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Abstract. Frame theory has been rapidly generalized and various generalizations have been
developed. In this paper, we present a brief survey of the frames in Hilbert C*-modules includ-
ing frames, *-frames, g-frames, x-g-frames, *-K-g-frame, operator frame and x-K-operator
frame in Hilbert C*-modules. Various proofs are given for some results. We will also provide
some new results. Moreover, non-trivial examples are presented.
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1. Introduction

One of the important concepts in the study of vector spaces is the concept of a basis
for the vector space, which allows every vector to be uniquely represented as a linear
combination of the basis elements. However, the linear independence property for a basis
is restrictive; sometimes it is impossible to find vectors that both fulfill the basis re-
quirements and also satisfy external conditions demanded by applied problems. For such
purposes, we need to look for more flexible types of spanning sets. Frames provide these
alternatives. They not only have a great variety for use in applications but also have a
rich theory from a pure analysis point of view.

A frame is a set of vectors in a Hilbert space that can be used to reconstruct each
vector in the space from its inner products with the frame vectors. These inner products
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are generally called the frame coefficients of the vector. But unlike an orthonormal basis,
each vector may have infinitely many different representations in terms of its frame coef-
ficients. In 1952, frames for Hilbert spaces were introduced by Duffin and Schaefer [4] to
study some deep problems in nonharmonic Fourier series by abstracting the fundamen-
tal notion of Gabor [I] for signal processing. In fact, Gabor showed that any function
f € L%(R) can be reconstructed via a Gabor system {g(z — ka)e?™™* : k. m € Z} where
g is a continuous compact support function. These ideas did not generate much interest
outside of nonharmonic Fourier series and signal processing until the landmark paper of
Daubechies et al. [8], where they developed the class of tight frames for signal reconstruc-
tion and they showed that frames can be used to find series expansions of functions in
L?(R) which are very similar to the expansions using orthonormal bases. After this inno-
vative work, the theory of frames began to be widely studied. While orthonormal bases
have been widely used for many applications, it is the redundancy that makes frames
useful in applications. Formally, a frame in a separable Hilbert space H is a sequence
{fi}ier for which there exist positive constants A, B > 0 called frame bounds such that
Allzl]?< ;K fi)|* < Bl|z||? for all € H. It is remarkable that this inequalities
imply the existence of a dual frame { ,fz}ze 1 » such that the following reconstruction for-
mula holds for every x € H: v = >, ;(, f;) fi. In particular, any orthonormal basis for
‘H is a frame. However, in general, a frame need not be a basis and most useful frames
are over-complete. The redundancy that frames carry is what makes them very useful in
many applications.

Hilbert space frames have been traditionally used in signal processing because of their
resilience to additive noise, resilience to quantization, the numerical stability of recon-
struction, and their ability to capture important signal characteristics. Today, frame
theory is an exciting, dynamic, and fast-paced subject with applications to a wide vari-
ety of areas in mathematics and engineering, including sampling theory, operator theory,
harmonic analysis, nonlinear sparse approximation, pseudodifferential operators, wavelet
theory, wireless communication, data transmission with erasures, filter banks, signal pro-
cessing, image processing, geophysics, quantum computing, sensor networks, and more.
The last decades have seen tremendous activity in the development of frame theory and
many generalizations of frames have come into existence [I8, 20]. Hilbert C*-modules
is a generalization of Hilbert spaces by allowing the inner product to take values in a
C*-algebra rather than in the field of complex numbers.

2. Preliminaries

2.1 C*-algebra

Definition 2.1 [4] If A is a Banach algebra, an involution is a map a — a* of A into
itself such that for all @ and b in A and all scalars « the following conditions hold:

(1) (a*)* =a.
(2) (ab)* =b*a*.
(3) (aa+b)* = aa™ + b*.

Definition 2.2 [5] A C*-algebra A is a Banach algebra with involution such that ||a*a| =
|al|? for every a in A.

Example 2.3
(1) The algebra of bounded operators on a Hilbert space H, that is B(H), is a C*-
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algebra, where for each operator A, A* is the adjoint of A.
(2) The algebra of continuous functions on a compact space X, that is C'(X), is an
abelian C*-algebra, where f*(z) := f(x).
(3) The algebra of continuous functions on a locally compact space X that vanish at
infinity, that is Cy(X), is an abelian C*-algebra, where f*(z) := f(z).
Definition 2.4 [6] An element a in a C*-algebra A is positive if a* = a and sp(a) C R™.
We write a > 0 if a is positive. The set of all positive elements in A will be denoted by

AT

Lemma 2.5 [25] Let T' € End’(H,K) be a bounded operator with closed range R(T).
Then there exists a bounded operator U € End* (K, H) for which TTTz = z for z €
R(T).

Lemma 2.6 [19] Let % be a Hilbert A-module. If T € End%(H), then (Tz,Tx) <
|T||?(z, z) for all x € H.

Lemma 2.7 [3] Let H and K be two Hilbert .A-modules and T' € End’(H,K). Then
the following statements are equivalent:

(i) T is surjective.
(ii) 7™ is bounded below with respect to norm, i.e., there exists m > 0 such that || T7z| >
m||z|| for all z € K.
(iii) 7™ is bounded below with respect to the inner product, i.e., there exists m’ > 0 such
that (T*z, T*z) > m/(x,z) for all x € K.

Lemma 2.8 [2] Let H and K be two Hilbert A-modules and T' € End’(H, K).

(i) If T is injective and T" has closed range, then the adjointable map 7T*7T is invertible
and [|(T°T) 1|1 < T°T < [T

(ii) If T is surjective, then the adjointable map TT* is invertible and |[(TT*)~}|~! <
T < |72

2.2 Hilbert C*-modules

Definition 2.9 [I3] Let A be a unital C*-algebra and H be a left A-module, such that
the linear structures of A and H are compatible. H is a pre-Hilbert A-module if H is
equipped with an A-valued inner product (.,.) : H x H — A such that is sesquilinear,
positive definite and respects the module action. In the other words,

(1) (z,z) >0 for all z € H and (z,z) = 0 if and only if z = 0;
(2) (ax+y,z) =a(z,2z) + (y,2) for all a € A and x,y,z € H;
(3) (x,y) = (y,z)* for all z,y € H.

For z € H, we define ||z|| = ||(z,2)||z. If H is complete with ||.||, it is called a
Hilbert .A—nlnodule or a Hilbert C*-module over A. For every a in C*l—algebra A, we have
la| = (a*a)2 and the A-valued norm on H is defined by |z| = (x,x)2 for z € H.

Example 2.10

(1) Let H be a Hilbert space, then B(#) is a Hilbert C*-module with the inner
product (T, S) =TS* for all T, S € B(H).

(2) Let H and K be separable Hilbert spaces and let B(#, K) be the set of all bounded
linear operators from #H into K. Then B(H,K) is a Hilbert B(K)-module with
the inner product (7', S) = T'S* for all T\, S € B(H,K).
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(3) Let X be a locally compact Hausdorff space and #H a Hilbert space, the Banach
space Co(X,H) of all continuous H-valued functions vanishing at infinity is a
Hilbert C*-module over the C*-algebra Cp(X) with inner product (f,g)(z) :=
(f(x),g(x)) and module operation (¢f)(z) = ¢(z)f(x) for all ¢ € Cp(X) and
fe C()(X, H)

(4) If {Hy}ren is a countable set of Hilbert A-modules, then one can define their
direct sum @renHpi. On the A-module @penHy of all sequences x = (zg)ken :
xy, € Hy, such that the series ), . (2k, 1) 4 is norm-convergent in the C*-algebra
A, we define the inner product by (z,y) := > cx(Tk, Yr)a for z,y € OpenHy.
Then @renHy is a Hilbert A-module. The direct sum of a countable number of
copies of a Hilbert C*-module H is denoted by ?(H).

Let H and K be two Hilbert A-modules, A map T : H — K is said to be adjointable if
there exists a map T : K — H such that (Tx,y) 4 = (z,T*y) 4 for all z € H and y € K.
We also reserve the notation End’ (H, ) for the set of all adjointable operators from #
to IC and End’(H,H) is abbreviated to End* (#). Throughout the paper, we consider
a unital C*-algebra.

3. Frames in Hilbert A-modules

Definition 3.1 [I0]. Let H be a Hilbert A-module. A family {z;};cs of elements of H
is a frame for H, if there exist two positive constants A and B such that for all x € H,
A<$7x>¢4 < Z<ZC,£L’¢>A<$Z‘,ZL’>A < B<$,$>A. (1)
el

The numbers A and B are called lower and upper bounds of the frame, respectively. If
A = B = ), the frame is A-tight. If A = B = 1, it is called a normalized tight frame or a
Parseval frame. If the sum in the middle of (0) is convergent in norm, the frame is called
standard.

Exzample 3.2 For a € R, define the translation operator T, : L?(R) — L%(R) by
T.f(z) = f(x — a). For b € R, define the modulation operator E : L*(R) — L?*(R)
by Eyf(x) = > f(z) A frame for L?(R) of the form

{627rimb:c

{Emanag}m,neZ = g(x - na)}mﬂ‘bez

is called a Gabor frame.

Let {z;}icr be a frame of a finitely or countably generated Hilbert A-module H over a
unital C*-algebra A. The operator T : H — [2(A) defined by Tz = {(z, ;) }ics is called
the analysis operator. The adjoint operator T* : [2(A) — H is given by T*{c;}ic; =
> icr Civi. T* is called pre-frame operator or the synthesis operator. By composing T
and T, we obtain the frame operator S : H — H given by Sz = T"Tx = Y, (z, z;)x;.

