5934 http://jlta.ctb.iau.ir


https://jlta.ctb.iau.ir/article_707863.html
https://doi.org/10.30495/jlta.2023.707863

226 F. Kheirydoost et al. / J. Linear. Topological. Algebra. 12(03) (2023) 225-234.

closed neighborhood of vertex = € V(G), Ng[z], is Ng[z] = Ng(x) U {z}. The degree of
a vertex z € V(G) is degg(x) = |Ng(z)|. The minimum degree and maximum degree
of a graph G denoted by 0(G) and A(G), respectively. We denote the complete graph
on n vertices by K,, the cycle on n vertices by C, and the path on n vertices byPF,.
The union of G; = (Vi, Ei), for i = 1,...,h, is U, Gi = (U, Vi, U™, E;). The
set of n x n real symmetric matrices will be denoted by S, (R). For A € S,(R), the
graph of A = (a;j), denoted by G(A), is a graph with vertices {1,...,n} and edges
{ij| ai;j # 0,1 < 4,5 < n}. Note that the diagonal of A is ignored in determining G(A).
The set of symmetric matrices of graph G is defined by S(G) = {A € Sp(R) | G(4) = G}.
The maximum nullity of G is M (G) = max{null(A) | A € S(G)} and the minimum rank
of G is mr(G) = min{rank(A) | A € S(G)}. It is well-known that if G is a graph of order
n, then mr(G) + M(G) = n.

Let each vertex of a graph G be given one of two colors “black” and “white”. If a
white vertex b is the only white neighbor of a black vertex a, then a changes the color
of b to black, called color-change rule. Furthermore, we say a forces b or b is forced by
a. Let B be the initial black vertices. Then B is said a zero forcing set of G if all of the
vertices of G will be turned black after finitely many applications of the color-change
rule. The zero forcing number of G, called Z(G), is the minimum cardinality among all
zero forcing sets. The notation of a zero forcing set, as well as the associated zero forcing
number, of a simple graph was introduced by the “AIM Minimum Rank-Special Graphs
Work Group” in 2008 [0]. They used the technique of zero forcing parameter of graph
G and found an upper bound for the maximum nullity of G related to zero forcing sets.
It is shown that for any graph G, M(G) < Z(G). Also, the following question has been
raised in [].

What is the class of graphs G for which M(G) = Z(G)? As a simple example, the
complete graph K, on n vertices has Z(K,) = M(K,) =n— 1.

In this paper, we give some families graphs which their maximum nullity and zero
forcing number are equal. For more results, see [2, 57, [0-04, 06, IY].

Let G = (V, E) be a graph and B a zero forcing set of G. Define B = B and for ¢ > 0,
B s the set of vertices w for which there exists a vertex b € Uf:o B® such that w
is the only neighbor of b not in Uf:o B The propagation time of B in G, denoted by
Pt(G, B), is the smallest integer ¢y such that V = Uf(’zo B®. The minimum propagation
time of G is Pt(G) = min{Pt(G,B) | B is a minimum zero forcing set of G}.
In other word, the propagation time is the number of steps it take for an initial zero
forcing set to force all vertices of a graph to black. The maximum propagation time of
G is PT(G) = max{Pt(G,B) | B is a minimum zero forcing set of G}. Also, the
propagation time discrepancy of G is defined as pd(G) = PT(G) — Pt(G). For more
results, see [, O, 05, I7, IF)].

In this paper, we give some of /—Path and /—Ciclo graphs such that their maximum
nullity are equal to their zero forcing number. Also, we obtain minimum and maximum
propagation time for them. Specially, we introduce families of graphs with minimum
propagation time 1.

2. Preliminary

Ciclo graphs have defined by Almodovar et al. [2]. We define /—Ciclo graphs and
f{—path graphs in the following.
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Definition 2.1 [?] Let H be a graph and e be an edge of H. A {—ciclo of H with e,
denoted by Cy(H,e), is constructed from a ¢—cycle Cy and ¢ copies of H by identifying
each edge of Cy with the edge e in one copy of H.

Definition 2.2 Let H be a graph and P be a ¢-path with V() = {v1, ve,...,ve}. Also,
let e be an edge of H with end vertices a and b. A ¢-path graph of H with e, denoted by
Py(H,e), is constructed from P, and ¢ copy of H by merging the two vertices v; and a
also, vi41 and b for every 1 <1i < /¢ —1 (see Figure 1).

