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Abstract. In this paper, we prove Hyers-Ulam-Rassias stability of C*-ternary algebra ho-
momorphism for the following generalized Cauchy-Jensen equation

nuf (xTer + Z) = f(px) + f(py) + nf(uz)

for all w € S :={A € C: |A| = 1} and for any fixed positive integer n > 2 on C*-ternary
algebras by using fixed poind alternative theorem. Moreover, we investigate Hyers-Ulam-
Rassias stability of generalized C*-ternary derivation for such function on C*-algebras by
the same method.
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1. Introduction and Preliminaries

The initial concept of the stability theory of functional equations was introduced by
Pélya and Szegé [24] which is stated as follows: For every real sequence {z,, },en with

SUPm,neN |Tman — Tm — @] < 1
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there is a real number x such that sup,cy |z, — nz| < 1, where 2 = lim, . 2=. The
motivation for studying of stability theory of functional equations was initiated by Ulam.
In 1940, Ulam [27] proposed some unsolved problems that one of them is stability problem
of functional equation concerning the stability of group homomorphisms as follows

“Let (G1,-) be a group and (Ga,*, d) be a metric group with the metric d(-, - ). Given
a real number ¢ > 0, does there exist a § > 0 such that if a mapping h : G; — Go
satisfies the inequality d(h(z-y),h(x) * h(y)) < ¢ for all x,y, € Gy, then there exists a
homomorphism ¢ : G; — G2 with d(h(z),g(x)) < e for all z € G1?”

These questions form is the object of the stability theory. If the answers is affirmative,
we say that the functional equation for homomorphism is stable. In 1941, Hyers [11]
provided a first affirmative partial answer to Ulam’s problem for the case of approximately
additive mapping in which X and Y are Banach spaces. This result is stated as follows:

Theorem 1.1 [11] Let X and Y be Banach spaces and let f: X — Y satisfy
[z +y) = f(2) = fylly <e

for all z,y € X and for some € > 0. Then, there exists a unique additive mapping

g: X — Y such that || f(z) — g(x)|ly < e for all z € X where g(z) = lim, f(g:w)'

The method, which generates the additive mapping g is called a direct method. This
method is the most important for studying the stability of various functional equations.

In 1978, Rassias [26] provided a generalization of Hyers’ theorem for linear mapping
by considering an unbounded Cauchy difference f(z +y) — f(x) — f(y) as follows:

Theorem 1.2 [26] Let X and Y be Banach spaces. Let f : X — Y satisfy the inequality

1f (@ +y) = f2) = fW)lly <elllzl + Nyl

for all ,y € X where € > 0 and 0 < p < 1. Then there exists a unique additive mapping

g: X =Y defined by g(z) = lim, 0 L&) such that ||f(z) — g(z)|ly < 5255 ||#|[% for

all x € X. Moreover, if f(tz) is continuous in ¢ for each fixed z € X, then g is linear.

Next, a generalization of Rassias’ results was developed by Gavruta [23] in 1994 by
replacing the unbounded Cauchy difference by a general control function.

Theorem 1.3 [23] Let G be commutative group and X be Banach space. Let ¢ : G? —
[0,00) be a function satisfying ®(x,y) = > o 2,6%¢(2kx,2ky) < oo for all x,y € G. If
a mapping f : G — X satisfies the inequality ||f(x +y) — f(z) — f(y)|| < ¢(x,y) for all
x,y € G, then there exists a unique additive function such that || f(z) — g(x)|| < ®(z, )
for all x € G.

For more information on that subject and further references we refer to a survey paper
[5] and to a recent monograph on Ulam stability [6].

In 2006, Baak [3] investigated the Cauchy-Rasssis stability of the following Cauchy-
Jensen functional equations:

(R e) s (5 5) = f@ 4210 )
P es) s (5 s) = s )

2 (134 +2) = 1)+ £) + 242 ®)
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for all z,y,z € X, in Banach spaces by using direct method. Later in the same year,
Park [21] proved the Hyers-Ulam-Rassias stability of homomorphisms and derivation in
C*-ternary algebras for functional equations (1), (2) and (3) via direct method.

The fixed point method was applied to studying the stability of functional equations
by Baker in 1991 [4] by using the Banach contraction principle. Next, Radu [25] proved
a stability of functional equation by the alternative of fixed point, which was introduced
by Diaz and Margolis [8]. The fixed point method has provided a lot of influence in the
development of stability.