Proposition 3.3 The frame operator S is positive, selfadjoint, bounded and invertible.
Proof. For all z € H, we have

(Sz,x) 4= (T"Tx,x) 4 = <Z<x, Ti)Ti, YA = Z(x, ;) {(Ti, ) A.

el i€l
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and 0 < A(x,z)4 < (Sz;x) < B(x,z) 4. Then S is a positive and sefladjoint operator.

Now, we have A(z,z) 4 < (Sz,2) 4 < Bz, x) 4 for x € H. So, A.I3y < S¢ < B.I3. Then

Sc is a bounded operator. Moreover, 0 < Iy — B~'S¢ < BgA.IH. Consequently,

- _ B-A
1 —B~'Scll = sup  |[{(In — B™'Sc)a, z)al <

< 1.
ceH,||z]|=1 B

The shows that S is invertible. [ ]

The frame operator is positive, invertible, and is the unique operator in End* (#) such
that the reconstruction formula

x = Z(m, Slr)a; = Z(az?mi)S*lxi

icl icl

holds for all z € H. The sequences {S~'w;};c; and {Sfésci}iel are frames for H.
The frame {S~'z;};cs is said to be the canonical dual frame of {z;};c; and the frame
{S~2z;}ics is said to be the canonical Parseval frame of {z;}ic;. The following theorem
gives a characterization of standard frame.

Theorem 3.4 Let H be a finitely or countably generated Hilbert A-module over a
unital C*-algebra A, and {;}; C H a sequence such that ), ;(z, ;) 4(xi, )4 converges
in norm for every x € H. Then {z;}; is a frame of H with bounds A and B if and only if

Allz|® < | Y (e, zi) alwi ) a|| < Bllz|® (2)

il

for all z € H.

Proof. Suppose that {z; : i € I} is a frame in Hilbert A-module H with bounds A and
B. We have Az, x) 4 < D ;cr(®, x3) al{zi, ) 4 < B(x, ) 4. Since (x,z) > 0, we get

All{, @) Al < 1) _{@, z) alzs, ) all< Bl (2, ) all-
iel

Also, we have A||z|]2< |3 ,c/ (@, 25) a{zi, z) 4]|< Bl|z||*. Now, suppose that (2) holds. We
know that the frame operator S is positive, self-adjoint and inversible and

(§Y22,8Y22) = (Sz, x) = <Z<x,xi>Axi,x) = Z(w,xi>A<xi,x)A.

iel el

Hence, VA|z||< [|SY%2||< V/Bl|z|| and Ai(z,2)a < Yie; (2, @) ale,2i)a < Biz,2)a,
which implies that {x; : i € I'} is a frame in Hilbert A-module #. [ |

Theorem 3.5 Let {x; : i € I} be a frame for H with lower and upper bounds A and B,
respectively. Then the frame transform T : H — 12 ({V;}) defined by Tx = {(x,2;) : i €
I} is injective and adjointable, and has a closed range with ||| < ||B||z. The adjoint
operator T given by 7%z = ), ; ¢;x;, where x = {x;}c1, is surjective.
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Proof. Let z € H. By the definition of frame for H, we have
Alw,zha < (@, w0) alwi o) a < Bla,a) a. (3)
i€l
Thus, Az, 2) 4 < O e, wi) azi, v) a4 < B(w,x)4 and Az, z) < (T"Tx,z) < Bz, ),
which implies that

Az, z) < (Tz,Tz) < B{x,x). (4)

If Tx = 0 then (z,z) = 0 and so = 0, i.e., T is injective. We now show that the range
of T' is closed. Let {T'x, }nen be a sequence in the range of T' such that lim,, oo Tz, = ¥.
By (@), for n,m € N, we have

[A(Zn — T, T — T} || < (T (@0 — 2m), T(@n — 2 )| = 1T (20 — xm)||2~

Since {Txy, }nen is Cauchy sequence in H, ||A(xy — Tm, Tn — Tm)|| = 0 as n,m — oo.
Note that for n,m € N,

20 = @ms 0 — )| = |47 Alwn — 2o, 20— 2m) | < NATH A2 — 2, 20— 20|

Therefore, the sequence {x,}nen is Cauchy and hence there exists © € H such that
T, — x as n — oo. Again, by (B), we have || T(z, —z)||*> < ||B||||{(xn — =, 2, — ). Thus,
|Tx, — Tz|| — 0 as n — oo implies that Tx = y. It concludes that the range of T is
closed. For all x € H and y = {y;} € 1> ({V;}), we have

(Tz,y) = {(z, ) bierw, ys) = <$7Z<$,$i>yi> :

el

Then T is adjointable and T*y = >, /(z,z;)y;. By @), [[Tz|* < ||B|/|z||* and so

IT| < |B|? and ||Tz|| > ||[A=}||"}||z|| for all 2 € H and so, T* is surjective. This
completes the proof. [ |

Theorem 3.6 Let {z;}ics be a frame for H with frame transform 7. Then {z;};cs is a
frame for H with lower and upper frame bounds ||(T*T)~!||~! and ||T'||?, respectively.

Proof. By Theorem B33, T is injective and has a closed range and by Lemma 8,
[(T*T) Y| N 2) < (T*Tw,2) < ||T)P(w,2), Vo eU.
So,

(T T) 1 ) < Q (@, @) azi, @) a < ||T|(z,2),  Veel.
icl

Hence, {z;}ics is a frame for H with lower and upper frame bounds |[(T*T)~!||~! and

||T||?, respectively. [ |
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4. g-Frames

Definition 4.1 [I5]. We call a sequence {A; € End%(H,V;) : i € I} a g-frame in Hilbert
A-module H with respect to {V; : i € I} if there exist two positive constants C' and D
such that for all x € H,

C<SU, x>A < Z<A1$7 Az$>A < D<‘T’ x>.A' (5)
el

The numbers C' and D are called lower and upper bounds of the g-frame, respectively. If
C = D = ), the g-frame is A-tight. If C' = D =1, it is called a g-Parseval frame. If the
sum in the middle of (B) is convergent in norm, the g-frame is called standard.

Example 4.2 Let C? be the Hilbert CZ?module with CZinner product
((x1,22), (y1,y2)) = (2191,227y2) and A be the totality of all diagonal operators
diag{a,b} on C2, sending (z1,22)! to (az1,bz2)t. Fix {a;}; and {b;}; in [?. Define
A; 0 C% — C?,(21,20) — (@;jz1,biz2). Then {A;}; is a g-frame for C? with bounds
min{>", |a;|?, >, |bi*} and max{d", |a;|?, >, |b:i|*}, respectively.

Like frames, we define the frame transform 7', the synthesis operator T* and the g-
frame operator S as follows: T : H — @ierVi, Tx = {Niz}ier, T* : @iciVi — H,
T*y = Y e Ajys for all y = {yitier in @ierVi, and S = T*T : H — H is given by
Sz =) .. AjAjx for each € H. The g-frame operator is positive, invertible, and the
follow reconstruction formula x = Zie[ A;‘Aisflx = Zz’el SilA;‘Aix holds for all x € H.

The following theorem gives a characterization of standard g-frame.

Theorem 4.3 Let A; € Endy(H,V;) for any i € I and ), ;(Asz, Ajx) 4 converge in
norm for € H. Then {A;}ics is a g-frame for H with respect to {V;}ier if and only if
there exist constants A, B > 0 such that

Allz|® < | D (Niw, Aiw) 4| < Bl (6)

i€l

for all x € H.

Proof. Suppose that {A; : i € I} is a g-frame in Hilbert .A-module H with respect to
{Vitier- Then Az, 2)4 < D ;e (Aiw, Ajw) 4 < B(x,x) 4. Since (z,x) > 0, we have

Al @) all < 1) (Aiw, Miz) all< BI{S, fall
el

Thus, Al|z|2< ||¥;e;(Aiz, Aiz) 4||< Bl|z||*. Now, suppose that (B) holds, we know that
the g— frame operator Sy is positive self-adjoint and inversible

(§Y%0, 8122y = (Sz,x) = Z(Am,Am}A.
i€l

Hence, VA|z[|< [|S"%2]|< VB|z| and Ailz,2)4 < Y,ep(Miz, Aix)a < Bifz, )4,
which implies that {A; : i € I} is a g-frame in Hilbert A-module X with respect to
{Vitier [
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Theorem 4.4 If A := {A; € End(H,H;)}ier is a g-frame in Hilbert A-module H
with respect to {H;}ier with bounds A and B, then the g-frame operator S: H — H
defined by Sf = Z A Az is a bounded invertible operator. Also, if A = A;S™1, then
el
{A; € End’y(H,H;)}ier is a g-frame in Hilbert .A-module H with respect to {H;}ier with
bounds B~! and A™! and it satisfies x = ZAZ‘K,J: = ZK;‘AZ;E for z € H.
iel iel

Proof. For x € H, we have

> A

i€l

= sup <Z Af A, y>
A

verllyl=1 || \icT,

= sup Z (Niz, Aiy) 4

yeH,|lyll=1 icl,

1/2 1/2

N

sup Z(Aix, Aix) a4

€M, |lyll=1 icl,

> (Aix, Aiy)a

el

1/2

VB

N

> (A, Aiy) a

i€l

Hence, the series in )., AjA; are convergent. Therefore, Sz is well-defined for any
x € H. On the other hand, it is easy to check for any xz,g € H that