Theorem 2.3 [I3] Let G be a connected graph of order n > 2. Then Z(G) =n — 1 if
and only if GG is isomorphic to a complete graph of order n.

Theorem 2.4 [1] Let G = (V, E) be a graph and Z C V be a zero forcing set for G.
Then M(G) < Z(G).

Theorem 2.5 [0] If G = U?Zl G, then mr(G) < ZLI mr(G;).
Theorem 2.6 [[5] Let G be a graph of order n. Then Pt(G) > %C(;)G)

Theorem 2.7 [I5] If G is a graph of order n, then PT(G) < n — Z(G).

Theorem 2.8 [I5] For a graph G of order n, the following are equivalent:

i) pt(G) =n—1.
ii) pT'(G) =n—1.
i) Z(G) = 1.

iv) G is a path.
It is well-known that Pt(K,) =1 = PT(K,) and

3
V)

if n is even

Tl if n is odd.

L]
| o

Pt(Cn) = PT(Cn) = {

3. Main results

In this section, we show the maximum nullity of some families graphs are equal to their
zero forcing number. Also, we obtain propagation time discrepancy for some of them.

Theorem 3.1 Let G be a graph of order n, e = ab € E(G) and M (G) = Z(G). Also,
let B be a zero forcing set for G with minimum cardinality such that {a,b} C B and
every white vertex in Ng(b) can be forced by a vertex except b. Then M (FP(G,e)) =
Z(P)(G,e)) = (£ —1)(|B| — 1) + 1 and mr(Py(G,e)) = (£ —1)(n — |B|).

Proof. Let V(P) = {v1,v2,...,ve}, V(Gi\ {a,b}) = {vi1,vi2, . .., Vi(n—2) }, Where Gj is
the i —th copy of G in Py(G,e) (1 <i < £—1). Since {a,b} C B and a is adjacent to b, so
|ING(a)| > 2 and |Ng(b)| > 2. Let B; = BN (G; \ {a,b}) and Z =V (F) Uf ! B; be the
initial black vertices. Since every white vertex in N¢(b) can be forced by a black vertex
except b, so Z is a zero forcing set for Py(G,e). Hence, Z(Py(G,e)) < ((—1)(|B|—1)+1.
It is clear that Py(G,e) = Uf:ll G;. By Theorem I3, mr(Py(G,e)) < ({—1)mr(G). Since
M(G) = |B|, so mr(P)(G,e)) < ({ —1)(n— M(G)) = (£ —1)(n — |B|) and

M(Py(G,e)) = ({=1)(n=2)+£) = ({=1)(n—[B]) = (¢ - 1)(|B] - 1) + L
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€)) > M(Py(G,e)) = ((=1)(|B| - 1) + 1.

By Theorem £4, (¢ —1)(|B|—1)+1 > Z(Py(G,
= —-1)(|B| = 1)+ 1 and so mr(FPy(G,e)) =

Therefore, M (Py(G,e)) = Z(FP(G,e))
(£=1)(n —[B]).

Corollary 3.2 Let » > 4 and e = ab € E(K,). Then Z(P)(K,,e)) = M(P(K;,e)) =
(£ —=1)(r —2)+1 and Pt(Py(K,,e)) =1 (see Figure 1).

Proof. It is well-known that M(K,) = Z(K,) = r — 1. Let Z be a zero forcing set of
K, with |Z| = r — 1 and {a,b} C Z. By Theorem B, M (FPy(K;,e)) = Z(Py(K,,e)) =
(£ —1)(r—2)+ 1. Let B =V (P(Kr,e)) \ {vir—2) | 1 <i < £~ 1} be the initial black
vertices. Then for every 1 < i < £ — 1, v;,_p) is the only white neighbor of v;2, so
Vi(r—2) 18 forced by via. Thus, B is a zero forcing set of Py(K,,e). Furthermore, we have
BO = B, BO = {v;,_9 | 1 <i < ¢—1} and V(P(Ky,e)) = B® U BW. Hence,
Pt(Pg(KT,e) B) =1 Therefore Pt(Py(K,,e)) = 1.

V11 V12 V31 V32 Us1 U52
] (2
(%1 U3 Us Ve
V21 V22 V41 V42

Figure 1. Ps(Ka,e)

Corollary 3.3 Let r >4 and e = ab € E(K,). Then Pd(Py(K;,e)) = —2.

