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1. Introduction and preliminaries

Consider a bounded domain Ω ⊂ Rn (n ⩾ 3) with 0 ∈ Ω and smooth boundary ∂Ω.
The problem we talk about is

−div(|x|−ap|∇u|p−2∇u) = α

α+ β

|u|α−2u|v|β

|x|bp∗ + λf(x) |u|
q−2u
|x|s , in Ω,

−div(|x|−ap|∇v|p−2∇v) = β

α+ β

|u|α|v|β−2v

|x|bp∗ + µf(x) |v|
q−2v
|x|s , in Ω,

u > 0, v > 0, in Ω,

u = v = 0, on ∂Ω,

(1)
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in which

1 < p < n, −∞ < a < n−p
p , a ⩽ b ⩽ a+ 1, d = 1 + a− b,

p∗ = p(a, b) = pn
n−pd , p(a, a) = 2n

n−2 = 2∗, α+ β = p∗, 1 < q < p∗,

s < (1 + a)t+ n
(
1− t

p

)
, 1 < p0 ⩽ np

n−p , q < t < np
n−p ,

1
p0

+ q
t = 1,

λ, µ ∈ R \ {0}, f(x) ∈ Lp0(Ω, |x|−s), f± = max{±f, 0} ̸= 0 (H),

where p∗ and 2∗ are the Hardy-Sobolev critical and the Sobolev critical exponents, re-
spectively.

Using Caffarelli-Kohn-Nirenberg inequality [8, 17], we have

(∫
RN

|x|−bp∗ |u|p∗
dx

) p

p∗ ⩽ Ca,p

∫
Rn

|x|−ap|∇u|pdx for all u ∈ C+∞
0 (Rn), (2)

where 1 < p < n, −∞ < a < n−p
p , a ⩽ b ⩽ a+ 1, p∗ = np

n−pd , d = 1+ a− b and Ca,b > 0.

The completion of C+∞
0 (Ω) is written by W 1,p

0 (Ω, |x|−ap) regarding the norm

||u|| =
(∫

Ω
|x|−ap|∇u|pdx

) 1

p

for 1 < p < n and −∞ < a < n−p
p .

Using the inequality (2) and the boundedness of Ω, Xuan [17] showed that there exists
C > 0 provided that

(∫
Ω

|u|t

|x|s
dx

) p

t ⩽ C

∫
Ω

|∇u|p

|x|ap
dx, for all u ∈W 1,p

0 (Ω, |x|−ap) (3)

in which 1 ⩽ t ⩽ np
n−p , s ⩽ (a + 1)t + n[1 − (t/p)], saying Caffarelli-Kohn-Nirenberg’s

inequality. On the other hand, the embeddingH1
0 (Ω, |x|−ap) ↪→ Lr(Ω, |x|−s) is continuous

when 1 ⩽ t ⩽ np
n−p and s ⩽ (a+ 1)t+ n[1− (t/p)]. Also, it is compact when 1 ⩽ t ⩽ np

n−p

and s ⩽ (a+ 1)t+ n[1− (t/p)] (see [17, Theorem 2.1] for ν = 0). Moreover, consider the

space W =
(
W 1,p

0 (Ω, |x|−ap)
)2

with the norm

||(u, v)|| =
(∫

Ω
|x|−ap|∇u|pdx+

∫
Ω
|x|−ap|∇v|pdx

) 1

p

.

In addition, take the best constant Hardy-Sobolev constant Sa,b as follows:

C∗ = C∗
a,p(Ω) = inf

u∈W 1,p
0 (Ω,|x|−ap)\{0}

∫
Ω |x|−ap|∇u|pdx( ∫
Ω |x|−bp∗ |u|p∗dx

) p

p∗
. (4)

First, let’s define some notations. Take Ω a domain in Rn, 0 ∈ Ω, 1 < p < n, 0 ⩽ a <
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(n− p)/p, a ⩽ b < a+ 1 and p∗ = pn
n−pd , and set

S := inf
{∫

Ω |x|−ap
(
|∇u|p + |∇v|p

)
dx( ∫

Ω |x|−bp∗ |u|α|v|βdx
) p

p∗
: (u, v) ∈W \ {0}

}
. (5)

Then, we have

S :=
[
(
α

β
)

β

p∗ + (
β

α
)

α

p∗

]
C∗ = KC∗, (6)

where K = K(α, β, p∗) ([1]). Moreover, we consider the space

W 1,p
a,b (Ω) = {u ∈ Lp∗

(Ω, |x|−bp∗
) : |∇u| ∈ Lp(Ω, |x|−ap)}

with the norm ||u||W 1,p
a,b (Ω) := ||u||Lp∗ (Ω,|x|−bp∗ )+ ||∇u||Lp(Ω,|x|−ap). In addition, we take the

constant S̃a,p given by

S̃a,p := inf
{ ∫

Rn |x|−ap|∇u|pdx( ∫
Rn |x|−bp∗ |u|p∗dx

) p

p∗
: u ∈W 1,p

a,b (R
n) \ {0}

}
.