(Sz,g)a =Y (AN, gha =Y (@, AT Aigha = (f, Sg)a.

i€l IS

Hence, S is a self-adjoint operator. Therefore,

ISI=" sup  [[(Sz,@)all=  sup [[O AjAiw,z)al=  sup (D (A, Aw)al< B,
€M, 2] =1 e, lall=1 57 et all=1 57

which shows that S is a bounded operator. Since there is (z,x) 4 > 0, then for all z € H,
All(z, ) 4l < 1S5, 3 AlI< Bll{z, 2) all, which implies that Allz]|*< [[(Sz, z).All< Bllz?
Then Al|z|*< ||(Sz,x)4||< ||Sz||||z||. It follows that ||Sz|> Al/z|]. Thus, S is injective
and SH is closed in H. Let g € H be such that (Sx,g)4 = 0 for any z € H. Then, we
have (z,Sg)4 = 0 for x € H. This implies that Sg = 0 and therefore ¢ = 0. Hence,

1
SH = H. Consequently, S is invertible and ||S™1||< T For any x € ‘H, we have

r=85lo=8"18r =) AASTIz =) STATAa.

i€l 1€l

Let A; = A;S~L. Then the above equalities become 2 = Z AfAz = Z A Asz. Now, we
iel iel
prove that {A; € End’(H,H;)}icr is also a g-frame in Hilbert A-module H with respect
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to {H;}ier. In fact, for any z € H, we have

i€l

2
= Z <AiS_1$,AiS_1$>A '

el

= 1D (A7 S e, ST )

el

= |[(S7'Sz, S7 z) 4|

= H(AfAiS*lx, 571$>AH
= (S Sz, 57 z) Al

_ 1
= |[{f. S 2) 4] < 7 (@ @) all.
On the other hand,

)= l{x, @)all = 1 A" Az, @) al

icl

= > (Niz, Ai) all
icl

<D (i, M) al| V21D (A, M) a2
iel icl

< VB[ _(Aiw, Agz) a2,

el

- 1 ~
So, HZ(A&:,A&@M!} EH(x,x)AH Hence, {A; € End%(H,H:)}icr is a g-frame in
i€l
1 1 ~
Hilbert A-module H with frame bounds 1 and 5 Let S be the g—frame operator
associated with A := {A; €};cr. Then

SSr =" SAiNw = SSTIAAS e =Y AJAS e =SSN =
el el el
Hence, S =51 and &51/15 = A;. [ ]

Theorem 4.5 Let {A;}ier and {I';};cr be g-Bessel sequences for Hilbert C*-modules
Uy and Uy with g-Bessel bounds B; and Bs, respectively. Then {A% Ty, }weq is a-g-Bessel
sequence for Us with respect to Uj.

Proof. For each x € Us, we have
D AT, ATir) 4 < D |[AFIP(Tiw, Tiw) a < ||Bal|* Y (Tiw, Ti) 4
icl icl icl
<|IBil? Bafa, z) 4 < || Bil| B2z, ) a-
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Hence, {AT;}icr is a g-Bessel sequence for Uy with respect to Uy. |

Theorem 4.6 A sequence {A; € End’(H,V;)}ier is a g-frame in Hilbert .4 module H
with respect to {V;},; if and only if

Q:{gitics = Y_ Mg (7)
i€l
is a well defined bounded linear operator from [? ({Hi}ie I) onto H, where the g-frame
bounds are ||Q* | and ||Q|%, and Q7 is the pseudo-inverse of Q.

Proof. (1) = If A := {A; € End’(H,H;)}ier is a g-frame in Hilbert .A module H with
respect to {H;},c; with bounds A and B, then for any finite subset I; C I, we have

ol (o)

i€l FEMNFI=1] \ier,

= sup ) (g Aif)

rerfl=1 ||i=7

< sup D g g MDA A

FeRIFI=L yer, iel,

< \/§”Z<gz‘,gz‘>Hl/2-

i€l

Hence, the series Z A7 g; converges in ‘H and the operator defined by (@) is well defined
ici
from 12 ({V;},c;) into H with ||Q| < V/B. For every f € H, there exists a g € H such
that f = Sg = Z AjA;g. Since {A; € End’(H,H;)}ier is a g-frame for H with respect
el
to {Mi};cs, then {Aig},c; € 12 ({(Vi}ies) and Q ({Aiglicr) = EA;‘AZ-g = f. This implies
el

that the operator () is onto.

(2) < If Q is a well defined bounded linear operator from [ ({HZ}ZGI) onto H, then
for any f € H and any finite subset Iy C I, we have

2

doNif| = Z<Aif,Aif>H: Z<f,A;-*Aif>H:H<f,ZA;‘AZ-f>H
i€l i€l i€l i€l

<O ATAL D AT Af) M

el i€l
<A A A = 1£1|@ ({Aif e, ) || -
i€l
2

It follows that < ||QIP|If]I? for all f € H and any finite subset I; C I.

> Aif

i€l
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> OAif

el
Q (¢* ({Mi}icr)) = H, there exists a unique bounded operator Q* : H — 1* ({H;},c;)
satisfying QQTf = f, f € Q (> ({Vi}ier)) = H. Let QT f = {a;};c;- Then we have

2

Hence, we obtain < |QI?|IfI? for all f € H. On the other hand, since

2
Eai =

Q£ < IQFIPIFIP, feH,
el
F=QQf=> Aa, feH.

i€l

Hence, we obtain

2 2 2
* 2
A1 = [1KF FIIP= ‘ <ZA ai, > S an Ah)|| < QTP IAPD S Ais
il el iel
2
o . . 1 2 ]
This implies that o IfIIF < EZIAZf for all f € H. [ |

Theorem 4.7 Let a sequence A := {A; € End’(H,V;)}ier be a g-frame for H with re-
spect to {V;},; with bounds A and B. If P is the orthogonal projection from 1? ({V;},c;)

onto Rg-, then P is defined by P ({gi}ig) = {A; szgk}iel for any {g;},.; belongs

kel
to 12 ({(Vitier)-
Proof. Let T : 1>({Hi}ic1) — Rg- be the operator defined by T({gi}iel) =
{AiZZN\ng}iel. Firstly, we prove that T is a bounded linear operator. For all

kel
{9i}icr ARiticr € 12 ({Hi}ig), we consider that

({gl}zel + {h }161 - T {gl + h; }161)

{A > A gk—i—hk)}
i€l

&
{

(Z Ajgr+Y Akhk> }
el
T {gl}zel) +T ({h }zeI)

kel kel

A; ZAkgk} {A ZAkhk}
iel el

kel kel
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and
2 2
. 2 ~
HT({!]i}ieI)H = {AiZAZQk} {A > s lAkgk}
kel iel kel il
2
B
=> A s lAkgk < B> ST Argn <ZH{g;€},€€IH2.
el kel kel

Hence, T is a bounded linear operator. Secondly, let g = Z INX;" gi. Since
el

T ({gi}iel) ({Alg}zel) {AI ZAkAkg}
il

kel

_ {AiZS_lAZAkg} — {AiS‘l ZA,’;Akg}
iel el

kel kel

= {Aig}iel =T ({gi}iEI) ’

we obtain 72 = T. Hence, we have that T is a projection from I? ({Vi}z’el) onto Rg:.
Finally, for all {g;},c;, {fi}ic; € 1* ({Vi}ics), we obtain

<T ({9itier) - {fi} z€I> <{A ZAka} 7{fi}i61>
el A

kel
¥ <A zAkgk,fz>
el kel
- <2Akgk, >
i kel A
= (> Afge > A fz> <ZS Ak, Y A fz>
kel el A kel el

1ZAzgk,ZAz‘fi> <2Akgk,zs 1A*ﬁ>
A

< kel el kel el

iel kel iel

> Age Y A; fz> => <9k,AkZ/~\ffi>
kel A A

{gk}ke[ ) {Ak ZA*fz} >
el kel! 4
<{gl z€I7 {fl ZEI)>

A
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It shows that 7% = T'. Hence, T is an orthogonal projection from [? ({Vi}z‘e I) onto Rg-.
Since orthogonal projection is unique, we have P =T |

5. x-Frames

Definition 5.1 [?] Let H be a Hilbert A-module over a unital C*-algebra. A family
{x;}icr of elements of H is a *-frame for H if there exist strictly nonzero elements A and
B in A such that for all x € H,

Az, 2) 4 A* < (w, wi) alwi, v) 4 < Bz, z) 4B, (8)
el

The elements A and B are called lower and upper bounds of the x-frame, respectively.
If A= B = )\, the *frame is Ai-tight. If A = B = 1, it is called a normalized tight
«-frame or a Parseval x-frame. If the sum in the middle of (8) is convergent in norm, the
x-frame is called standard.

Example 5.2 Let A be the C*-algebra of the set of all diagonal matrices in M5 2(C) and

1
suppose A is the Hilbert A-module over itself. Consider A; = [%; (1)} for all ¢« € N. For
37

A= [8 2} € A, we have

b2 | — 1
0 &) 10 %

D (A A (A A) =

1€N

1
—= 0
Then {A;}ien is [‘65 1 ] -tight *-frame for Hilbert .A-module A.

NG
Remark 1

(1) The set of all frames in Hilbert A-modules can be considered as a subset of *-
frames.
(2) We see that x-frames can be studied as frames with different bounds.