Proof. By Theorems P74 and B, PT'(FPy(K,,e)) < ¢ —1. Let V(Cy) = {v1,...,v} and
B = V(Py(K,,e)) \ {v; | 2 < i < £} be the initial black vertices. Then BN = {u,},

B® = {3}, ..., BV = {y;}. So V(Py(K,,e)) = BOuBD uU...uBY, Hence,
Pt(Py(K,,e),B) =¢—1and so PT(P;)(K,,e)) > {—1. Therefore, PT(Py(K,,e)) = {—1.
By Corollary B2, Pd(Py(K,,e)) ={—2. [ |

Corollary 3.4 Letr > 4,e =ab € E(K,) and G; = Py(K,,e). Then Pt(P;(G1,e1)) = 1,
where e; = v1v11.

Proof. By Theorem B, the proof is straightforward. [ |

Theorem 3.5 Let £ and r be even and greater than 4 such that r < ¢ + 2. Then
Z(Py(Cr,e)) = M(Py(Cy,e)) = £ and Pt(Py(Cy,e)) = r — 2, where e = ab € E(C,) (see
Figure 2).

Proof. 1t is clear that {a, b} is a zero forcing set of C,.. By Theorem B, M (Py(Cr,e)) =

Z(Py(Crye)) = L. Let V(Py) = {v1,v2,...,ve}, V(H;) \ {a,b} = {vi1,vi2, ..., vir—2)}
where H; is the ¢ — th copy of C, and 1 < i < £ — 1. Also, let j = § and

B = {varg-1)ver; | 1 < k < 6*2} U {vl,vg} be initial black vertices. Then
B(l) = {’U(Qk)(j_Q) V(2k)(j+1) | 1<k< } B~ 1) = {vgk,vng | 1<k< & 2}
BU) = {vp41)1, Vakt1)r—2) | 0 < k < = 41, . B(QJ = {V@k4+1)(j=1) V2k+1)j | 0 <
k < 52} Since 2j — 2 = r — 2, so V(P(C ,e)) Ui=s B(i). Thus, B is a zero forcing
set of Pg(C e) with |B| =/ and Pt(Py(Cr,e),B) =1 — 2. Hence, Pt(Py(Cyr,e)) < r — 2.
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By Theorem P8, Pt(Py(Cy,e)) > # Since propagation time of a graph is integer
and r < £+ 2, Pt(Py(Cy, )) >r—2, Pt(Py(Cy,e)) =r—2.

V11 V12 V31 V32 Us1 U52
U1 V2 v3 V4 Vs Ve
V21 V22 V41 V42

Figure 2. Ps(Cy,e)

Following Ashrafi et al. [3], a link of graphs G and Gy by vertices a € V(G;) and
b € V(Gs) is defined as the graph (G; ~ G2)(a,b) obtained by joining a and b by an
edge in the union of these graphs. For example, see Figure 3, where V(K;) = {a} and
be V(C4).

a b >

Figure 3. (K1 ~ C4)(a,b)

Theorem 3.6 Let V(K;) = {a}, b € V(C,), H = (K1 ~ C,)(a,b) and e = ab (see
Figure 4). Then Z(Py(H,e)) = M(Py(H,e)) = £. Also,

—2  if r is even

Pd(Py(H,e)) = {1"23 if r is odd

Proof. Let V(P) = {v1,v2,...,v}, V(H;) \ {a,b} = {vi1,vi2,...,v—1)}, where H;
is the ¢ —th copy of H and 1 < i < ¢ —1. Let Z = {v;} U{vy | 1 <@ < ¢—1}
be the initial black vertices. Then v; forces vg, vig is forced by vy1. So wvig forces vys.
Similarly, all vertices of the H; are forced. Now, vy forces vz. With the above method,
all vertices H;, (1 < ¢ < £ — 1) are forced. So, Z is a zero forcing set for Py(H,e).
Hence, Z(Py(H,e)) < £. Tt is easy to see that Py(H,e) = Uf:ll Cy U Py. By Theorem
23, mr(Py(H,e)) < ({ —1)(r —2) + (¢ — 1). Thus, M(Py(H,e)) > (r({ — 1)+ 1)) —
(6 —1)(r —2) + (£ — 1)) = £. By Theorem 4, { > Z(Py(H,e)) > M(Py(H,e)) > /.
Therefore, Z(P;(H,e)) = M(P;(H,e)) = ¢. Now, let B be a zero forcing set for Py(H,e)
with |B| = £. Then |BN (V(H;) \ {a,b})| > 1 for every 1 <i < ¢ — 1. Since |B| = ¢,