Further, we define R1,p
a,b(Ω) = {u ∈W 1,p

a,b (Ω) : u(x) = u(|x|)} with the norm ||u||R1,p
a,b(Ω) =

||u||W 1,p
a,b (Ω). On the other hand, Horiuchi [10] proved that if a ⩾ 0, then

S̃a,p,R := inf
{ ∫

Rn |x|−ap|∇u|pdx( ∫
Rn |x|−bp∗ |u|p∗dx

) p

p∗
: u ∈ R1,p

a,b(R
n) \ {0}

}
= S̃a,p, (7)

and it is established by functions of the form yϵ(x) := ka,p(ε)Ua,p,ϵ(x) for all ε > 0, in
which

ka,p(ε) = c̃ε
n−pd

p2d , and Ua,p,ϵ(x) =
(
ε+ |x|

pd(n−p−ap)

(p−1)(n−pd)

)−n−pd

pd

.

It follows from the Caffarelli-Kohn-Nirenberg’s inequality thatW 1,p
0 (Ω, |x|−ap) is a subset

of W 1,p
a.e (Rn) and so S̃a,p ⩽ C∗.

Lemma 1.1 [13] Let R1 and c1 be positive constants, where B(0, 3R1) ⊂ Ω and ψ ∈
C+∞
0 (B(0, 3R1)) with ψ ⩾ 0 in B(0, 3R1) and ψ = 1 in B(0, 2R1). Then the function

given by

uϵ(x) :=
ψ(x)Ua,p,ϵ(x)

||ψUa,p,ϵ||Lp∗ (Ω,|x|−bp)

satisfies in the following conditions:

||uϵ||p
∗

Lp∗ (Ω,|x|−bp)
= 1 and ||∇uϵ||pLp(Ω,|x|−ap) ⩽ S̃a,p,R +O(ε

n−pd

pd ),
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and

||f1/quϵ||qLq(Ω,|x|−s) ⩾



O(ε
(n−pd)q

p2d ), if q < (n−s)(p−1)
n−p−ap ,

O(ε
(n−pd)q

p2d | ln(ε)|), if q = (n−s)(p−1)
n−p−ap ,

O(ε
(n−pd)(p−1)[(n−s)p−(n−p−ap)q]

p2d(n−p−ap) ), if q > (n−s)(p−1)
n−p−ap ,

(8)

for all f ∈ Lp0(Ω, |x|−s) with f(x) ⩾ 0 for x inB(0, 3R1) and infB(0,2R) f > 0 for some

0 < R ⩽ R1. Moreover, (8) is uniform in f ∈ Lp0(Ω, |x|−s) satisfying f(x) ⩾ 0 with
x ∈ B(0, 3R1) and

(
1 +R

pd(n−p−ap)

(p−1)(n−pd)

)− (n−pd)q

pd

Rn−s inf
B(0,2R)

f ⩾ c0 for some R ∈ (0, R0].

Furthermore, we put

Θt =
{
(λ, µ) ∈ R2 \ {(0, 0)} | 0 <

(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q < t
}
,

where ||f ||s = ||f ||Lp0 (Ω,|x|−s).
The main purpose of this paper is to prove two following theorems.

Theorem 1.2 Beside (H), suppose that R0 and c0 are positive constants and
B(0, 3R0) ⊂ Ω. Then there exists Υ > 0 provided that the problem (1) has a posi-
tive solution for each (λ, µ) ∈ ΘΥ and for each f ∈ Lp0(Ω, |x|−s) satisfying f(x) ⩾ 0 for
all x ∈ B(0, 3R0),

(
1 +R

pd(n−p−ap)

(p−1)(n−pd)

)− (n−pd)q

pd

Rn−s inf
B(0,2R)

f ⩾ c0 for some R ∈ (0, R0].

Theorem 1.3 Beside (H), suppose that R0 and c0 are positive constants and
B(0, 3R0) ⊂ Ω. Then there exists Υ0 > 0 provided that the problem (1) has at least two
positive solutions (u+0 , v

+
0 ) and (u−0 , v

−
0 ) for all (λ, µ) ∈ ΘΥ0

and for each f ∈ Lp0(Ω, |x|−s)
satisfying f(x) ⩾ 0 for all x ∈ B(0, 3R0),

(
1 +R

pd(n−p−ap)

(p−1)(n−pd)

)− (n−pd)q

pd

Rn−s inf
B(0,2R)

f ⩾ c0 for some R ∈ (0, R0].

2. Nehari manifold

In the following, we introduce the corresponding energy functional of the problem (1)
in W ∗:

Iλ,µ(u, v) =
1

p
||(u, v)||p − 1

α+ β

∫
Ω

|u|α|v|β

|x|bp∗ − 1

q
Kλ,µ(u, v),
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for all (u, v) ∈W , where

Kλ,µ(u, v) = λ

∫
Ω
f |x|−s|u|qdx+ µ

∫
Ω
f |x|−s|v|qdx.

Using the weighted Hardy-Sobolev inequality, Iλ,µ ∈ C1(W,R). Since the energy func-
tional Iλ,µ isn’t bounded below on W , it’s useful to take the functional on the Nehari
manifold. Also, the solutions of system (1) are the critical points of the energy functional
Iλ,µ. If Iλ,µ is bounded below and has a minimizer on W , then this minimizer is a critical
point of Iλ,µ. Hence, it’s a solution of the corresponding elliptic equation. However, this
energy functional isn’t bounded below on the whole space W , but it’s bounded on an
appropriate subset, called Nehari manifold.