Now we define the *-frame operator and compare its properties with ordinary case.

Definition 5.3 Let {x;};c; be a frame for H with pre-«-frame operator 7" and lower
and upper *-frame bounds A and B, respectively. The *-frame operator S : H — H is
defined by Sz =TTz =), (2, 25) A%

The x-frame operator has some similar properties with frame operator in ordinary
frames, but the other properties are different. The main cause of differences is A-valued
bounds. However, the reconstruction formula is given from the x-frame operator.

Theorem 5.4 Let {z;};cr be a *-frame for H with *-frame operator S and lower and up-
per x-frame bounds A and B, respectively. Then S is positive, invertible and adjointable.
Also, the following inequality [|[A71||72 < ||S|| < ||B|* holds, and the reconstruction
formula z =,/ (z, S~1a;) az; holds for all x € H.

In the following corollary, we see that x-frames can be studied as frames with different
bounds.
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Corollary 5.5 Let {z;}ics be a *frame for H with pre-x-frame operator T" and lower
and upper *-frame bounds A and B, respectively. Then {z;};cr is a frame for H with
lower and upper frame bounds ||(T*T)~!||=! and ||T||?, respectively.

5.1 x-g-Frames

The following definition was introduced independently by Alijani [1] and Bounader [4],
which is a generalization of g-frames.

Definition 5.6 [il, @] We call a sequence {A; € End%(H,V;) : i € I} a *-g-frame in
Hilbert .A-module H over a unital C*-algebra with respect to {V; : i € I} if there exist
strictly nonzero elements A adn B in A such that for all x € H,

Az, z) 4A* < Z<Ai$, Aix) 4 < Bz, z)4B*. (9)
icl

The elements A and B are called lower and upper bounds of the x-g-frame, respectively.
If A= B = )\, the x-g-frame is A;-tight. If A = B = 1, it is called an *-g-Parseval frame.
If the sum in the middle of (8) is convergent in norm, the *-g-frame is called standard.

Example 5.7 Let {x;}ic1 be a *-frame for H with bounds A and B, respectively. For
each i € I, we define A; : H — A by Ajz = (z,2;) 4 for all x € H. A; is adjointable and
Aja = ax; for each a € A, and we have A(x, x) 4A* < Y, (@, x3) 4z, ®) 4 < Bx, ) 4 B*
for all 2 € H. Then Az, 2) 4A* < >,/ (T, Tix) < B(x,x) 4B* for all z € H. So, {A;}ier
is a #-g-frame with bounds A and B, respectively, in H with respect to A.

Remark 2

(1) The set of all g-frames in Hilbert A-modules can be considered as a subset of
x-g-frames.
(2) We see that x-g-frames can be studied as g-frames with different bounds.

Now we define the *-g-frame operator.

Definition 5.8 Let {A; € End%(H,V;) : i € I} be a x-g-frame for H with lower and
upper *-g-frame bounds A and B, respectively. The %-g-frame operator S : H — H is
defined by Sz =), ; Aj Az

The *-g-frame operator has some similar properties with g-frame operator, but the
other properties are different. The main cause of differences is A-valued bounds. However,
the reconstruction formula is given from the *-g-frame operator.

Theorem 5.9 Let {A; € End%(H,V;) : i € I} be a xg-frame for H with *-g-frame
operator S and lower and upper x-g-frame bounds A and B, respectively. Then S is
positive, invertible and adjointable. Also, the inequality [|A~1||72 < ||S|| < ||B||* holds,
and the reconstruction formula = = ), ; AN ST = Yicr S~LArA;z holds for all
x €H.

In the following corollary we see that x-g-frames can be studied as g-frames with
different bounds.

Corollary 5.10 Let {A; € End%(H,V;) : i € I} be a xg-frame for H with pre-x-g-
frame operator T' and lower and upper x-g-frame bounds A and B, respectively. Then
{A; € Endy(H,V;) : i € I} is a g-frame for H with lower and upper g-frame bounds
|[(T*T)~Y|=* and ||T|?, respectively.
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Theorem 5.11 Let {A; € End(H,V;) : i € I}. If the operator 6 : ®;c;V; — H defined
by 0({xi}ier) = Y icr Ajxi is surjective, then {A;}icr is a *-g-frame for H.

Proof. For each x € H,

i€l

> (z, AfAiz)

i€l

(x, > AfAiz)

i€l

< 2|

> A

i€l

< [l 10 Az ier) |l

1
2

< Nl 101 I{AiYierl < ll=ll 1611 || > (A, Asz)

iel
Thus, || ;e (Asz, Aiz) | * < [10]] l]]. So,
S (A, A | < 612 ]2, Ve e M. (10)
el

Since 6 is surjective, by Lemma P77 there exists v > 0 such that ||0*z|| > v||z|| for all
x € H. Therefore, 6 is injective. Hence 0* : H — R(6*) is invertible, and for each x € H,
(Ojpigr))~ 6% = 2. So, for cach & € M, |l = | (8] (p0) 0% < 1G]~ 6%
Hence,

el

. (11)

1O o) M7 Nl <

From (M) and (I0), {A;}ier is a *-g-frame for . [ |

Theorem 5.12 Let {A;};er be a x-g-frame for H. If {T';};cs is a *-g-Bessel sequence for
H with respect to {V; : i € I'} and the operator F': H — H defined by Fx =3, i Az
is surjective, then {I';};cr is a *-g-frame for H.

Proof. Since {A;}icr is a x-g-frame for H, we have a *-g-frame transform 7' : ‘H —
®icrV; defined by Tx = {A;x}cr. Now, the operator K : @;crVy, — H defined by
K({zi}ier) = > ;e I x; is well-defined. Since

= sup
llyl=1

ZF:CL}

il

= sup (> Tiziy)

lyll=1| %7

> (i, Tay)

icl

1 1
2 2
< sup || (wi, i)

lyll=1 ||

> Ty, Tiy)

il

< P, {zitierllll(y, )12 = [{zi}ietll,
y =

For each z € H, we have F'x = ), ;IiAjx = KT=x; that is, F' = KT. Since F is
surjective, for each x € H there exists y € H such that Fy = x, which implies x = Fy =
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KTy and Ty € @®;c7V; and so K is surjective. From Theorem BT, we conclude that
{Ti}ier is a *-g-frame for H. [ ]

Now, we study *-g-frames in two Hilbert C*-modules with different C*-algebras.

Theorem 5.13 Let (H,A,(.,.)4) and (H,B,(.,.)5) be two Hilbert C*-modules, ¢ :
A — B be a x-homomorphism and 6 be an adjointable map on H such that (0x, 0y)g =
o({(x,y)4) for all x,y € H. Also, suppose that {A;}icr is a *-g-frame for (H, A, (.,.)4)
with x-g-frame operator S, and lower and upper bounds A and B, respectively. If 0 is
surjective and OA; = A;0 for all i € I, then {A;}ier is a *-g-frame for (H, B, (.,.)5) with
x-g-frame operator Sp and lower and upper bounds ¢(A) and ¢(B), respectively, and
(Sgbz,0y)s = ¢((Saz,y)A).

Proof. Let y € H. Since 6 is surjective, there exists x € H such that 6z = y, and we
have A(z, x) 4A* < Yo (Miz, Aiz) 4 < B{z,x) 4B*. Thus,

S(Alw, 2) 4A") < (D (Niw, Ajw)a) < S(B(z, ) 4B").

el

By definition of x-homomorphism, we have

S(A)p((x,2) A)B(A*) < (A, Aiw) 4) < $(B)$((w, 2) 4)d(B).

iel

By the relation betwen 6 and ¢, we get

S(A) (Y, v)sd(A)* <D (Aiy, Aiy)s < ¢(B){y, y)sd(B)*".

el
On the other hand, we have
S((Saz,y)a) = (> AfAiz,y)a) = Y d((Aiz, Ay)a)
el el
=Y (Mibz, Aiby)s = (Y AjAibx, 0y)s = (S0, 0y) 5.
el i€l
This completes the proof. [ |

Theorem 5.14 Let {A; € End%(H,V;) : i € I} be a xg-frame for H with lower and
upper bounds A and B, respectively. Let § € End’(H) be injective and have a closed
range. Then {#A;}ics is a *-g-frame for H.

Proof. We have A(x,2)A* <>, ;(Aiw, Ajx) < B{w,x)B* for all z € H. Then

> (00, 00ix) < [|6]]° Bla,2) B < (||0]|B)(x, x)(|[6]|B)*. (12)

i€l

By Lemma 8, we have [|(6°0) ||~ (Aiz, Aiz) < (0Aiz,0A;z) for cach = € H and
101172 < [|(6*0) || ~*. Thus,

167117 Al ) (11671 A)* < Y (0N, OAz). (13)
el
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From ([2) and (I3), we have
167117 A, 2) (1107171 A)* < Y (0Ai, OAsz) < ||6]]°B(a, ) B* < (1|6]|B){z, ) (||6]|B)".
el

for each x € H. Hence, {0A;}ics is a *-g-frame for H. [ ]

6. K-Frames

Definition 6.1 [I7] Let K € End(H). A family {z;};cs of elements of H is a K-frame
for H, if there exist two positive constants A and B such that for all z € H,

A<K*$aK*$>A < Z<$,$i>A<$i,x>A < B<IE,LE>A. (14)
el

The numbers A and B are called lower and upper bounds of the K-frame, respectively.