B:{Uﬂ | 1§i§€—1}U{U1}:Bl OI“B:{’UH ‘ 1§i§€—1}U{U5}:BQ.
For zero forcing set By, since Pt(FPy) = E 1, with £—1 steps the forcing process, all of the

vertices of Py are forced. For every 1 < E 2, with r—2 steps the forcing process, all of
the vertices of H; are forced. Finally, 1f r is even, then with 5= 2 steps the forcing process,
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all of the vertices of Hy_y are forced. Therefore, if r is even, then Pt(Py(H,e), B1) =
(0—2)(r—1)+5. Similarly, if r is odd, then Pt(Pg(H, e), B1) = ({—2)(r—1)+=. Also, for

zero forcing set By, we have B = {v@-1)2} B ={ve-1s} > BéT_Q) = {ve-1)(r—1)}

and Bg - {vg—1}. In the other word, with ¢ — 1 steps the forcing process, all of the

vertices of Py are forced. For every 1 < ¢ < £ —1, with r — 2 steps the forcing process, all
of the vertices of H; are forced. Thus, Pt(Py(H,e),By) = (¢ — 1)(r — 1). It is clear that
Pt(Py(H,e),B1) < Pt(Py(H,e), By). Therefore, PT(Py(H,e)) = (£ —1)(r — 1) and

(l—=2)(r—1)+7% if r is even

(¢—2)(r—1)+=2 ifris odd.

Pi(Py(H,e))) = {

+

V13 V33

V34

U35

V23

Figure 4. P4((K1 ~ Cs)(a,b),€)

Theorem 3.7 Let ¢ be even, b € V(K,), V(K1) = {a}, H = (K1 ~ K;)(a,b) and
e = ab. Then Z(Cy(H,e)) = M(Cy(H,e)) = l(r —2) + 2. Also, Pd(Cy(H,e)) = 0 (see
Figure 5).

Proof. Let V(C¢) = {v1,va,..., v} and V(H;)\{a,b} = {vi1,vi2, ..., vir—1)}, where H;
is the i —th copy of H and 1 <i < /. Let Z = {v1,v2}U{v;p |1 <j <4, 2<k<r—1}
be the initial black vertices. Since v, is the only white neighbor of v, for z € {1, ¢}, so
Vo forces vg1. Since vs is the only white neighbor of ve, so v is forced by vs. Similarly, vy
forces vy. We see that va1 and v(y_1); are forced by vag and v(,_y)9, respectively. By similar
argument, Z is a zero forcing set of Cy(H,e). Thus, Z(Cy(H,e)) < |Z] = £(r — 2) + 2.
Since Cy(H,e) = Ule K, U Cy, by Theorem 3, mr(Cy(H,e)) < tmr(K,) + mr(Cy) =
0+ 0 —2 = 20— 2 Hence, M(Cy(H,e)) > (l(r —1)+¥€) — (20 —2) = £(r —2) + 2.
By Theorem 24, ¢(r —2) +2 < M(Cy(H,e)) < Z(Cy(H,e)) < £(r — 2) + 2. Therefore,
Z(Cy(H,e)) = Ul(r —2)+2 = M(Cy(H,e)) and mr(Cy(H,e)) = 2¢ — 2. Now, let B
be a zero forcing set of Cy(H,e) with |B| = £(r — 2) + 2. Then, for every 1 < i </,
|IBN{v;; | 1<j<r—1} >r—2 and so we have three following cases:

Case 1: BN {v,va,...,v0} = 0. In this case, without loss of generality, we assume