Nλ,µ =
{
(u, v) ∈W \ {(0, 0)}|⟨I ′λ,µ(u, v), (u, v)⟩ = 0

}
,

where

⟨I ′λ,µ(u, v), (u, v)⟩ = ||(u, v)||p −
∫
Ω
|x|−bp∗ |u|α|v|βdx−Kλ,µ(u, v).

Note that Nλ,µ contains each nonzero solution of (1). If we define Φλ,µ(u, v) =
⟨I ′λ,µ(u, v), (u, v)⟩, then

⟨Φ′
λ,µ(u, v), (u, v)⟩ = p||(u, v)||p − p∗

∫
Ω
|x|−bp∗ |u|α|v|βdx− qKλ,µ(u, v)

= (p− q)||(u, v)||p − (p∗ − q)

∫
Ω
|x|−bp∗ |u|α|v|βdx

= (p− p∗)||(u, v)||p − (q − p∗)Kλ,µ(u, v)

= (p− p∗)

∫
Ω
|x|−bp∗ |u|α|v|βdx− (q − p)Kλ,µ(u, v). (9)

for (u, v) ∈ Nλ,µ. Now, we break Nλ,µ in three parts:

N+
λ,µ =

{
(u, v), (u, v) ∈ Nλ,µ : ⟨Φ′

λ,µ(u, v), (u, v)⟩ > 0
}
,

N0
λ,µ =

{
(u, v) ∈ Nλ,µ : ⟨Φ′

λ,µ(u, v), (u, v)⟩ = 0
}
,

N−
λ,µ =

{
(u, v) ∈ nλ,µ : ⟨Φ′

λ,µ(u, v), (u, v)⟩ < 0
}
.

To prove our main result, we now state some important properties of N+
λ,µ , N0

λ,µ and

N−
λ,µ.

Lemma 2.1 There exists a positive number Υ = Υ(q, n, ,K,C,C∗) > 0 so that (λ, µ) ∈
ΘΥ implies that N0

λ,µ = ∅.

Proof. Assume that

Υ =
( p− q

(p∗ − q)

) p

p∗−p
(p∗ − p

p∗ − q

) p

p−q

(KC∗)−
p∗

p∗−pC− q

p−q .
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Then there exists (λ, µ) with

0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q < Υ

such that N0
λ,µ ̸= ∅. Then, for (u, v) ∈ N0

λ,µ and by (9), we get

0 = ⟨Φ′
λ,µ(u, v), (u, v)⟩

= (p− q)||(u, v)||p − (p∗ − q)

∫
Ω
|x|−bp∗ |u|α|v|βdx

= (p− p∗)||(u, v)||p − (q − p∗)Kλ,µ(u, v). (10)

It follows from (5) and (10) that

p− q

p∗ − q
||(u, v)||p =

∫
Ω
|x|−bp∗ |u|α|v|βdx ⩽ (KC∗)

p∗

p ||(u, v)||p∗
.

Thus,

||(u, v)|| ⩾
( p− q

p∗ − q
(KC∗)−

p∗

p

) 1

p∗−p

. (11)

Also, using (10), we have

p∗ − p

p∗ − q
||(u, v)||p = Kλ,µ(u, v)

=

∫
Ω
λf |x|−s|u|qdx+

∫
Ω
µf |x|−s|v|qdx

⩽ C
q

p (|λ|||f ||s||u||q + |µ|||f ||s||v||q)

⩽ C
q

p

(
(|λ|||f ||s)

p

p−q + (|µ|||f ||s)
p

p−q

) p−q

p ||(u, v)||q,

implying that

||(u, v)|| ⩽
(p∗ − q

p∗ − p
C

q

p

) 1

p−q
[
(|λ|||f ||s)

p

p−q + (|µ|||f ||s)
p

p−q

] 1

p

. (12)

Using (11) and (12), we deduce that
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q ⩾ Υ, which is contra-

diction. Hence, there exists Υ > 0 so that for 0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q < Υ and
we have N0

λ,µ = ∅. ■

Lemma 2.2 The energy functional Iλ,µ is coercive and bounded below on Nλ,µ.

Proof. Let (u, v) ∈ nλ,µ. Using Hölder inequality and Caffarelli-Kohn-Nirenberg’s in-
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equality, we obtain

Iλ,µ(u, v) =
p∗ − p

pp∗
||(u, v)||p − p∗ − q

qp∗
Kλ,µ(u, v)

⩾ p∗ − p

pp∗
||(u, v)||p − p∗ − q

qp∗
C

q

p

[(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q

] p−q

p ||(u, v)||q.

Since 1 < q < p, Iλ,µ is coercive and bounded below on Nλ,µ. ■

Further, similar to the argument in Brown and Zhang [2, Theorem 2.3], we will have
following lemma.

Lemma 2.3 Let (u0, v0) ∈ Nλ,µ be a local minimizer of Iλ,µ such that (u0, v0) /∈ N0
λ,µ.

Then I ′λ,µ(u0, v0) = 0 in W−1, where W−1 is the dual space of W .

Also, take Υ0 =
( q
p

) p

p−qΥ < Υ. If (λ, µ) ∈ ΘΥ0
, then we gain Nλ,µ = N+

λ,µ ∪N
−
λ,µ. If we

define

θλ,µ = inf
(u,v)∈Nλ,µ

Iλ,µ(u, v),

θ+λ,µ = inf
(u,v)∈N+

λ,µ

Iλ,µ(u, v),

θ−λ,µ = inf
(u,v)∈N−

λ,µ

Iλ,µ(u, v),

then we will have the following lemma.