The following theorem give a condition for getting a frame from a K-frame.

Theorem 6.2 Let {z;};c; be a K-frame for H with bounds A, B > 0. If the operator
K is surjective, then {z;};cr is a frame for H.

Proposition 6.3 A Bessel sequence {z;};c; of H is a K-frame with bounds A, B > 0 if
and only if S > AKK*, where S is the frame operator for {z;}ic;.

7. K-g-Frames

Definition 7.1 [24] Let K € End(H) and A; € End’y(H,V;) for all i € I, then {A;}ier
is said to be a K-g-frame for ‘H with respect to {V; };er if there exist two constants C, D >
0 such that C(K*z, K*x) 4 < Yo (Mix, Ajx) 4 < D(x,x) 4 for all x € H. The numbers
C and D are called K-g-frame bounds. Particularly, if C(K*z, K*z) = Y. (Aiz, Aiz)
for all x € H, the K-g-frame is C-tight.

i€l

Example 7.2 Let [*° be the set of all bounded complex-valued sequences. For any u =
{ujtien, v = {vj}jen €17, we define uv = {u;jv;}jen, u* = {u;}jen, |ull = supjey |u;l.
Then A = {I*,||.||} is a C*-algebra. Let H = Cj be the set of all sequences converging
to zero. For any w,v € H, we define (u,v) = uv* = {u;1u;}jen. Then H is a Hilbert
A-module. Now, let {e;};en be the standard orthonormal basis of H. For each j € N
define the adjointable operator A; : H — span{e;} by Ajz = (z,e;)e;, then we have
Y jen(Ajz, Ajz) = (z,2) for every x € H. Fix N € N* and define

o <N,
KﬁH%H,Kq:{ﬁ]%Z
0 if j > N.

It is easy to check that K is adjointable and satisfies

Koo {jej if j <N,
=

0 ifj>N.
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1
For any = € H, we have ﬁ<K*x,K*$> < Y ien(Ajz, Ajz) = (z,z). This shows that

jEN
1

{A;}jen is a K-g-frame with bounds e and 1.

Remark 3 If K € End(H) is a surjective operator, then every K-g-frame for H with

respect to {V;}ier is a g-frame.

Theorem 7.3 Let {A;};er be a K — g frame in Hilbert A module H and T' € End’(H)
such that R(T) C R(K). Then {A;}icsr is a T — g-frame in Hilbert .A-module H.

Proof. Suppose that C' is a lower frame bound of {A;};c;. There exists a > 0 such that
TT* < o’ KK*. Now, for each = € H, we have (I'T*z,x) 4 < o*(KK*x,z) 4. So,

e ) 4 < O, )4 < 3 (i, M) a < Dl )4
i€l

Theorem 7.4 Let {A;},c; be a K — g- frame in Hilbert A-module H. Assume that K
has a closed range and T' € End’(#H) such that R(T*) C R(K). Then {A;T*}icr is a
K — g- frame for R(T) if and only if there exists 6 > 0 such that for each x € R(T),
[T ]| = o[ K~ ].

Proof. Suppose that {A;T*};cs is a K-g-frame in Hilbert .A module H with a lower frame
bound E > 0. If F' is an upper frame bound of {A;};cr, then we have E(K*x, K*x) 4 <
Yier(NiT 2, A;T*x) 4 for each x € R(T). Thus,

B(K*z, K*z)4 < Y _(NT"2, AT 2) 4 < F{T*2, T*z) 4
i€l

and

BI(K" e, K*2) 4]l < |3 (AT 2, AT 2) all < P (T, ") ]
iel

Hence, E||K*z||?< F||T*z|?* and \/EHK*MK ||T*x|| for the opposite implication. For

each x € H, we have ||T*z||= ||(K")*K*T*z||< ||(K")|||K*U*z||. Therefore, if E is a
lower frame bound of {A;}cr, we have

E&YKT||"2(K*z, K*z) < E|KT||~2(T*z, T*z) < E| K*T*z||*< Z(AiT*x,AiT*x)A.
el

For the upper bound, it is clear that » . (AT*z, AT z)4 < F(T*2,T*z)4 <
F||IT)|?(x, x) 4. So, (A;yT*)ies is a K — g-frame in Hilbert A-module H with frame bounds
E6?||KT||=% and F||T|? . |

Theorem 7.5 Let {A;}icr be a K — g-frame in Hilbert A-module H and the operator K
has a dense rang. Assume that T' € End’(H) has a closed range and T and 7™ commute.
If {A;T*}ier and {A;T}ier are K — g-frame in Hilbert A- module #H, then T is invertible.

Proof. Suppose that {A;7*};cr is a K — g-frame in Hilbert A module H with a lower
frame bound A; and By. Then Ay (K*x, K*x) 4 < ) ;o (AMT* 2, \iT*x) 4 < Bi(x, )4 for
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each x € H. Hence,

1AL (K, K ) al|< 11D (AT, AT ) 4|l < || Bu, @) all (15)
el

and A | K*z||>< |3,/ (AT 2, A;T*z)||< By ||z||?. Since K has a dense range, K* is in-
jective. Moreover, R(T) = (ker T*)* = H and so T is surjective. Suppose that {A;T*}icr

is a K — g-frame in Hilbert A module H with a lower frame bound A, and By. Then, for
each x € H, Ap(K* 2, K*x) 4 < D ;e /(AT w, AjT*x) 4 < Ba(x,x) 4, which implies that

A2 (K, K*2) all < 1) (AT, AT ) a||< || Ba(z, ) Al
iel

and Ao|| K*z|?< |3 ;e /(AT 2, AiT*z) 4||< Bollz||? and since kerU C ker K*, T is in-
jective and hence, T is an invertible operator. [ ]

Theorem 7.6 Let {A;};cr be a K —g-frame in Hilbert A- module # and T' € End’(H)
be a co-isometry (i.e. TT* = Idg) such that TK = KT. Then {A;T*}icr is a K —g-frame
in Hilbert A-module H.

Proof. Suppose {A;}icr be a K — g- frame in Hilbert .A-module H with a lower frame
bound A; and Bj. For each x € H, we have ), (AT*x, AiT*x) 4 < Bi(T*2,T*x) 4.
Hence, Y ;o (AT 2z, AiT*z) 4 < B1||T*||*(z,z) 4. So, {AiT*}icr is a g-Bessel sequence.
For the lower bound, we can write

D (NT 2, T ) 4 > Ay(K T 2, K*T ) 4
el

TK)*z, (TK)*z) .4
KT)*z,(KT)*z)

A

Theorem 7.7 Let A := {A; € End(H,V;)}icr and © := {O; € End(H,V;)}ier be
tow K —g- Bessel sequences in Hilbert .A- module H with bounds By and Bg respectively.
Suppose that Ty and T, are their synthesis operators such that Ty Ty = K*. Then A
and © are K and K* — g-frames, respectively.

Proof. For each x € H, we have
1K 2|? = |(K*z, K*2) all= |(ToTiz, K*z) all< | T ||| T5 K |

< O (M, M) )2 Bo | (K2, K*a) Al
el

So, ||<K*?L‘,K*ZL‘>A||< ZieI<Ai$7Aix>AB®' u
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8. x-K-Frames

Definition 8.1 [6] Let K € End’y(H). A family {x;};cr of elements of H is a *-K-frame
for H if there exist strictly nonzero elements A and B in A such that for all x € H,

A(K ", K*2) 4 A" < S, 25) alai, 1) 4 < Blz, z) 4B
el

The elements A and B are called lower and upper bound of the x-K-frame, respectively.

Remark 4 Every x-frame is a *-K-frame.

9. =x-K-g-Frames in Hilbert A-modules

Definition 9.1 [21] Let K € End%(H). We call a sequence {A; € End¥(H,H;) : i €
I} a x-K-g-frame in Hilbert A-module X with respect to {H; : i € I} if there exist
strictly nonzero elements A, B in A such that A(K*z, K*z) 4A* < >, (M, M) 4 <
B(x,z) oB* for all x € H. The numbers A and B are called lower and upper bounds of
the x-K-g-frame, respectively. If A(K*z, K*z)A* = 3. (Ax, Asx) for all © € H. The
x-K-g-frame is A-tight.

Remark 5 [Z1]

(1) Every x-g-frame for H with respect to {H; : i € I} is a *x-K-g-frame, for any
K € End’(H): K #0.

(2) If K € End%(H) is a surjective operator, then every *-K-g-frame for H with
respect to {H; : i € I} is a x-g-frame.

Example 9.2 [21] Let H be a finitely or countably generated Hilbert A-module. Let
K € End(H): K # 0. Let A be a Hilbert .A-module over itself with the inner product
(a,b) = ab*. Let {x;};c; be a x-frame for H with bounds A and B, respectively. For
each i € I, we define A; : H — A by Ajz = (z,x;) for all z € H. A; is adjointable and
Aja = az; for each a € A, and we have Az, 2)A* < ) . (z, ;) (7, 2) < B(w,z)B* for
all z € H or (K*z, K*z) < ||K||*(x,z) for all z € H. Then

1K~ A 2, ) (| K| 7 A) <Y (N, M) < Bla, o) B, Va € H.
el

So {A;}ies is a *-K-g-frame for H with bounds ||K||~!A4 and B, respectively.