that B = {vyj,v | 1 < j < r—1}JZMuvi; | 2 < j < r—1} = B;.Then BYY =
{v1,v2}, 352) = {vg, v3}, B§3) = {U(E—1)1,1)21}a B§4) = {ve_1,v4}, B§5) = {U(£—2)1,U31},
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o BYTY = {oss v} BYTY = {ogezy vy ). Thus, V(C(H,0)) = UiZ B
and Pt(Cy(H,e),By) ={¢— 1.
Case 2: |B N {v1,ve,...,v}| = 1. In this case, without loss of generality, we may
assume that |B N {vy,ve,...,v}| = {v1} and B = {v1} UV (H;) \ {a, b} Usz{vij |2 <
j S r — 1} = Bg. Then Bél) = {1)2,1}[1}, B§2) = {Ug,vg}, ng) = {Ugl,v(g,1>1}, ey
By ™ = {vesz,visa}, BTV = {u(ss2)1, 050y, ). Hence, V(Cy(H, ) = UiZg By amd so
PHCy(H, ), Bs) = € — 1.
Case 3: |B N {v1,v2,...,v}| =2 and BN {vy,va,...,v¢} = {v;,vj}. Since B is a zero
forcing set of P(Cy,e)), so |i — j| = 1. Without loss of generality, we may assume that
i =1, 7 =2 Then B = {vl,vg}Ule{vij | 2 < j <r—1} = Bs. It is easy to see
that Bél) = {Ullavﬂ}a B:§2) = {’Ug,’U@}, B;(;?)) = {?}21,’0(4_1)1}, SRR Bi(f_Q) = {,U“%/U“?“}a
B?()e_l) = {v(%z)l,v(e#)l}. Hence, V(Cy(H,e)) = Uf;é B?(f) and so Pt(Cy(H,e),Bs) =
¢ — 1. Therefore, Pt(Cy(H,e)) =¢—1= PT(Cy(H,e)) and so Pd(Cy(H,e)) = 0.

V12 V13 V21 V22
V11 V2 U3 V23
V43

U1 V4 V31
V42 V41 U33 V32

Figure 5. C4((K1 ~ K4)(a,b),e)

(K1 ~ K;)(a,b) and e = ab.
1

Theorem 3.8 Let V(K;) = {a}, b € V(K,), H ,
2 , mr(Py(H,e)) = 2¢ — 2 and

Then Z(Py(H,e)) = M(Py(H,e)) = (£ — 1)(r — ):-
Pd(P;(H,e)) =0 (see Figure 6).

Proof. Let V(P;) = {vi,ve,...,v¢}, V(H;) \ {a,b} = {vi1,via,... ,’Ui(r_l)}, where H;
is the ¢ —th copy of H and 1 < i < ¢ —1. Also, let Z = {vi} U{vjp | 1 < j <
¢—1, 2 <k <r—1}, be initial black vertices.Then v; forces va. The vertex v;; is forced
by v12. Now vy forces vs. It is easy to see that Z is a zero forcing set of Py(H,e). Hence,
Z(Py(H,e)) <|Z|=({—1)(r—2)+ 1. Since Py(H,e) = Uf;% K, U Py, by Theorem I3,
mr(Py(H,e)) < ({—1)ymr(K,)+mr(Pp) = 20—2.So, M(Py(H,e)) > r({—1)+1-20+2 =
(r—2)(¢—1)+1.

By Theorem 24, (¢ — 1)(r —2)+ 1 > Z(Py(H,e)) > M(Py(H,e)) > (r —2)({ — 1) + 1.
Therefore, Z(P;(H,e)) = M(P)(H,e)) = (r—2)({—1)+1 and so mr(P;(H,e)) = 2( —2.
Let B be a zero forcing set of P;(H,e) with |B| = (r —2)(¢ — 1) + 1. Then

B={vi}U{v [1<j<l-1,2<k<r-1}=5B
or
B={v}U{o |1<j<l—1,2<k<r—1} =By

It is easy to see that B%l) = {wva}, B§2) = {vi1}, Bf’) = {wvs}, B§4) = {va}, ...,
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B = (v} and B = {vg_1}. Hence, V(Py(H, ) = U¥?BY. Thus,
Pt(Py(H,e), Bl) = 2(¢ — 1). Also, we have Bél) = {ve-11}> Bém = {vp_1}, Bég) =
{v_an} BSY = {via}, ..., BYY = {wa}, B = {11} and B = {v1}. Hence,

V(P)(H,e)) = U3402B“> and Pt(Pg(H, e), By) = 2(¢ — 1). Therefore, Pt(P,(H,e)) =
2(¢ — ) PT(Py(H,e)) and Pd(Py(H,e)) = 0.

v13 U33
V12 Ul4 V32 V34
v11 Uls U3l V35
U3
1 U2 2!
v21 U25
V22 V24
V23

Figure 6. P4+((K1 ~ Ks)(a,b),e)

Theorem 3.9 Let ¢ and r be even, b € V(C,), V(K;) = {a}, H= (K; ~ C,)(a,b) and
e = ab. Then Z(Cy(H,e)) = M(Cy(H,e)) = £+ 2 and Pt(Cy(H,e)) = (r=1)(¢=2) )(
Figure 7).