Lemma 2.4 For each (λ, µ) ∈ ΘΥ0
there exists a positive number Υ0 such that

(i) θλ,µ < θ+λ,µ < 0;

(ii) θ−λ,µ > δ, for some δ = δ(p, q, n, λ, µ,K,C∗) > 0

Proof. (i) Let (u, v) ∈ N+
λ,µ. Using (9), we obtain

Kλ,µ(u, v) ⩾
p∗ − p

p∗ − q
||(u, v)||p,

implying that

Iλ,µ(u, v) = (
1

p
− 1

p∗
)||(u, v)||p − (

1

q
− 1

p∗
)Kλ,µ(u, v)

⩽ (
1

p
− 1

p∗
)||(u, v)||p − (

1

q
− 1

p∗
)
p∗ − p

p∗ − q
||(u, v)||p

⩽ p∗ − p

p∗
(
1

p
− 1

q
)||(u, v)||p < 0.

Hence, it follows from the definition of θλ,µ and θ+λ,µ that θλ,µ < θ+λ,µ < 0.

(ii) Let (u, v) ∈ N−
λ,µ and apply Lemma 2.1. Then we have

||(u, v)|| ⩾
( p− q

(p∗ − q)

) 1

p∗−p

(KC∗)
− p∗

p(p∗−p) .
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Moreover, by Lemma 2.2, we get

Iλ,µ(u, v) ⩾
p∗ − p

pp∗
||(u, v)||p − p∗ − q

qp∗
C

q

p

[(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q

] p−q

p ||(u, v)||q

= ||(u, v)||q
[p∗ − p

pp∗
||(u, v)||p−q − p∗ − q

qp∗
C

q

p

((
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q

) p−q

p
]

⩾
( p− q

(p∗ − q)

) q

p∗−p

(KC∗)
− qp∗

p(p∗−p)

[p∗ − p

pp∗
||(u, v)||p−q − p∗ − q

qp∗
C

q

p

((
|λ|||f ||s

) p

p−q

+
(
|µ|||f ||s

) p

p−q

) p−q

p
]
.

Thus, if 0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q < Υ0, then we obtain Iλ,µ(u, v) ⩾ δ =

δ(p, q, n,K,C, λ, µ) > 0 for each (u, v) ∈ N−
λ,µ. ■

Now, set

tmax =
[( p− q

p∗ − q

) ||(u, v)||p∫
Ω |x|−bp∗ |u|α|v|βdx

] 1

p∗−p

for each (u, v) ∈W \ {(0, 0)}. Then we have the following lemma.

Lemma 2.5 Let 0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q < Υ0. Then, for each (u, v) ∈ W ,
there exists tmax > 0 provided that

(i) If Kλ,µ(u, v) ⩽ 0, then there is a unique t− > tmax so that (t−u, t−v) ∈ N−
λ,µ and

Iλ,µ(t
−u, t−v) = sup

t⩾0
Iλ,µ(tu, tv);

(ii) If Kλ,µ(u, v) > 0, then there are unique t+ and t− with 0 < t+ < tmax < t− so that
(t+u, t+v) ∈ N+

λ,µ, (t
−u, t−v) ∈ N−

λ,µ and

Iλ,µ(t
+u, t+v) = inf

0⩽t⩽tmax

Iλ,µ(tu, tv) and Iλ,µ(t
−u, t−v) = sup

t⩾tmax

Iλ,µ(tu, tv).

Proof. Fix (u, v) ∈W and for t ⩾ 0, set

g(t) = tp−q||(u, v)||p − tp
∗−q

∫
Ω
|x|−bp∗ |u|α|v|βdx.

Clearly, g(0) = 0 and limt→+∞ g(t) = −∞. As

g′(t) = (p− q)tp−q−1||(u, v)||p − (p∗ − q)tp
∗−q−1

∫
Ω
|x|−bp∗ |u|α|v|βdx,

we have g′(t) = 0 at a unique number t = tmax > 0, g′(t) > 0 for t ∈ [0, tmax) and g
′(t) < 0

for t ∈ (tmax,+∞). Hence, g(t) take its maximum at tmax, increasing for t ∈ [0, tmax)
and decreasing for t ∈ (tmax,+∞). It’s clear that (tu, tv) ∈ N+

λ,µ (or (tu, tv) ∈ N−
λ,µ) iff
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g′(t) > 0 (or g′ < 0). Additionally,

g(tmax) =
[( p− q

p∗ − q

) ||(u, v)||p∫
Ω |x|−bp∗ |u|α|v|βdx

] p−q

p∗−p ||(u, v)||p

−
[( p− q

p∗ − q

) ||(u, v)||p∫
Ω |x|−bp∗ |u|α|v|βdx

] p∗−q

p∗−p

∫
Ω
|x|−bp∗ |u|α|v|βdx

= ||(u, v)||q
[( p− q

p∗ − q

) p−q

p∗−p −
( p− q

p∗ − q

) p∗−q

p∗−p
]( ||(u, v)||p∗∫

Ω |x|−bp∗ |u|α|v|βdx

) p−q

p∗−p

⩾
( p− q

p∗ − q

) p−q

p∗−p
(p∗ − p

p∗ − q

)( 1

KC∗

) p∗(p−q)

p(p∗−p) ||(u, v)||q.

