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A class of rings between Armendariz and Central Armendariz rings
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Abstract. The purpose of this paper is to introduce a proper class of rings between Armen-
dariz and Central Armendariz rings. In this direction, we define the concept of Idempotent
Armendariz rings. We consider the closure of the Id-Armendariz rings with respect to various
extensions including direct product, matrices rings, corner rings, polynomial rings and etc.
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1. Introduction and preliminaries

Throughout this article, R denotes an associative ring with identity. For a ring R,
Nil(R), Mn(R), Tn(R), Id(R), C(R) and eij denote the set of nilpotents elements in
R, the n × n matrix ring over R, the n × n upper triangular matrix ring over R, the
set of idempotent elements of R, the center of R and the matrix with (i, j)-entry 1 and
elsewhere 0, respectively.

A ring R is called Armendariz if whenever polynomials f(x) =
∑m

i=0 aix
i, g(x) =∑n

j=0 bjx
j ∈ R[x] satisfy f(x)g(x) = 0 then aibj = 0 for each i, j (the converse is al-

ways true). The study of Armendariz ring was initiated by Armendariz [2, lemma 1]
and Rege and Chhawchharia used Nagata’s method of idealization to construct exam-
ples of both Armendariz rings and non-Armendariz rings in [10]. Properties, examples
and counterexamples of Armendariz rings are given in [3]. So far Armendariz rings are
generalized in several forms [1, 5, 9]. Liu and Zhao [9] called a ring R, weak Armendariz if
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whenever polynomials f(x) = a0 +a1x+ · · ·+ amx
m, g(x) = b0 + b1x+ · · ·+ bnx

n ∈ R[x]
satisfy f(x)g(x) = 0, then aibj ∈ Nil(R) for all i and j. Agayev et al. [1] called a
ring R central Armendariz if whenever polynomials f(x) = a0 + a1x + · · · + anx

n,
g(x) = b0 + b1x + · · · + bmx

m ∈ R[x] satisfy f(x)g(x) = 0, then aibj ∈ C(R) for all
i and j. They showed that the class of central Armendariz rings lies precisely between
classes of Armendariz rings and abelian rings (that is, its idempotents belong to C(R).)

In this paper, we introduce the concept of Idempotent Armendariz (Id-Armendariz)
rings as a generalization of Armendariz rings. We show that Id-Armendariz rings are
central Armendariz and so the class of Id-Armendariz rings lies between the class of
Armendariz and central Armendariz rings.

2. Idempotent Armendariz Ring

Definition 2.1 A ring R is said to be Idempotent Armendaiz (Id-Armendariz) if when-
ever polynomials f(x) =

∑m
i=0 aix

i and g(x) =
∑n

j=0 bjx
j ∈ R[x] satisfy f(x)g(x) = 0,

then aibj ∈ Id(R) for each i, j.

It is easy to see that subring of Id- Armendariz rings are also Id- Armendariz. Now,
we have the following theorem:

Theorem 2.2 Let Rα be a ring for each α ∈ I. Then any direct product of rings∏
α∈I Rα is Id-Armendariz if and only if any Rα is Id-Armendariz.

Proof. Let Rα is Id-Armendariz for each α ∈ I and R =
∏
α∈I Rα. Let f(x)g(x) = 0

for some polynomials f(x) =
∑m

i=0 aix
i, g(x) =

∑n
j=0 bjx

j ∈ R[x], where ai =

(ai1 , ai2 , . . . , aiα , · · · ) and bj = (bj1 , bj2 , . . . , bjα , · · · ) are elements of the product ring R for
each 1 6 i 6 m and 1 6 j 6 n. Define fα(x) =

∑m
i=0 aiαx

i, gα(x) =
∑n

j=0 bjαx
j ∈ Rα[x]

for any α ∈ I. From f(x)g(x) = 0, we have a0b0 = 0, a0b1 + a1b0 = 0, . . . , ambn = 0, and
this implies

a01
b01

= a02
b02

= · · · = a0α
b0α

= · · · = 0

a01
b11

+ a11
b01

= a02
b12

+ a12
b02

= · · · = a0α
b1α

+ a1α
b0α

= · · · = 0

am1
bn1

= am2
bn2

= · · · = anα
bnα

= · · · = 0.

This means that fα(x)gα(x) = 0 in Rα[x] for each α ∈ I. Since Rα is Id-Armendariz for
each α ∈ I and aiαbjα ∈ Id(Rα). Now the equation

∏
α∈I Id(Rα) = Id(

∏
α∈I Rα) implies

that aibj ∈ Id(R), and so R is Id-Armendariz.
Conversely, assume that R =

∏
α∈I Rα is Id-Armendariz and fα(x)gα(x) = 0 for

some polynomials fα(x) =
∑m

i=0 aiαx
i, gα(x) =

∑n
j=0 bjαx

j ∈ Rα[x] with α ∈ I. Define

F (x) =
∑m

i=0 aix
i, G(x) =

∑n
j=0 bjx

j ∈ R[x], where ai = (0, · · · , 0, aiα , 0, · · · ) and bj =

(0, · · · , 0, bjα , 0, · · · ) ∈ R. Since fα(x)gα(x) = 0, we have F (x)G(x) = 0. Since R is Id-
Armendariz, aibj ∈ Id(R). Therefore, aiαbjα ∈ Id(Rα) and so Rα is Id-Armendariz for
each α ∈ I. �

For an idempotent element e, by the corner ring of R, we mean the ring eRe with
identity element e.