Let {A;}ier be a x-K-g-frame in H with respect to {#; : i € I}. Define an operator
T :H — ®ierH; by Te = {Ajz};,Vx € H, then T is called the analysis operator.
So it’s adjoint operator is T : ®erH; — H given by T*({zi}i) = > ;o Ajz; for all
{zi}i € ®ierHi. The operator T* is called the synthesis operator. By composing T and
T*, the frame operator S : H — H is given by Sz = T"Tx = ), ; AfAjx. Note that S
need not be invertible in general. But under some condition S will be invertible.

Theorem 9.3 [21] Let K € End(H) be a surjective operator. If {A;};cr is a *-K-g-
frame in H with respect to {#,; : i € I'}, then the frame operator S is positive, invertible
and adjointable. Moreover, we have the reconstruction formula z = Y, ; A¥A; Sz for
all z € H.

Proof. Result of [2] in Remark @ and Theorem 3.8 in []. [ |

iel
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Let K € End’(H). Now, using a *-g-frame, we constructed a *-K-g-frame.

Theorem 9.4 [21] Let K € End(H) and {A;};cr be a x-g-frame in H with respect
to {H; : © € I} with bounds A and B. Then {A;K}er is a - K*-g-frame in H with
respect to {H; : @ € I} with bounds A and ||K||B. The frame operator of {A;K }ier is
S" = K*SK, where S is the frame operator of {A;};cr.

Proof. Form A(x,z) 4A* <>, (Niw, Ajx) 4 < B(x,x)4B* for all x € H, we get

A(Kz, Kz) 4 A" < (MK, \iKz) 4 < B(Kz, K2) AB* < | K||Blx,z) (||| B)".
el

Then {A;K }ier is a - K*-g-frame in H with respect to {H; : ¢ € I'} with bounds A and
| K||B. By definition of S, we have SKz =, ; AfA; Kx. Then

K*SKx=K*Y AAKz =) K*AjAKz.
i€l el

Hence, S = K*SK. [ |

Corollary 9.5 [21] Let K € End’(H) and {A;}icr be a *-g-frame. Then {NST K }ier
is a *-K*-g-frame, where S is the frame operator of {A;};cr.

Proof. Result of the Theorem 4 for the *-g-frame {A; S~ 1};c;. [ |
Remark 6 Note that
o If A,B € C and K = I in Definition we find the definition of the g-frame.

o If A, B € C in Definition we find the definition of the K-g-frame.
o For K =1 in Definition we find the definition of the x-g-frame.

10. Operator frame

Definition 10.1 [22] A family of adjointable operators {T;};cy on a Hilbert .A-module
H over a unital C*-algebra is said to be an operator frame for End%(H) if there exists
positive constants A, B > 0 such that

Az, z) <> (Tiw, Tix) < Blz,z), VoM. (16)
)

The numbers A and B are called lower and upper bounds of the operator frame, respec-
tively. If A = B = ), the operator frame is A-tight. If A = B = 1, it is called a normalized
tight operator frame or a Parseval operator frame. If only upper inequality of (IH) hold,
then {T;}icy is called an operator Bessel sequence for End’(H). If the sum in the middle
of (IH) is convergent in norm, the operator frame is called standard.

Throughout the paper, series like (@) are assumed to be convergent in the norm sense.

Exzample 10.2 [22] Let A be a Hilbert C*-module over itself with the inner product
{(a,b) = ab* and {x;};c; be a frame for A with bounds A and B, respectively. For each
i €I, wedefineT; : A — Aby Tjx = (x,x;) for all z € A. T; is adjointable and T*a = az;
for each a € A, and we have A(z,x) < ) . /(z, ;) (7, z) < B(z,z) for all v € A. Thus,
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Alz,z) < Y, (Tix, Tix) < Bz, z),Vo € A. So, {T;}ier is an operator frame in A with
bounds A and B, respectively.

Exzample 10.3 [?2] Let H and K be separable Hilbert spaces and let B(H,K) be the
set of all bounded linear operators from #H into K. B(H,K) is a Hilbert B(K)-module
with a B(K)-valued inner product (S,T) = ST* for all S,T € B(H,K), and with a
linear operation of B(K) on B(H,K) by composition of operators. Let J = N and fix
(a;)ien € [?(C). Define: T;(X) = ;X for all X € B(H,K) and i € N. We have for all
X € B(H,K) that 3, (Tiz, Tiz) = 3 en lai (X, X), and {T;}ien is e |as|*-tight

operator frame.

Ezample 10.4 [22] Let {W;}icy be a frame of submodules with respect to {v;}iey for
H. Put T; = vymw,, Vi € J, then we get a sequence of operators {7} };cy. Then there exist
constants A, B > 0 such that A(z,z) < Y, ., v (mw,z, mw,z) < Bz, z) for all z € H. So,
we have A(x,z) < Y . y(Tix, Tix) < B(z,x) for all x € H. Thus, the sequence {T;}icy
becomes an operator frame for H.

In this example, a frame of submodules can be viewed as a special case of operator
frames.

Theorem 10.5 Let {T;};c; be an operator frame for End*(#) with bounds v and 6. If
{Ri}icr C End’y(H) is an operator Bessel family with bound & < v, then {T; F R; };cy is
an operator frame for End’(H).

Proof. We just proof the case that {7, + Ry }weq is an operator frame for End’ (H).
On one hand, for each x € H, we have

(T + Ra) fierll = 11D (T + Ri) £, (Ti + Ri) f) all2
el
< 1T fYierll + I1{Rif Yie |
=D ATETif)allz + 1> (Rif, Rif) all2

il i€l
< VAIIFI+ VENLL

Hence,
I3 (T4 R, (T +R)f)all? < (V3 +VEf]- (17)
One the other hand, we have
T+ Rl =1 3ACT:+ R, (T, + R)f)all*
> T fierll = I{B: e
=D AT Tif)allz = 1Y (Rif, Rif)all?

icl icl

> Vol fIl = VEISI-
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Then

N

I AT+ Ra) £ (Ti+ Ro) fall> > (Vv = VOIS (18)

el

From (I7) and (I8), we get

(Vv = VEPIFI? < I YT + R)F, (Ti+ R fall < (V6 + VO3 fI”

iel
Therefore, {T; + R;}icr is an operator frame for End’ (H). [ |

Theorem 10.6 Let {T;};c; be an operator frame for End’(H) with bounds v and §
and let {R;}icr C End’y(H). The following statements are equivalent:

(i) {Ri}ier is an operator frame for End’ (H).

(ii) There exists a constant £ > 0 such that for all x € H,

1> (T = R) f,(Ti = Ra) f) all < &min(|| D _(Tfs Tif)all, | Y (Rt Rif)al))- (19)

i€l i€l i€l

Proof. Suppose that {R;};cr is an operator frame for End’(#H) with bound 1 and p.
Then for all f € H we have

(T = R) Fhietll = 1D _((T = R) £ (T — R) ) all> < I{TifYier|l + I{Rif et
el
= (T f. Tof)allz + 1Y (Rif, Rif)allz < I _ATf, Tif) all= + /5l £l
el el
IS T T Al + \fHZ (Tf, o) all
i€l i€l
=+ /DI s Tl
i€l

In the same way, we have

1Y (T = R)f, (T = Ri) f)a ||é<<1+\/5) I (Rif, Rif)all=.

el el

For (M), we take & = min(1 + \[ 1+ f ). Now, we assume that (I9) holds. For each

ff H, we have from () that || >, /(T — Ri) f, (T — Ri) flall < &l X2;cr(Rif, Rif)all-
Then

I T Tif)allz < VEIND (Rif Rif)allz + 1Y (Rif, Rif)all>

el i€l i€l
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Hence,
VALY (Tf Tof)all? < (L VOI D (Rif, Rif)all> (20)
i€l i€l
Also, we have

I{RifYictll = 1) (Rif, Rif)all

el
= {(Rif = Tif) + Tif Ve
<T@ = Ri) et + T3 f et
= 1> (T = R)F, (T = R) f)allz + 1Y _(Tif Tif) all.

el el

From (), we have |3 ;c/((Ti — Ro)f,(Ti — Ro)f)all < €l 2ier(Tif, Tif)all- Then
1> ser(BRif, Rif)all> < (L4 VO Xie(Tif Tif)all= - So,

<1+ VEVSIf- (21)

=

1Y (Rif, Rif) 4l

el

From (2M) and (E0), we get 7% 1 fI1* < | X (Rifs Rif) all < 6(1++/)?||f||?. There-

fore, {R;}icr is an operator frame for End’ (H). [ |

Theorem 10.7 Let {T};}ic; C End’(H) be an operator frames with bounds A, and
By, for k =1,2,....,n and {Ry;}icr C End(H) and L : I*(H) — [*(H) be a bounded
linear operator such that L({> }_; Rk ix}icr) = {Ipiz}ier for some p € {1,2,..,n}. If
there exists a constant A > 0 such that

| Z<(Tk,i — Ryi)x, (T — Rig)w)all < Al Z<Tk,ix7Tk,ix>A”
icl iel

for each # € H and k = 1,..,n, then {37, Ry ;}ics is an operator frame for End’(H).