(i) If Kλ,µ(u, v) ⩽ 0, then there is a unique t− > tmax provided that g(t−) = Kλ,µ(u, v)
and g′(t−) < 0. Now, we have

(p− q)(t−)p||(u, v)||p − (p∗ − q)(t−)p
∗
∫
Ω
|x|−bp∗ |u|α|v|β)dx = (t−)q+1g(t−) < 0

and

⟨I ′λ,µ(t−u, t−v), (t−u, t−v)⟩ = (t−)q
[
g(t−)−Kλ,µ(u, v)

]
= 0.

Thus, (t−u, t−v) ∈ N−
λ,µ. Since we have g′(t) < 0 and g′′(t) < 0 for t > tmax, then

Iλ,µ(t
−u, t−v) = sup

t⩾0
Iλ,µ(tu, tv).

(ii) Assume Kλ,µ(u, v) > 0. For 0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||Lp0 (Ω,|x|−β)

) p

p−q < Υ0 < Υ, we
obtain

g(0) = 0 < Kλ,µ(u, v)

⩽ C
q

p

((
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q

) p−q

p ||(u, v)||q

⩽
( p− q

p∗ − q

) p−q

p∗−p
(p∗ − p

p∗ − q

)( 1

KC∗

) p∗(p−q)

p(p∗−p) ||(u, v)||q ⩽ g(tmax).

There are unique t+ and t− so that 0 < t+ < tmax < t−, g(t+) = Kλ,µ(u, v) = g(t−) and
g′(t+) > 0 > g′(t−). Now, we have (t+u, t+v) ∈ N+

λ,µ, (t
−u, t−v) ∈ N−

λ,µ and

Iλ,µ(t
−u, t−v) ⩾ Iλ,µ(tu, tv) ⩾ Iλ,µ(t

+u, t+v)

for all t ∈ [t+, t−] and Iλ,µ(t
+u, t+v) ⩽ Iλ,µ(tu, tv) for all t ∈ [0, tmax]. Thus, we have

Iλ,µ(t
+u, t+v) = inf

0⩽t⩽tmax

Iλ,µ(tu, tv) and Iλ,µ(t
−u, t−v) = sup

t⩾tmax

Iλ,µ(tu, tv).

■
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3. Proof of main results

Before the proof of Theorem 1.2 and Theorem 1.3, we need the following results.

Lemma 3.1 [16]

(i) Let (λ,µ) ∈ ΘΥ. Then there exists a (PS)θλ,µ
-sequence {(un, vn)} ⊂ Nλ,µ in W for

Iλ,µ;

(ii) Let (λ, µ) ∈ ΘΥ0
. Then there exists a (PS)θ−

λ,µ
-sequence {(un, vn)} ⊂ N−

λ,µ in W for

Iλ,µ.

Theorem 3.2 Let (λ,µ) ∈ ΘΥ and (H) hold. Then Iλ,µ has a minimizer (u+0 , v
+
0 ) in

N+
λ,µ and satisfies the following conditions:

(i) Iλ,µ(u
+
0 , v

+
0 ) = θ+λ,µ,

(ii) (u+0 , v
+
0 ) is a solution of problem (1) provided that u+0 ⩾ 0 and v+0 ⩾ 0 in Ω.

Proof. Using Lemma 3.1(i), there exists a minimizing sequence {(un, vn)} for Iλ,µ on
Nλ,µ provided that

Iλ,µ(un, vn) = θλ,µ + o(1) and I ′λ,µ(un, vn) = o(1) inW−1. (13)

Then, by Lemma 2.2 and the continuity of embedding theorem, there exists a subsequence
{(un, vn)} and (u+0 , v

+
0 )) ∈W provided that

un ⇀ u+0 , vn ⇀ v+0 , weakly in W 1,p
0 (Ω, |x|−ap),

un → u+0 , vn → v+0 , strongly in Lq(Ω, |x|−s),

un → u+0 , vn → v+0 , a.e in Ω,

(14)

as n → +∞, which implies that Kλ,µ(un, vn) → Kλ,µ(u
+
0 , v

+
0 ) as n → +∞. By (13) and

(14), it’s easy to show that (u+0 , v
+
0 ) is a weak solution of the problem (1). As

Iλ,µ(un, vn) =
(1
p
− 1

p∗

)
||(un, vn)||p −

p∗ − q

qp∗
Kλ,µ(un, vn) ⩾ −p

∗ − q

qp∗
Kλ,µ(un, vn),

and by Lemma 2.2(i), Iλ,µ(un, vn) → θλ,µ < 0 as n → +∞. Letting n → +∞, we have
Kλ,µ(u

+
0 , v

+
0 ) > 0. Now, we show that{

un → u+0 , strongly in W 1,p
0 (Ω, |x|−ap),

vn → v+0 , strongly in W 1,p
0 (Ω, |x|−ap),

and Iλ,µ(u
+
0 , v

+
0 ) = θλ,µ. Applying Fatou’s lemma and (u+0 , v

+
0 ) ∈ Nλ,µ, we obtain

θλ,µ ⩽ Iλ,µ(u
+
0 , v

+
0 ) =

(1
p
− 1

p∗

)
||(u+0 , v

+
0 )||

p − p∗ − q

qp∗
Kλ,µ(u

+
0 , v

+
0 )

⩽ lim inf
n→+∞

[(1
p
− 1

p∗

)
||(un, vn)||p −

p∗ − q

qp∗
Kλ,µ(un, vn)

]
⩽ lim inf

n→+∞
Iλ,µ(un, vn) = θλ,µ,
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implying that

Iλ,µ(u
+
0 , v

+
0 ) = θλ,µ and lim

n→+∞
||(un, vn)||p = ||(u+0 , v

+
0 )||

p.

