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Abstract. In this paper, we derive the general expression for the entries of the positive
integer powers of the Min matrix A = [min{i, j}]; i, j = 1, 2, · · · , n of arbitrary order. Also,
we give Maple 18 procedures in order to verify our calculations.

Keywords: Eigenvalues, eigenvectors, integer powers, Min matrix.

2010 AMS Subject Classification: 15B99, 15A18, 65F50.

1. Introduction and preliminaries

Arbitrary integer powers of a square matrix are used in order to solving some difference
equations, differential equations and delay differential equations [1, 9, 13]. There have
been several papers on computing the positive integer powers of various kinds of square
matrices in recent years [2–4, 12, 14]. In this paper, we consider the Min matrix A of the
following type

A = [min{i, j}]; i, j = 1, 2, · · · , n; (1)

that is,

A =



1 1 1 · · · 1 1
1 2 2 · · · 2 2
1 2 3 · · · 3 3
...
...
...
. . .

...
...

1 2 3 · · · n− 1 n− 1
1 2 3 · · · n− 1 n

 .
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2. Main results

In this section, we present a formula for computing the (i, j) entry of the matrix Am,
where m ∈ Z and Z denotes the set of integer numbers.

Theorem 2.1 [7] The matrix (1) of order n ⩾ 3 has the eigenpairs (λk, vk) given by

λk =
1

2
(1− cos(rk))

−1 , vk = [sin(jrk)]
T
j=1,2,··· ,n (2)

where rk = 2k+1
2n+1π for k = 0, 1, 2, · · · , n− 1.

Theorem 2.2 [8] If A ∈ Mn has n distinct eigenvalues, then A is diagonalizable.

Since θ ↣ cos θ is strictly decreasing on [0,π], the eigenvalues of matrix (1), i.e. of
A, are all distinct and hence, the matrix is diagonalizable by [8, Theorem 1.3.9]. The
proof of [8, Theorem 1.3.7] shows that if we define the matrix V = [v0, v1, · · · , vn−1],
then V −1AV = diag(λ0, λ1, · · · , λn−1) will be a diagonal. Conversely we will have Am =
V diag(λm

0 , λm
1 , · · · , λm

n−1)V
−1 for any integer m. We will use this to give explicit formulas

for [Am]i,j . From (2), we can write the columns matrix V as

vk = [sin
(2k + 1)π

2n+ 1
, sin

(2k + 1)2π

2n+ 1
, sin

(2k + 1)3π

2n+ 1
, · · · , sin (2k + 1)nπ

2n+ 1
]T , (3)

for k = 0, 1, 2, · · · , n− 1. Hence,

V = [v0, v1, v2, · · · , vn−1] =



sin π
2n+1 sin 3π

2n+1 sin 5π
2n+1 · · · sin (2n−1)π

2n+1

sin 2π
2n+1 sin 6π

2n+1 sin 10π
2n+1 · · · sin 2(2n−1)π

2n+1

sin 3π
2n+1 sin 9π

2n+1 sin 15π
2n+1 · · · sin 3(2n−1)π

2n+1
...

...
... · · ·

...

sin (n−1)π
2n+1 sin 3(n−1)π

2n+1 sin 5(n−1)π
2n+1 · · · sin (2n−1)(n−1)π

2n+1

sin nπ
2n+1 sin 3nπ

2n+1 sin 5nπ
2n+1 · · · sin (2n−1)nπ

2n+1


. (4)

Theorem 2.3 Suppose V is defined as above. Then

V −1 =
4

2n+ 1
V T . (5)

Proof. To prove, it is enough to show that vi
T vj =

{
2n+1

4 , if i = j
0, if i ̸= j

for i, j =

0, 1, 2, · · · , n − 1. By using formulas, sinα sinβ = 1
2(cos(α − β) − cos(α + β)) and∑n

k=1 cos kθ =
sin(n+ 1

2
)θ

2 sin θ

2

− 1
2 [11], we can conclude

vi
T vj =

n∑
k=1

sin
(2i+ 1)kπ

2n+ 1
sin

(2j + 1)kπ

2n+ 1
=

1

2

n∑
k=1

(cos
2kπ(i− j)

2n+ 1
− cos

2kπ(i+ j + 1)

2n+ 1
).
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If i = j, then

vi
T vi =

n

2
− 1

2

n∑
k=1

cos
2kπ(2i+ 1)

2n+ 1
=

n

2
− 1

2
(
sin((n+ 1

2 )
2π(2i+1)
2n+1 )

2 sin 1
2
2π(2i+1)
2n+1

− 1

2
)

=
n

2
− 1

2
(
sin(2i+ 1)π

2 sin (2i+1)π
2n+1

− 1

2
) =

n

2
− 1

2
(0− 1

2
) =

2n+ 1

4
.

If i ̸= j, then

vi
T vj =

1

2

n∑
k=1

(cos
2kπ(i− j)

2n+ 1
− cos

2kπ(i+ j + 1)

2n+ 1
)

=
1

2
(
sin((n+ 1

2 )
2(i−j)π
2n+1 )

2 sin 1
2
2(i−j)π
2n+1

−
sin((n+ 1

2 )
2(i+j+1)π

2n+1 )

2 sin 1
2
2(i+j+1)π

2n+1

)

=
1

2
(
sin(i− j)π

2 sin (i−j)π
2n+1

− sin(i+ j + 1)π

2 sin (i+j+1)π
2n+1

) = 0.

■

Theorem 2.4 Let A be the Min matrix given in (1). Then for any integer m, the (i, j)
entry of the matrix Am is given by

[Am]i,j =
4

2n+ 1

n−1∑
k=0

λm
k sin

(2k + 1)iπ

2n+ 1
sin

(2k + 1)jπ

2n+ 1
(6)

for i, j = 1, 2, · · · , n, where λk = 1
2(1− cos (2k+1)π

2n+1 )−1 for k = 0, 1, 2, · · · , n− 1.

Proof. By substituting (2), (4) and (5) in Am = V JmV −1, where J =
diag(λ0, λ1, · · · , λn−1) and doing necessary computation the desired relation is obtained.
■

By using following theorem, we can compute inverse of the matrix (1).

Theorem 2.5 [5]. Let A be Min matrix given in (1). Then it’s inverse matrix is the
n× n tridiagonal matrix as follow:

A−1 =


2 −1
−1 2 −1 0

−1 2 −1
. . .

. . .
. . .

0 −1 2 −1
−1 1

 .

Since all eigenvalues of matrix A are nonzero, we can compute the integer powers of
the above tridiagonal matrix by using the formula (6).

3. Future work

In the same way that presented in this paper or other ways, the powers of the Max
matrix B = [max{i, j}]; i, j = 1, 2, · · · , n of arbitrary order can be calculated. By using
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Theorem 7.1 [10], we can compute inverse matrix B as follow:

B−1 =



−1 1
1 −2 1 0

1 −2 1
. . .

. . .
. . .

0 1 −2 1
1 −n−1

n

 .

The reader can check the inverse correctness of the above tridiagonal matrix using the
method presented in the paper [6]. Following Maple 18 procedure calculates the mth
power of n× n Min matrix in (1).
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