In 2008, Park and An [22] proved the Hyers-Ulam-Rassias stability of C*-algebra homo-
morphisms and generalized derivations on C*-algebras by using alternative of fixed point
theorem for the Cauchy-Jensen functional equation 2f (Z52 + 2) = f(z) + f(y) + 2f(=),
which was introduced and investigated by Baak [3]. After that Gao et al. [10] introduced
generalized Cauchy-Jensen equation. Let G be an n-divisible abelian group where n € N
and X be a normed space with norm ||-||x. For a mapping f : G — X, the equation

af (T2 4 5) = @)+ 1)+ nf () (@)

for all z,y,z € G and n € N\{0} is said to be a generalized Cauchy-Jensen equation,
shortly GCJE. In particular, when n = 2, it is called a Cauchy-Jensen equation. Moreover,
they gave the following useful properties as follow:

Proposition 1.4 [10] Let G be an n-divisible abelian group for some positive integer n
and X be a normed space with norm ||-||x. Then a mapping f : G — X is additive if
and only if it satisfies || f(z) + f(y) + nf(z)||x < [[nf(E + 2)|x for all z,y,2 € G.

The following corollary is an immediate consequence of Proposition 1.4.

Corollary 1.5 [10] For a mapping f : G — X, the following statements are equivalent.

(a) f is additive.
(b) f(x)+ fy) +nf(z) = nf(3L + 2), for all w,y, 2 € G.
() If (@) + fly) +nf(2)lx < nf (52 +2)|x, forall z,y, 2 € G.

Clearly, a vector space is n-divisible abelian group, so Corollary 1.5 is right when G
is a vector space. We refer stability results of the functional equation (4) to [9, 13-16].
Next, we recall the concept of C*-ternary algebras.

A C*-ternary algebras is a complex Banach space A, equipped with a ternary product
(z,1,2) = [z,9,2] of A into A, which is C-linear in the outer variables and conjugate
C-linear in the middle variable:

(i) Az +y,v,w] = Nz, v, w] + [y, v, w],
(il) [v,w, Az + y] = Av,w,x] + [v,w,y],
(iii) [v, Az +y, w] = Mo, z,w] + [v, y, w]
and associative in the sense that [[v,w,z],y,z] = [v, [y, z,w], 2] = [v,w,[z,y,z2]] and,
satisties [z, y, 2l < |2/ gll2l] and ||z, z, 2| = 2]* for all v, w,2,, € A
If a C*-ternary algebras (A, [-,-,-]) has an identity, i.e. an element e € A such that
x = [z,e,e] = [e,e,x] for all x € A, then it is routine to verify that .4, endowed with
xoy:= [x,ey] and z* := [e, z, €], is unital C*-algebra. Conversely, if (A, o) is a unital
C*-algebra, then [x,y, z] := x 0o y* o z makes A into C*-ternary algebra.

A C-linear mapping H : A — B is called a C*-ternary algebra homomorphism if
H([z,y,2]) = [H(x),H(y), H(z)] for all z,y,z € A. A C-linear mapping 6 : A — A is
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called a C*-ternary derivation if §([x,y, z]) = [0(x),y, 2] + [z, (y), 2] + [z, y,0(2)] for all
z,y,z € A

A C*-ternary algebras have many applications in fractional quantum Hall effect, the
nonstandard statistics, hypothetical, supersymmetric theory, and Yang-Baxter equation
(see [1, 17, 28]).

Throughout this paper, assume that A is a unital C*-ternary algebra with norm || || 4
and unit e, and that B is a C*-ternary algebra with norm ||- ||z and unit €’. The purpose
of the present paper is to investigate the stability of homomorphisms and derivations of
the functional equation (4) in C*-ternary algebras by using the alternative fixed point
theorem. Next, we recall a fundamental results in fixed point theory. The following is the
definition of generalized metric space which was introduced by Luxemburg in 1958 [19].

Definition 1.6 [19] Let X be a set. A function d : X x X — [0, 0o is called a generalized
metric on X if d satisfies the following conditions

(1) d(z,y) =0 if and only if x =y,
(2) d(z,y) = d(y,z), for all z,y € X,
(3) d(z,z) < d(z,y) + d(y, 2), for all z,y,z € X.

The following fixed point theorems will play important roles in proving our main
results.