Then, un → u+0 strongly in W 1,p
0 (Ω, |x|−ap) and vn → v+0 strongly in W 1,p

0 (Ω, |x|−ap).
In addition, we get (u+0 , v

+
0 ) ∈ N+

λ,µ. Indeed, if (u
+
0 , v

+
0 ) ∈ N−

λ,µ, by Lemma 2.5, there

are unique t+0 and t−0 provided that (t+0 u
+
0 , t

+
0 v

+
0 ) ∈ N+

λ,µ, (t−0 u
+
0 , t

−
0 v

+
0 ) ∈ N−

λ,µ and

t+0 < t−0 = 1. As

d

dt
Iλ,µ(t

+
0 u

+
0 , t

+
0 v

+
0 ) = 0 and

d2

dt2
Iλ,µ(t

+
0 u

+
0 , t

+
0 v

+
0 ) > 0,

there exists t+0 < t ⩽ t−0 provided that Iλ,µ(t
+
0 u

+
. , t

+
0 v

+
0 ) < Iλ,µ(t0u

+
0 , t0v

+
0 ). Using Lemma

2.5, we obtain

Iλ,µ(t
+
0 u

+
0 , t

+
0 u

+
0 ) < Iλ,µ(t0u

+
0 , t0u

+
0 ) ⩽ Iλ,µ(t

−
0 u

+
0 , t

−
0 v

+
0 ) = Iλ,µ(u

+
0 , v

+
0 )

which contradicts Iλ,µ(u
+
0 , v

+
0 ) = θ+λ,µ. As Iλ,µ(u

+
0 , v

+
0 ) = Iλ,µ(|u+0 |, |v

+
0 |) and

(|u+0 |, |v
+
0 |) ∈ N+

λ,µ and by Lemma 2.2, (u+0 , v
+
0 ) is non-negative solution of problem

(1). ■

The following two lemmas are similar to that are proved by Hsu [11].

Lemma 3.3 If {(un, vn)} ∈W is a (PS)c-sequence for Iλ,µ with (un, vn)⇀ (u, v) in W ,
then I ′λ,µ(u, v) = 0 and there exists a positive constant Υ depending on p, q, n, C and C∗

so that Iλ,µ(u, v) ⩾ −
((

|λ|||f ||s
) p

p−q +
(
|µ|||f ||s

) p

p−q

)
Υ.

Lemma 3.4 If {(un, vn)} ∈W is a (PS)c-sequence for Iλ,µ, then {(un, vn)} is bounded
in W .

Lemma 3.5 Iλ,µ satisfies the (PS)c∗ condition with c∗ satisfying

−∞ < c∗ < c∞ =
(1
p
− 1

p∗

)
(KC∗)

p∗

p∗−p −Υ
((

|λ|||f ||s
) p

p−q +
(
|µ|||f ||s

) p

p−q

)
.

Proof. Let {(un, vn)} ∈W be a (PS)c∗-sequence for Iλ,µ with c∗ ∈ (−∞, c∞). It follows
from Lemma 3.4 that {(un, vn)} is bounded in W , and then (un, vn) ⇀ (u, v) up to a
subsequence, (u, v) is a critical point of Iλ,µ. Also, we may assume

un ⇀ u, vn ⇀ v, weakly in W 1,p
0 (Ω, |x|−ap),

un → u, un → u, strongly in Lq(Ω, |x|−s)),

un → u, un → u, a.e. on Ω.

Hence, we have I ′λ,µ(u, v) = 0 and

Kλ,µ(un, vn) → Kλ,µ(u, v) as n→ +∞. (15)
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Let ũn = un − u and ṽn = vn − v. Then by Brèzis-Lieb lemma [3], we obtain

||(ũn, ṽn)||p → ||(un, vn)||p − ||(u, v)||p as n→ +∞ (16)

and∫
Ω
|x|−bp∗ |ũn|α|ṽn|βdx→

∫
Ω
|x|−bp∗ |un|α, |vn|βdx−

∫
Ω
|x|−bp∗ |u|α|v|βdx, as n→ +∞.

(17)

As Iλ,µ(un, vn) = c∗ + o(1), I ′λ,µ(un, vn) = o(1) and (15)-(17), we conlude that

1

p
||(ũn, ṽn)||p −

1

p∗

∫
Ω
|x|−bp∗ |ũn|α|ṽn|βdx = c∗ − Iλ,µ(u, v) + o(1), (18)

and

||(ũn, ṽn)||p −
∫
Ω
|x|−bp∗ |ũn|α|ṽn|βdx = o(1).