Proof. For all z € H, we have

D Riaabierll < ) I Buiabierll < Y (HTki — Ruiatier|l + I{Triadierll)
k=1 k

<@+ VI Tz biedl < @+ VAN VB @, z) all .
k=1 k=1

n n

1 k=1

Since we have ||[L({}_y_; Riiz}icr)l| = |{Tpix}icr| for any x € H, then

VA, 2 all? < I{Tparhier|l = 1L Regadien) | < ILINILY . Riiaier-
k=1 k=1
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Hence, —mH(m,x)AH% <> r_q Riix}icrl for all € H. Therefore,

VAl < I RBeshierll < (04 VA VBl )l
k=1 k=1

This gives that {> ;| Rk }icr is an operator frame for End’(H). [ |

11. K-operator frame

Definition 11.1 Let K € End%(H). A family of adjointable operators {T}};cy on a
Hilbert A-module H over a unital C*-algebra is said to be a K-operator frame for
End*(H) if there exists positive constants A, B > 0 such that

A(K*z, K*z) <Y (Tiw,Tyz) < Blw,z), Vo€ H. (22)
1€]

The numbers A and B are called lower and upper bound of the K-operator frame,
respectively. If A(K*x, K*x) = Y. (Tix, Tix), the K-operator frame is A-tight. If A = 1,
it is called a normalized tight K-operator frame or a Parseval K-operator frame.

Example 11.2 Let [*° be the set of all bounded complex-valued sequences. For any
u = {uj}ljen,v = {vj}jen € 1%, we define uv = {ujv;}jen, v* = {uj}jen and [juf| =
supjey |tj]. Then A = {I°°, ||.||} is a C*-algebra. Let H = Co be the set of all sequences
converging to zero. For any u,v € H, we define (u,v) = uv* = {u;u;}jen. Then H is a
Hilbert A-module. Now, let {e;};en be the standard orthonormal basis of H. For each
J € N, define the adjointable operator T : H — H by Tjz = (x,ej)e;. Then for every
x € H, we have ) . (Tjx, Tjz) = (z,z). Fix N € N* and define

e ifj <N,
K:H—H, Kej—{je] 1‘]
0 it j > N.

It is easy to check that K is adjointable and satisfies

Koo {jej if j <N,
=

0 if j > N.

1
For any = € H, we have W(K*m,K*@ < Yjen{Tjz, Tjz) = (x,z). This shows that

1

{T}}jen is a K-operator frame with bounds N2 L

One may ask for the class of operators K which can guarantee the existence of K-
operator frame for End* (H). The following remark and proposition answer this query.

Remark 7 Every operator frame is a K-operator frame for any K € End’(H) where
K # 0. Indeed, for any K € End’(H), the inequality (K*z, K*z) < ||K||*(z,z) for all
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x € H holds. Now, if {T;}icy is an operator frame with bounds A and B, then

A|K||72(K*z, K*z) < Alz, z) < Z<T’Z1’,’T1I> < B(x,z), VzeH.
€]

Therefore, {T;}icy is a K-operator frame with bounds A||K||~2 and B.

12. K-operator frame in tensor products of Hilbert C*-modules

Suppose that A and B are C*-algebras and take A ® B as the completion of A ®4, B
with the spatial norm. A ® B is the spatial tensor product of A and B. Also suppose that
‘H is a Hilbert A-module and K is a Hilbert B-module. We want to define H ® K as a
Hilbert (A ® B)-module. Start by forming the algebraic tensor product H ®gq4 IC of the
vector spaces H, IC (over C). This is a left module over (A ®44 B) (the module action
being given by (a ® b)(z ® y) = ax ® by, where a € A, b € B, x € H and y € K). For
1,22 € H and y1,y2 € K, we define

(1 ® Y1, %2 ® Yo) AeB = (T1,%2) A @ (Y1, Y2)B-

We also know that for z = > | 2;®y; € H®uyK, (2, 2) acB = Z” (@i, ) AR (Yi, Yj)B =
0 and (z, 2) aes = 0iff z = 0. This extends by linearity to an (A®;,B)-valued sesquilinear
form on ‘H ®4 K, which makes H ®4;4 K into a semi-inner-product module over the pre-
C*-algebra (A ®gig B). The semi-inner-product on H ®44 K is actually an inner product,
see [16]. Then H ®414 K is an inner-product module over the pre-C*-algebra (A ®q4 B),
and we can perform the double completion discussed in chapter 1 of [I6] to conclude that
the completion H® K of H®q4 K is a Hilbert (A® B)-module. We call H® K the exterior
tensor product of H and K. With H ,K as above, we wish to investigate the adjointable
operators on H ® K. Suppose that S € End’(H) and T € Endg(K). We define a linear
operator ST on HRK by S T(x®@y) = Sz Ty(r € H,y € K). It is a routine
verification that is S* ® T™ is the adjoint of S® T , so in fact S® T € Endlygyz(H @ K).
For more details see [, 16]. We note that if a € AT and b € Bt | thena®b € (A® B)™.
Plainly if a , b are Hermitian elements of A and a > b , then for every positive element
x of B, we have a® x > b ® .

Theorem 12.1 Let ‘H and K be two Hilbert C*-modules over unital C*-algebras A and
B, respectively. Let {A;};cr C End’(H) be a Ki-operator frame for H and {I';};c; C
Endi(KC) be a Kr-operator frame for K with frame operators Sy and Sr and operator
frame bounds (A, B) and (C, D) respectively. Then {A;®T;}icr jes is a K1 ® Ky-operator
frame for Hibert A ® B-module H ® K with frame operator Sx ® Sr and lower and upper
operator frame bounds AC and BD, respectively.

Proof. By the definition of Kj-operator frame {A;};c; and Ks-operator frame {I';};c s,
we have

ARz, Kiz)a <) _(Aw, Aiw)a < Bz, x)a, Vo € H,
el

C(K3y, K3y)s < Y _(Tju,Tjy)s < D{y,y)s, Yy € K.
jedJ
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Therefore,
(A(Kfz, Kia)a) © (C{E3y, K3y)g) < > _(Niz, Az)a® Y Ty, Ty)s
icl jed
< (Bz,z)4) ® (D{y,y)5), Vo € H,Vy € K.
Then
AC((Kia, Kiz)a @ (K3y, K3y)s) < Y (Aiw, Ax)a @ (Tjy,Tu)5

icl,jed

< BD(<$,£L’>A ® (y,y>3),Vm € vay c K.

Consequently, we have

AC(Kiz ® K3y, Kix @ Ksy)aes < D (MNix @ Ty, Az @Tjy) aes
iel jeJ

< BD(z®y,x ®Yy)aen,Vr € H,Vy € K.

Then, for all z ® y in H ® K, we have

AC((K1 ® K2)*(z ®@y), (K1 ® K2)"(z ® y)) aeB

< ) {(MeT)(ey),(MeT))(z@y)ass < BD(T @y, x @ y) Ass.
el jed

The last inequality is satisfied for every finite sum of elements in H ®4;4 K and then it’s
satisfied for all z € H ® K. It shows that {A; ®T'j }icr jes is a K1 ® Ky-operator frame for
Hilbert A ® B-module H ® K with lower and upper operator frame bounds AC and BD,
respectively. By the definition of frame operator Sy and Sp, we have Sax =) ., AT Az
for all x € H and Sry = ZjeJ %Ly for all y € K. Therefore, we have

el

(SA ® Sr)(l’ ® y) = S\x ® Sty

iel jeJ

= Z Af Az @ 5Ty
iel,jed

= > (A eT)(AreT;y)
iel,jed

= > (AR eTl)(zey)
iel,jed

= ) el eT)(zey).
el jed

Now, by the uniqueness of frame operator, the last expression is equal to Sagr(z ® y).
Consequently, we have (Sy ® St)(z ® y) = Saer(z ® y). The last equality is satisfied
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for every finite sum of elements in H ®4;4 K and then it’s satisfied for all z € H ® K. It
shows that (Sx ® Sr)(2) = Sagr(z). So, Sagr = Sa ® Sr. [ ]

Theorem 12.2 Assume Q € End’(H) is invertible and {A;}ie; C Endygz(H @ K) is
a K-operator frame for H ® K with lower and upper operator frame bounds A and B,
respectively and frame operator S. If K commute with @ ® I, then {A;(Q* ® I)}ier is
a K-operator frame for  ® K with lower and upper operator frame bounds ||Q*~!|| =24
and ||Q||?B , respectively and frame operator (Q ® I)S(Q* ® I).

Proof. Since Q € Endy(H), Q®1 € End},z(H @ K) with inverse Q'®1I. It is obvious
that the adjoint of Q ® I is Q* ® I. An easy calculation shows that for every elementary
tensor z ® v,

Qe D(z@y)|* = 1Q) @yl = 1Q@)*lyI* < IRIPIlyl* = IQI|lz @ yl*.

So @@ ® I is bounded, and therefore it can be extended to H ® K. Similarly, for Q* ® I,
Q ® I is A ® B-linear, adjointable with adjoint Q* ® I. Hence, for every z € H ® K, we
have ||Q*71||71|z] < (Q* @ I)z| < ||Q||.|z]. By the definition of K-operator frames, we
have A(K*z, K*2) a9 < Y _icr{Miz, Niz) aos < B(2,2) agp. Then

AKN(Q @Dz, KNQ" @ 1)2) azs < Y _(A(Q" @ 1)z, Ai(Q" @ 1)2) awis
el
B(Q"® 1)z, (Q" ® I)z) azs
< QI Bz, 2) aes
or
AK(Q* @ 1z, K (Q* @ I)2)ags = A(Q* ® K"z, (Q" ® I)K*2) 4z
> QI TPA(K 2, K*2) aws.