Proposition 2.3 Let R be a ring and e ∈ Id(R). Then the following statements are
equivalent:
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(1) R is Id-Armendariz.
(2) The corner rings of R (eRe and (1 − e)R(1 − e)) are Id-Armendariz and R is an
abelian ring.

Proof. If R is Id-Armendariz, then eR and (1−e)R are Id-Armendariz since they are the
invariant subrings of R. Now, let e be an idempotent of R. Consider f(x) = e−er(1−e)x
and g(x) = (1− e) + er(1− e)x. Therefore, f(x)g(x) = 0. By hypothesis er(1− e) is an
idempotent element and so er(1 − e) = 0. Hence, er = ere for each r ∈ R. Similarly,
consider p(x) = (1− e)− (1− e)rex and q(x) = e+ (1− e)rex in R[x] for all r ∈ R. Then
p(x)q(x) = 0. As before (1 − e)re = 0 and ere = re for all r ∈ R. It follows that e is
central element of R; that is, R is abelian. Conversely, suppose eRe and (1− e)R(1− e)
are Id-Armendariz rings and R is abelian. We use the pierce decomposition of the ring
R and so R = eRe⊕ (1− e)R(1− e) and so R is Id-Armendariz ring by Theorem 2.2. �

The following example shows that abelian rings need not to be Id-Armendariz in
general.

Example 2.4 Consider

R = {ae11 + be12 + ce21 + de22 ∈M2(Z)|a ≡ d(mod2), b ≡ c ≡ 0(mod2)}.

The only idempotents in R are 0 and e11 + e22. So R is an abelian ring. Let f(x) =
(2e11 + 2e12) + 2e12x, g(x) = 2e12− 2e22 + 2e12x ∈ R[x]. Then f(x)g(x) = 0, but (2e11 +
2e12)(2e12) = 4e12 is not an idempotent in R. Therefore, R is not Id-Armendariz.

Corollary 2.5 [7] Armendariz rings are abelian.

Corollary 2.6 Let R be an Id-Armendariz ring. Then eiRei is Id-Armendariz for each
ei ∈ Id(R). The converse holds if 1 = e1 + e2 + · · ·+ en, where the e,is for 1 6 i 6 n are
orthogonal central idempotents.

Proof. We have R ∼= e1Re1 ⊕ · · · ⊕ enRen and the proof is done. �

Since Id-Armendariz rings are abelian by Proposition 2.3, then Id-Armendariz rings
are central Armendariz. Next Example shows that central Armendariz rings need not
to be Id-Armendariz in general. Also, this example shows factor ring of an Id(R)-
Armendariz ring R need not to be Id-Armendariz.

Example 2.7 Consider the polynomial f(x) = (4̄, 0̄) + (4̄, 1̄)x over ring R = (Z/8Z ⊕
Z/8Z). The square of f(x) is zero but the product (4̄, 0̄)(4̄, 1̄) = (0̄, 4̄) is not in Id(R).
Thus R is not Id-Armendariz. But since R is commutative, then R is central Armendariz.
In fact R is a factor ring of (Z ⊕ Z/8Z), which is Armendariz by [10] and so is Id-
Armendariz ring.

A ring R is called reversible if for any a, b ∈ R, ab = 0 implies ba = 0. Clearly,
Armendariz rings are Id-Armendariz. Now we investigate when Id-Armendariz rings are
Armendariz.

Theorem 2.8 Let R be an Id-Armendariz ring which is reversible. Then R is Armen-
dariz.

Proof. Suppose that f(x) =
∑m

i=0 aix
i and g(x) =

∑n
j=0 bjx

j are two polynomials in
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R[x] such that f(x)g(x) = 0. Then we have

a0b0 = 0 (1)

a0b1 + a1b0 = 0 (2)

a0b2 + a1b1 + a2b0 = 0 (3)

. . .

Since R is Id-Armendariz, aibj ∈ Id(R). We show that aibj = 0. Since R is reversible, (1)
implies that b0a0 = 0. If we multiply (2) on the right side by a0, then a0b1a0+a1b0a0 = 0.
Therefore, a0b1a0 = 0 and hence a0b1 = (a0b1)

2 = 0. So a1b0 = 0 by (2). Also if we
multiply (3) on the right side by a0, then a0b2a0 + a1b1a0 + a2b0a0 = 0. Therefore
a0b2a0 = 0 and so a0b2 = (a0b2)

2 = 0. Hence (3) reduces to a1b1 + a2b0 = 0. If we
multiply a1b1 + a2b0 = 0 on the right side by a1, then we have a2b0a1 = 0 and so
a1b1 = (a1b1)

2 = 0. Therefore, a2b0 = 0. Continuing this process, we have aibj = 0 for
all 1 6 i 6 m and 1 6 j 6 n. Hence, R is Armendariz. �

We conjecture that R is an Id-Armendariz ring if for any nonzero proper Ideal I of R,
R/I and I are Id-Armendariz. However, we have a counterexample to this situation as
in the following.