Thus, we can take

||(ũn, ṽn)||p → l and

∫
Ω
|x|−bp∗ |ũn|α|ṽn|βdx→ l. (19)

If l = 0, the proof is complete. Let l > 0. It follows from (19) that

(KC∗)
p

p∗ = (KC∗) lim
n→+∞

[ ∫
Ω
|x|−bp∗ |ũn|α|ṽn|βdx

] p

p∗ ⩽ lim
n→+∞

||(ũn, ṽn)||p = l,

implying that l ⩾ (KC∗)
p∗

p∗−p . Additionally, from Lemma 3.3, (18) and (19), we obtain

c∗ =
(1
p
− 1

p∗
)
l + Iλ,µ(u, v) ⩾

(1
p
− 1

p∗
)
(KC∗)

p∗

p∗−p −Υ
((

|λ|||f ||s
) p

p−q +
(
|µ|||f ||s

) p

p−q

)
,

which contradicts c∗ <
(
1
p − 1

p∗

)
(KC∗)

p∗

p∗−p −Υ
((

|λ|||f ||s
) p

p−q +
(
|µ|||f ||s

) p

p−q

)
. ■

Lemma 3.6 There exist a non-negative function (u, v) ∈W \{(0, 0)} and c∗ > 0 so that

sup
t⩾0

Iλ,µ(tu, tv) < KC∗ for 0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q < c∗. Particularly, θ
−
λ,µ < c∞

for all 0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||Lp0 (Ω,|x|−β)

) p

p−q < c∗.

Proof. Fix the constants R1 = R0 and c1 = c0 in Lemma 1.1 and define the functional
I :W → R by

I(u, v) =
1

p
||(u, v)||p − 1

p∗

∫
Ω
|x|−bp∗ |u|α|v|βdx for all (u, v) ∈W.
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Set u0 = α1/puϵ, v0 = β1/puϵ for each (u0, v0) ∈W . Then by Lemma 1.1, we obtain

sup
t⩾0

I(te1uϵ, te2uϵ) ⩽
(1
p
− 1

p∗

)[ (α+ β)
∫
Ω |x|−ap|∇uϵ|pdx(

αα/pββ/p
∫
Ω |x|−bp∗ |∇uϵ|pdx

) p

p∗

] p∗

p∗−p

⩽
(1
p
− 1

p∗

)[(α
β

)β/α
+
(β
α

)α/β] p∗

p∗−p
[ ∫

Ω |x|−ap|∇uϵ|pdx( ∫
Ω |x|−bp∗ |uϵ|p∗dx

) p

p∗

] p∗

p∗−p

⩽
(1
p
− 1

p∗

)[(α
β

)β/α
+
(β
α

)α/β] p∗

p∗−p

(S̃a,p,R +O(ε
n−pd

pd ))
p∗

p∗−p

⩽
(1
p
− 1

p∗

)[(α
β

)β/α
+
(β
α

)α/β] p∗

p∗−p

(C∗ +O(ε
n−pd

pd ))
p∗

p∗−p

⩽
(1
p
− 1

p∗

)
(KC∗)

p∗

p∗−p +O(ε
n−pd

pd ), (20)

where the following fact has been used:

sup
t⩾0

(
tp

p
A− tp

∗

p∗
B) =

(1
p
− 1

p∗

)( A

B
p

p∗

) p∗

p∗−p , A,B > 0.

We can choose δ1 > 0 so that

c∞ =
(1
p
− 1

p∗

)
(KC∗)

p∗

p∗−p −
((

|λ|||f ||s
) p

p−q +
(
|µ|||f ||s

) p

p−q

)
Υ > 0.

for all 0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q < δ1. Using the definitions I(u, v) and (u0, v0),

we have Iλ,µ(tu0, tv0) ⩽ tp

p ||(u0, u0)||
p for all t ⩾ 0 and λ, µ > 0, implying there exists

t0 ∈ (0, 1) satisfying

sup
0⩽t⩽t0

Iλ,µ(t0u0, t0u0) < c∞ for all 0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q < δ1.

Using (20) and applying the definitions I(u, v) and (u0, v0), we have for α, β > 1 that

sup
t⩾t0

Iλ,µ(t0u0, t0u0) = sup
t⩾t0

(
I(t0u0, t0u0)−

tq

q
Kλ,µ(u0, v0)

)
⩽

(1
p
− 1

p∗

)
(KC∗)

p∗

p∗−p +O(ε
n−pd

pd )

− tq0
q
(αq/pλ+ βq/pµ)

∫
B(x0,R0)

|x|−s|uϵ|qdx

⩽
(1
p
− 1

p∗

)
(KC∗)

p∗

p∗−p +O(ε
n−pd

pd )

− tq0
q
(λ+ µ)

∫
B(x0,R0)

|x|−s|uϵ|qdx. (21)
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Also,

(n− pd)q

p2d
<
n− pd

pd
. (22)

Now, let q < (n−s)(p−1)
n−p−ap . From (21), (22) and Lemma 1.1, we have

sup
t⩾t0

Iλ,µ(t0u0, t0u0) ⩽
(1
p
− 1

p∗

)
(KC∗)

p∗

p∗−p +O(ε
n−pd

pd )− tq0
q
(λ+ µ)O(ε

(n−pd)q

p2d ) (23)

Now, for all ε =
((

|λ|||f ||s
) p

p−q +
(
|µ|||f ||s

) p

p−q

) pd

n−pd ∈ (0, R0), we obtain

sup
t⩾t0

Iλ,µ(t0u0, t0v0) ⩽
(1
p
− 1

p∗

)
(KC∗)

p∗

p∗−p +O(
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q )

− tq0
q
(λ+ µ)

((
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q

) q

p

.