Proof. Let V(Cy) = {v1,v2,...,v} and V(H; \ {a,b}) = {vzl,vzg,...,vi(r,l)}, where
H; is the i—th copy of H and 1 < i < /. Let Z = {v1,v2} U{wv;1 | 1 < i < £} be the initial
black vertices. Since vpo and vi9 are the only white neighbor of vy and vy1, respectively,
s0 vyg is forced by vy and vig is forced by v1;. It is easy to see that vy; and vy, are forced
by wvy(j—1) and vy(j_1), respectively for (3 < j < r —1). Also, v3 is forced by ve and vy
is forced by vi. Since vgg and v(y_1)p are the only white neighbor of ve; and v(y_11, so
vg1 forces vz and v(y_1y; forces v(_1)2. Also, vg; and v(y_y); are forced by vy(;_1) and
V(e—1)(j—1) for (3 < j < r—1). By similar argument, we see that Z is a zero forcing
set for Cy(H,e). Hence, Z(Cy(H,e)) < |Z| = £ + 2. Since Cy(H,e) = (Uf:1 C,)UCy, by
Theorem 28, mr(Cy(H,e)) < (mr(C;)) +mr(Cy) = L(r —2)+£—2. So M(Cy(H,e)) >
br—(l(r—2)+£—2) = {+2. By Theorem 24, (+2 > Z(Cy(H,e)) > M(Cy(H,e)) > {+2.
Therefore, Z(Cy(H,e)) = M(Cy(H,e)) = £+ 2. Now, let B be a zero forcing set for
Cy(H,e) with |B| = £+ 2. Then |B N (V(H;) \ {a,b})| > 1 for every 1 < i < £. Since
|B| = ¢ + 2, we have three following cases:

Case 1: Let BN{vi,v2,...,v¢} = 0. Then there exist (1 < j < ¢) such that |[BNV (H;) \
{a,b}| = [BNV(Hjs1) \ {a b}| = 2. Without loss of generality we may assume that
j =1 Let B = {vy (252)5 V1(2), Va(r52), V2(2) B U{va |3<i <4} =B If k # %52 and

B = {01k, V(1) V2k> Va(1) ) U {vir | 3 <@ < £} = Ba, then since Pt(C;) = %,

2) (see

PHCy(H,€), B1) < Pt(Cy(H, e), Bo).

For zero forcing set By = {vy(z=2),v1(z), Ug(r=2), U(z yyU{vin | 3 < < £}, with 5= 2 steps
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the forcing process, all of the vertices of H;UHaU{vg, v3} are forced. Since Pt(Cy) = éfTQ,
with % steps the forcing process, all of the vertices of Cy are forced. For every 3 < i < g,
1 # ”TQ and i # 4+74’ with r —2 steps the forcing process, all of the vertices of H; UHy_;13
are forced. Finally, with % steps the forcing process, all of the vertices of Hetz U Heta

2 2

are forced. Thus, Pt(Cy(H,e),B1) = &_léﬁ.

Case 2: Let |B N {v1,v,...,v}| = 2. Without loss of generality, we assume that B =
{va,v3} U{vi1 | 1 < i < ¢} = Bs. Then with r — 2 steps the forcing process, all of the
vertices of Hy U Ho are forced. Since Pt(Cy) = £—sz with Z_TZ steps the forcing process,
all of the vertices of Cy are forced. Also, for every 3 < ¢ < g, with r — 2 steps the forcing
process, all of the vertices of H; U Hy_; 3 are forced. with % steps the forcing process,
all of the vertices of Hes2 U Hesa are forced. Thus, Pt(Cy(H,e), Bs) = %.
Case 3: Let |B N {vy, v22, . ,UZ}] = 1. Without loss of generality, we assume that |B N
{v1,v2,...,0}| = {v1}. Then BNV (H;) = {Ulg,’vl%} and B = {v1} U {vl%z,vlg} U
{vi1 | 2 < i < ¢} = By. It is easy to see that Pt(Cy(H,e),B1) < Pt(Cy(H,e), B3) and
Pt(Cy(H,e),B1) < Pt(Cy(H,e), Bs). Therefore, Pt(Cy(H,e)) = r=1)(e=2)

2
V12 V13 V21 V22
V11 V2 U3 V23

V43 U1 V4 vU31

V42 V41 U33 V32

Figure 7. C4((K1 ~ C4)(a,b),e)
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