So, we have

1Q* Y| T2A(K* 2, K*2) 405 < Z<Ai(Q* ® 1)z, A(Q* @ I)z) asn < |QI*B(z, 2) acs-

el
Now,
QeNSQ N =(QaND _AA)Q &)
i€l
=Y (Qe@DAA@Q ® )
el
=) (A (Q @ D) M(Q R T),
i€l
which completes the proof. [ |

Theorem 12.3 Assume that Q € Endy(K) is invertible and {A; }ie; C End’ygz(H @ K)
is a K-operator frame for H ® K with lower and upper operator frame bounds A and B
respectively and frame operator S. If K commute with I ® @, then {A;(I ® Q*)}ier is
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a K-operator frame for % ® K with lower and upper operator frame bounds ||Q*~!|| =24
and ||Q|> B respectively and frame operator (I ® Q)S(I ® Q*).

Proof. Similar to the proof of the previous theorem. [ ]

13. K-operator frame in Hilbert C*-modules with different
C*-algebras

Studying operator frame in Hilbert C*-modules with different C*-algebras is interesting
and important. In the following theorem we study this situation.

Theorem 13.1 Let (H,A,(.,.)4) and (H,B,{.,.)5) be two Hilbert C*-modules and let
¢ : A — B be a *-homomorphism and 6 be a map on H such that (0z, 0y)p = ¢({(z,y).4)
for all z,y € H. Also, suppose that {A;},c; C End%(H) is a K-operator frame for
(H, A, (.,.)4) with frame operator S4 and lower and upper operator frame bounds A
and B, respectively. If § is surjective, 0 K* = K*0, 0A; = A;0 and A7 = A70 for each ¢ in
I, then {A;}ier is a K-operator frame for (H, B, (., .)s) with frame operator Sz and lower
and upper operator frame bounds A and B, respectively and (Sgfz, 0y)p = o((Sax,y) 4)-

Proof. Let y € H then there exists z € H such that 0z = y (0 is surjective). By the
definition of K-operator frames, we have A(K*x, K*x) 4 < Y ;o (Aiz, Aiz) 4 < B{z,2)4
and p(A(K*z, K*z)4) < 03 icr{Aiz, Aix)4) < p(B(z,7)4). By the definition of x*-
homomorphism, we have Ap((K*z, K*z)4) < Y ;cpe((Aiw, Aiw)a) < Bo({z,2)4).
By the relation betwen 6 and ¢, we get A(0K*z,0K*x)pg < ) ;c;(0Niz,0Mx)5 <
B(fOx,0zx)p. By the relation betwen 6, K* and A;, we have

A(K*0x, K*0x) < Y _(Aibx, Aibx)p < B{fz,0x)p.
el

Then A(K*y, K*y)5 < >_;cr(Niy, Aiy)s < By, y)s for all y € H. On the other hand,

((Saz,y)a) = o (AN, )a) = 3 (A, Ag)a) = S (0Ai, 05

il icl il
= (Mibz, Miby)p = (O AjAibz, 0y)p = (Spba, Oy) 5.
il icl
This completes the proof. [ |

14. Duals of K-operator frame

In the following we define the Dual K-operator frame and we give some properties.

Definition 14.1 Let K € End’(H) and {A; € End’(H),i € I} be a K-operator frame
for the Hilbert .A-module H. An operator Bessel sequences {I'; € End’(H),i € I} is
called a K-duals operator frame for {A;}ier if Kf =3 ,c; AjT;f for all f € H.

Example 14.2 Let K€ End4*(H) be a surjective operator and {A; € End(H),i € I}
be a K-operator frame for H with K-frame operator S, then S is invertible. For all
[ € H, we have Sf = > . .;AjAif. So Kf = ZieIA;kAiS_le. Then the sequence
{A;S7'K € End*(H),i € I} is a dual K-operator frame of {A; € End%(H),i € I}
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Theorem 14.3 Let {A;}icr and {I'j}c;s are K-operator frame and L-operator frame
respectively in H and K with duals {A;};er and {T;} e respectively, then {A;@T;}; jer.s
is a dual of {A; ® I';}; jer,J-

Proof. By definition, for all + € H and y € K, we have ) ., ; Af&m = Kz and

deJ I’]F]y = Ly. Then

(KoL)(z®y) =Kr® Ly = ZA;‘&aﬁ@ZF;ij

iel jeJ
and
S Rae Y= ¥ Akwe iy
i€l JjeJ v,jel,J
= Y (AjeT)).(AzoTjy)
i,j€l,J
= ) (Nel) (Ahel)).(zey)
i€l
Thus {Al & f'}ije[ J is a dual of {Az QI '}i’jej J- |
Corollary 14.4 Let {A;;}o<i<n;jes be a family of Kj-operator frames such that 0 <
1 < n and {A”}O<Z<RJEJ their dual. Then {AOJ ® Alj ...... ® A n,jtjes is a dual of
{AQ’J ® ALJ ...... QA ’]}JGJ

15. x*-operator frame

Definition 15.1 [12] A family of adjointable operators {T;};c; on a Hilbert A-module
H over a unital C*-algebra is said to be a x-operator frame for End’(H), if there exists
two strictly nonzero elements A and B in A such that

Az, 2)A* < (Tix, Tiz) < Blz,x)B*, Vz € H. (23)
el

The elements A and B are called lower and upper bounds of the x-operator frame,
respectively. If A = B = A, the x-operator frame is A-tight. If A = B = 14, it is called a
normalized tight *-operator frame or a Parseval #-operator frame. If only upper inequality
of (23) hold, then {T;};¢; is called an *-operator Bessel sequence for End’(H).

We mentioned that the set of all of operator frames for End’ () can be considered
as a subset of x-operator frame. To illustrate this, let {T}};c; be an operator frame for
Hilbert A-module H with operator frame real bounds A and B. Note that for z € H,

(VA Lz, 2) a(VA)IA <D (T, Tix) < (VB)1a(, 2) 4(VB)1a.

il

Therefore, every operator frame for End’ (H) with real bounds A and B is a *-operator
frame for End’(H) with A-valued #-operator frame bounds (V'A)14 and (v B)1g.
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Ezxzample 15.2 [12] Let A be a Hilbert C*-module over itself with the inner product
(a,b) = ab* and {x;}icr be a *-frame for A with bounds A and B, respectively. For
each i € I, we define T; : A — A by T;x = (z,x;) for all x € A. T; is adjointable and
Ta = ax; for each a € A, and we have A(x,x)A* < Y . (z, ;) (w;, x) < B(x,2)B* for
all z € A. Then Az, x)A* < Y, [(Tix, Tix) < B{x,z)B* for all x € A. So {T;}icr is a
x-operator frame in A4 with bounds A and B, respectively.

Exzample 15.3 [[2] Let {W;};cy be a *-frame of submodules with respect to {v;};ey for
H. Put T; = vymw, for all i € J, then we get a sequence of operators {7} }icy. Then there
exist A, B € A such that A(z,z)A* < Y, ;v (mw,z, Tw,x) < B{z,z)B* for all z € H.
So, we have A(x,z)A* < . (Tix, Tix) < B(x,x)B* for all © € H. Thus, the sequence

{T;}icy becomes a x-operator frame for H.

With this example a *-frame of submodules can be viewed as a special case of *-
operator frames.

Remark 8 The examples 3.3 and 3.4 in [1] are examples of x-operator frame.

16. x-K-operator frame

Now, we define the *-K-operator frame for End’(H).

Definition 16.1 [23] Let K € End’(H). A family of adjointable operators {T;};cs, on a
Hilbert .A-module H over a unital C*-algebra is said a *-K-operator frame for End’(H)
if there exists two nonzero elements A and B in A such that

A(K*z, K*5)A* <Y (Tix, Tix) < B(w,2)B*,Vx € H. (24)
el

The elements A and B are called lower and upper bounds of the *-K-operator frame,
respectively. If A(K*z, K*x)4A* = ), j(Tixz, Tix) 4, the x-K-operator frame is an A-
tight. If A = 1, it is called a normalized tight *-K-operator frame or a Parseval x-K-
operator frame.

Example 16.2 [23] Let [*° be the set of all bounded complex-valued sequences. For
any v = {uj}jen,v = {vj}jen € (*°, we define wv = {u;v;}jen, v* = {u;};en and
|ul| = sup;ep |uj]. Then A = {I°°,||.||} is a C*-algebra. Let H = Cp be the set of all null
sequences. For any u,v € H, we define (u,v) = uwv* = {u;u;}jen. Then H is a Hilbert
A-module. Define f; = {f/}ien- by f/ =2+ 1ifi=jand f/ =0if i # j for all j € N*,
Now, define the adjointable operator T : H — H by Tj{(x;)i} = (x; fij )i- Then, for every
x € H, we have

1 1 1 1
Z<zjazj> = {5 + ;}z‘eN* <$,$>{§ + ;}z‘eN*-
jen

So, {T}}; is a {5 + 1 }ien--tight *-operator frame. Let K : H — H defined by Kz =
{% }ien-. Then, for every x € H, we have

. 1 1 1 1
(K*z, K*z)a < EZN<zj,zj> = {5+ < i {2, 2){5 + - Jiew--
J
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This shows that {T}}jen is a *-K-operator frame with bounds 1, {3 + }}ien-.
Remark 9

(1) Every x-operator frame for End%(H) is an x-K-operator frame for any K €
End’y(H) where K # 0.

(2) If K € End%(H) is a surjective operator, then every x-K-operator frame for
End*(H) is an *-operator frame.
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