Thus, we can choose δ2 > 0 so that

O(
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q )− tq0
q
(λ+ µ)

((
|λ|||f ||s

) p

p−q

+
(
|µ|||f ||s

) p

p−q

) q

p ⩽ −Υ(
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q ).

for all 0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q < δ2. If we set c∗ = min{δ1, R0, δ2} and ε =((
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q

) pd

n−pd

, then

sup
t⩾t0

Iλ,µ(t0u0, t0u0) ⩽ c∞. (24)

for 0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q < c∗. Similarly, let q = (n−s)(p−1)
n−p−ap . It follows from

(21), (22) and Lemma 1.1 that

sup
t⩾t0

Iλ,µ(t0u0, t0u0) ⩽
(1
p
− 1

p∗

)
(KC∗)

p∗

p∗−p +O(ε
n−pd

pd )− tq0
q
(λ+ µ)O(ε

(n−pd)q

p2d | ln ε|).

(25)

If q > (n−s)(p−1)
n−p−ap , then

sup
t⩾t0

Iλ,µ(t0u0, t0u0) ⩽
(1
p
− 1

p∗

)
(KC∗)

p∗

p∗−p +O(ε
n−pd

pd )

− tq0
q
(λ+ µ)O(ε

(n−pd)(p−1)[(n−β)p−(n−p−ap)q]

p2d(n−p−ap) ). (26)
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Now, by (25) and (26), we have

sup
t⩾t0

Iλ,µ(t0u0, t0u0) ⩽ c∞. (27)

Ultimately, we prove θ−λ,µ < c∞ for all 0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q < c∗. Note that

(u0, v0) = (α1/puϵ, β
1/puϵ). It is easy to see that∫

Ω
|x|−bp∗ |u0|α|v0|βdx > 0.

Now, using Lemma 2.5, definition θ−λ,µ, (24) and (27), we there exists t0 > 0 so that

(t0u0, t0v0) ∈ N−
λ,µ and

θ−λ,µ ⩽ Iλ,µ(t0u0, t0v0) ⩽ sup
t⩾t0

Iλ,µ(t0u0, t0u0) < c∞,

for all 0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q < c∗. ■

Theorem 3.7 Let 0 <
(
|λ|||f ||s

) p

p−q +
(
|µ||f ||s

) p

p−q < c′∗, where c
′
∗ = min{c∗,Υ0} and

(H) holds. Then Iλ,µ has a minimizer (u−0 , v
−
0 ) in N

−
λ,µ and satisfies

(i) Iλ,µ(u
−
0 , v

−
0 ) = θ−λ,µ,

(ii) (u−0 , v
−
0 ) is a solution of the problem (1) so that u−0 ⩾ 0 and v−0 ⩾ 0 in Ω.

Proof. Using Lemma 3.1(ii), there exists a minimizing sequence {(un, vn)} ⊂ N−
λ,µ inW

for Iλ,µ and for all 0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q < Υ0. It follows from Lemmas 3.5,

3.6 and 2.3(ii) that Iλ,µ satisfies (PS)θ−
λ,µ

condition and θ−λ,µ > 0 for 0 <
(
|λ|||f ||s

) p

p−q +(
|µ|||f ||s

) p

p−q < c∗. Since Iλ,µ is coercive on Nλ,µ, we conclude that (un, vn) is bounded in

W . Hence, there exist a subsequence still denote by (un, vn) and (u−0 , v
−
0 ) ∈ N−

λ,µ so that

(un, vn) → (u−0 , v
−
0 ) strongly inW and Iλ,µ(u

−
0 , v

−
0 ) = θ−λ,µ > 0 for all 0 <

(
|λ|||f ||s

) p

p−q +(
|µ|||f ||s

) p

p−q < c′∗. Now, similar to the same arguments in proof of Theorem 3.2, (u−0 , v
−
0 )

is a positive solution of problem (1) for all 0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q < c′∗. ■

Now, we are ready to complete the proof of Theorem 1.2 and Theorem 1.3. Applying
Theorem 3.2, we conclude that problem (1) has a positive solution (u+0 , v

+
0 ) ∈ N+

λ,µ for all

0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q < Υ. On the other hand, from Theorem 3.7, we obtain

the second positive solution (u−0 , v
−
0 ) ∈ N−

λ,µ for all 0 <
(
|λ|||f ||s

) p

p−q +
(
|µ|||f ||s

) p

p−q <

c′∗ < Υ0. Since N
+
λ,µ ∩N−

λ,µ = ∅, (u+0 , v
+
0 ) and (u−0 , v

−
0 ) are distinct. This completes the

proof of Theorem 1.2 and Theorem 1.3.

4. Conclusion

Although, a system of nonlinear, quasilinear, sublinear or semi-linear of elliptic equations
are solved by several authors [1–13, 15, 16], a variational approach has been used to
solve quasilinear elliptic systems with critical Hardy-Sobolev and sign-changing function
exponents.
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