Example 2.9 Let F be a field and consider the ring R = Fe11 + Fe12 + Fe22. The
only nonzero proper ideals of R are Fe11 + Fe12, Fe12 + Fe22 and Fe12. Then R/I
and I is an Armendariz ring by [7, Example 14] and so is Id-Armendariz ring. If we
consider f(x) = e11 + e12 + e12x and g(x) = e12 + e22 + e12x, then f(x)g(x) = 0 but
e12(e12 + e12) = e12 6∈ Id(R). Therefore, R is not Id-Armendariz ring.

The rings Mn(R) and Tn(R) contain non-central idempotents. Therefore, they are not
abelian and so these rings are not Id-Armendariz by Proposition 2.3.
Let S be a ring and denote the ring extension


a a12 a13 . . . a1n
0 a a23 . . . a2n
0 0 a . . . a3n
...

...
...

. . .
...

0 0 0 . . . a

 |a, aij ∈ S


by Rn. In [7, Example 3] proved that Rn is not Armendariz ring for n > 4. Now we show
that Rn is not Id-Armendariz ring for n > 4.

Example 2.10 Let S be a ring and

R4 =



a a12 a13 a14
0 a a23 a24
0 0 a a34
0 0 0 a

 |a, aij ∈ S
 .

Also, let f(x) = e12+(e12−e13)x and g(x) = e34+(e24+e34)x be two polynomials in R4.
Then f(x)g(x) = 0, but e12(e24 + e34) 6∈ Id(R4). So R4 is not Id-Armendariz. Similarly,
for the case of n > 5, we have the same result.
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Now we have an equivalence between Id-Armendarizness and related concepts through
R3.

Proposition 2.11 For a ring S and R3 over S the following conditions are equivalent:

(1) S is reduced;
(2) R3 is Armendariz;
(3) R3 is Id-Armedariz;
(4) R3 is weak Armendariz;
(5) R3 is semicommutative.

Proof. 1⇒ 2 [7, Proposition 2], 2⇒ 3 is clear, 1⇒ 5 is proved in [8, Proposition 1.2],
5⇒ 4 [9, Corollary 3.4] and 4⇒ 1 is proved in [6, Proposition 2.8].
3 ⇒ 1. Let R3 be Id-Armendariz, and assume on the contrary that there is a nonzero
a ∈ S with a2 = 0 and a 6= 0. Put u = a(e11 + e22 + e33) and v = e12 in R3. Then
u2 = 0 = v2 and uv = vu doesn’t belong to Id(R3). Hence, R3 is not Id-Armendariz
from (u+ vx)(u− vx) = 0, where x is an indeterminate over R3. We get a contradiction.
�

Theorem 2.12 Let R be a ring. Then we have the following assertions:
(1) R is Id-Armendariz if and only if R[x] is Id-Armendariz.
(2) R is Id-Armendariz if and only if R[[x]] is Id-Armendariz.

Proof. Let R be an Id- Armendariz ring. R[x] is a subring of R[[x]] and so it is enough
to prove (2). We have

R ∼= {(ai) : ai ∈ R,∀i > 0} =
∏
i>0

R.

Hence, by this fact and Theorem 2.2, R[[x]] is Id-Armendariz. �

Recall that for a ring R with an endomorphism α of R, the skew polynomial ring of
R, denoted by R[x, α], is the ring obtained by giving the polynomial ring over R with
the new multiplication xr = α(r)x for all r ∈ R. There exists an Id-Armendariz ring R
over which the skew polynomial rings is not an Id-Armendariz ring as in the following.

Example 2.13 Let R = Z2 × Z2. Since R is a reduced ring, it is Id-Armendariz. Now
let α : R → R be defined by α((a, b)) = (b, a). Then α is an automorphim of R. Let
f(y) = (1, 0) + [(1, 0)x]y and g(y) = (0, 1) + [(1, 0)x]y be elements in R[x;α][y]. Then
f(y)g(y) = 0, but (1, 0)[(1, 0)x] 6∈ Id(R[x, α]). Therefore, R[x;α] is not Id-Armendariz.

Proposition 2.14 Let R be a ring which 2 is invertible and G = {1, g} be a group.
Then RG is Id-Armendariz if and only if R is Id-Armendariz.

Proof. Since 2 is invertible, we have RG ∼= R×R via the map θ : a+bg → (a+b, a−b).
Then the result follows by Theorem 2.2. �

Let I be an ideal of R, the amalgamated duplication of a commutative ring R along
the ideal is defined to be the subring R ./ I = {(r, r + i)|r ∈ R, i ∈ I} of R × R. That
containing R as a subring with unit element (1, 1).

Proposition 2.15 Let R be a commutative ring with unit element 1 and let I be a
proper ideal of R. Then R is Id-Armendariz if and only if R ./ I is Id-Armendariz.

Proof. It is clear by definition of R ./ I. �
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