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Abstract. In this paper, we derive the general expression for the entries of the positive
integer powers of the Min matrix A = [min{s,j}]; ¢,7 = 1,2,--- ,n of arbitrary order. Also,
we give Maple 18 procedures in order to verify our calculations.
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1. Introduction and preliminaries

Arbitrary integer powers of a square matrix are used in order to solving some difference
equations, differential equations and delay differential equations [0, @, I3]. There have
been several papers on computing the positive integer powers of various kinds of square
matrices in recent years [2-4, 02, [4]. In this paper, we consider the Min matrix A of the
following type

A= [min{i,j}]; i,j =1,2,--- ,n; (1)
that is,
111-- 1 1
122-- 2 2
123-- 3 3
A:

123---n—1n-1
123---n—1 n
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2. Main results

In this section, we present a formula for computing the (7, j) entry of the matrix A™,
where m € Z and Z denotes the set of integer numbers.

Theorem 2.1 [[l] The matrix () of order n > 3 has the eigenpairs (A, vg) given by
1 —1 e T
A= 5 (L —cos(ry)) ™, vk = [SI(j7e)]j=1 2, (2)

where rp = %ﬁﬂﬁ for k=0,1,2,--- ,n—1.

Theorem 2.2 [§] If A € M,, has n distinct eigenvalues, then A is diagonalizable.

Since 6 ~— cos @ is strictly decreasing on [0,7], the eigenvalues of matrix (), i.e. of
A, are all distinct and hence, the matrix is diagonalizable by [R, Theorem 1.3.9]. The

proof of [8, Theorem 1.3.7] shows that if we define the matrix V' = [vg,v1,- -+, vp-1],
then V1AV = diag(A\o, A1, -+, A\n_1) will be a diagonal. Conversely we will have A™ =
Vdiag(AZ, AT, -+, A™ )V L for any integer m. We will use this to give explicit formulas

for [A™ ] i,j- From (B), we can write the columns matrix V' as

2k+Dm . 2k+1)27 . (2k+1)37 . (2k+ 1)nm
Sin n e sin —————
2n+1 2n+1 2n+1 7 7 2n + 1

6

v = [sin

for k=0,1,2,--- ,n — 1. Hence,

Moo T . 3 : 5 . o (2n—1)7m 7
S1n In+1 S1n In+1 Sin In+1 Sln2(§n+%)
. 27 . 67 - 107 - n—1)m
sin gty sing g singpry --- sin 3(57”%
: 3 : 9 . 157 . n s
V= | Sgym SWMgpig Dont1 =7 SWM 7o 4
_[/U07/U].7/U25”' 7vn—l]— . . ( )
(n m 3(n—1)m _. 5(n—1)7r o (2n—1)(n—1)7r
Sln In+1 Sll'l In+1 Sin Int1 Sin 7(2 21’%{)1
: nw . 3nm . Snm . n—1)nm
L Silg 7 Sllg o7 Sllg 73 o0 S —Hom J
Theorem 2.3 Suppose V is defined as above. Then
_ 4
vl= VT (5)
2n+1
Intl if g =
Proof. To prove, it is enough to show that vilv;, = 4 0 7 for i,j =
’ J 0, ifi#j ’

0,1,2,--- ,n — 1. By using formulas, sinasinf = %(cos(a — B) — cos(a + B)) and

in(n+3)0 ,
> opq cos kb = sin(nt2)6 3 [I1], we can conclude

251115
Z (20 + Dkr . (2j+1) i 2km(i — j) 2k7r(i+j+1))
V; U sin sm — —CoOS ————M8M8M8M@M ™™ ).
v 2n + 1 2n+1

2n+1 2n +1
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If ¢ = j, then
T, _ " 1i 2km(2i+1) n 1 sin((n+ §)22EH) L
vy = = — = - _Z A -
7 7 . 27(2i41
2 2 = 2n+1 2 2 2sm% 2(n+1 ) 2
n l(sin(2i+1)7r 1)771 1(0 1)72n+1
22 Qsin@;"‘iji” 272 2 27 4

If i # j, then

2n+1 2n+1

V; ’Uj:*

1< 2k (i — 7) 2km(i+j+1)
T
5 E (cos cos )

k=1

_ 2(iei . 2(i+j+1
1 sin((n+ 3)%55RT)  sin((n+ %)(35*“)”)
20 2sin § AT 2sin § 2
1 ,sin(i — j)m sin(i+j+1)7f) —0
2 QSjn% 25111% .

Theorem 2.4 Let A be the Min matrix given in (II). Then for any integer m, the (7, j)
entry of the matrix A™ is given by

4 = 2k + 1)ir . (2k+1)jn
A™; = ALY si i 6
A" 2n—|—1kz_% e I s | (6)
fori,j =1,2,--- ,n, where A\ = %(1 — cos (22]:;11)”)*1 for k=0,1,2,--- ,n—1.
Proof. By substituting (2), (@) and (8) in A™ = VJ™V~! where J =
diag(Ao, A1, -+, Ap—1) and doing necessary computation the desired relation is obtained.
|

By using following theorem, we can compute inverse of the matrix ().

Theorem 2.5 [H]. Let A be Min matrix given in (0). Then it’s inverse matrix is the
n X n tridiagonal matrix as follow:
-9 4 -
-1 2 -1 0

-1 2 -1

0o -12 -1
-1 1

Since all eigenvalues of matrix A are nonzero, we can compute the integer powers of
the above tridiagonal matrix by using the formula (B).

3. Future work

In the same way that presented in this paper or other ways, the powers of the Max
matrix B = [max{i,j}|;i,j = 1,2,--- ,n of arbitrary order can be calculated. By using
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Theorem 7.1 [I0], we can compute inverse matrix B as follow:

-11
1 =21 0

1 n—1

n

The reader can check the inverse correctness of the above tridiagonal matrix using the
method presented in the paper [6]. Following Maple 18 procedure calculates the mth
power of n X n Min matrix in (0).

> restart :
with(ListTools) :
power i=proc( n, m)
local k, A, i, j, A, power,
for k from O ton — 1
do

AK] = L

end do; [ 2(1_ COS( (22]{_’:'1")1 . )) J;

power = [ ]:
for i from 1 ton
do

forjfrom 1 ton
do

Alm, i j] = (Lj.wm((w)m H(M)H(M)K

2-n+1 2-n+1 2-n+1
=0..n—lJ;

power = FlattenOnce( [ power, A[m,i,j]]);

od;
od;
print(simplify(Matrix(n, n, power) ) );
. end proc:
power(4,1)
111
1222
1
1233 M
123 4
power(4,2)
4 7 9 10
13 17 19
@)
9 17 23 26
10 19 26 30
power(4,-1)
2 -1 0 0
2! 6)
-1 2 -1
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