Theorem 1.7 ([7] alternative of fixed point) Let (X, d) be a complete metric space and
let A: X — X be strictly contractive, that is, d(Az, Ay) < vyd(z,y) for all z,y € X and
for some Lipshitz v < 1. Then, the following conditions hold.
(1) The mapping A has a unique fixed point z* = Az*.
(2) The fixed point z* is globally attractive, that is,
lim A"z =z* (5)

n—o0

for any starting point z € X.
(3) One has the following estimation inequalities:

1
d(A"z, A"z, d(z,2*) < ——d(x, Ax)

A" *gn ’*7 An’*gi
d(A"z,x*) < y"d(z,x"), d(A"x, x*) T T

for all nonnegative integers n and all z € X.

Theorem 1.8 [8] Let (X, d) be a complete generalized metric space and A : X — X
be a strictly contractive mapping with Lipschitz constant v < 1. Then for each given
element z € X, either

d(A"z, A" z) = 0o (6)

for all nonnegative integers n or there exists a positive integer ng such that

(1) d(A"z, A""2) < oo for all n > ng,

(2) the sequence {A™z} converges to a fixed point y* of A,

(3) y* is the unique fixed point of A in the set Y = {y € X : d(A™z,y) < oo},
)

(4) d(y,y*) < (E) d(y,Ay), for all y € Y.

The following theorem shows that each element S of {x € A : ||z|| = 1} is mean of a
finite number of unitary elements of A.
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Theorem 1.9 [12] If the element S of a C*-algebra A has the property that || S].4 < 1-2
for some integer n greater than 2, then there are n elements Sy, So,...,S5, in A with
18] =1 for all i = 1,2,...,n such that S =1 (S; + Sy +---+5,).

The following lemmas is useful results for proving our main results.

Lemma 1.10 [20] Let f : A — B be an additive mapping such that f(ux) = pf(z) for
all z € Aand all p € S:={\ € C: |\ =1}. Then the mapping f is C-linear.

The following lemma shows that [-,-,-] : A3 — A is continuous.

Lemma 1.11 [18] Let {z,}72, {yn}22; and {z,}72, be convergent sequence in A.
Then the sequence {[zy, Yn, 2n]} is convergent in A.
2. Stability of homomorphisms in C*-ternary algebras

For a given mapping f : A — B, we define

Buf o) = med (524 2) = ) = Fo) = ni ), g

forall peS:={Ae€C: |\ =1} and z,y,z € A.
We prove the Hyers-Ulam-Rassias stability of C*-ternary algebra homomorphism for
the functional equation E, f(x,y, z) = 0.

Theorem 2.1 Let f: .4 — B be a mapping for which there exists a function v : A3 —
[0, 00) such that

i (525) () = (50w (5 s) =0 @

1Euf(2,y,2)|lB < ¥(z,y,2), (9)
”f[.’L',y,Z] - [f(l.)?f(y)v f(z>]HB < T/J(@vaz) (10)

for all 4 € S and all x,y, z € A. If there exists a v < 1 such that

2
n 241 241 247

for all z € A, then there exists a unique C*-ternary algebra homomorphism I' : A — B
such that

1

[f(z) = T(z)[ls < m

Y(x,z,x) (12)

for all z € A.

Proof. Consider the set X := {g : A — B} and introduce the generalized metric on X
as follows:

d(g,h) =inf{M € (0,00) : ||g(z) — h(z)||g < MyY(x,z,z),Vz € A}. (13)
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It is easy to show that (X,d) is complete. Now, we consider the linear mapping A :
X — X such that Ag(z) == 719 <2+T”x> for all z € A. Next, we will show that A is a
strictly contractive self-mapping of X with the Lipschitz constant ~. For any g,h € X,
let d(g,h) = K for some K € R.. Then, we have ||g(z) — h(z)|s < K¢(x,z,z) for all
x € A, which implies that

o (55) - (5)
g x| —h|—x
n n

Thus,

n 247 n 2+
g x| — h T
247 n 247 n

By (11), we obtain that

2 2 2
ng( +77$7 +77m, —H?x).
B Ui n n

2 2 2
< _n Kw( +nx, +n:1c7 +nm>.
g 2+nm n n n

2+ 2+ 2+ 2+
lAg(z) — Ah(@)|lg < =1 K "w( n_2tn, m 2+tm, nm "x)

x, x,
247 n 2417 n 247 n 247 n

which implies that ||Ag(z) — Ah(z)||z < Ky¢(z,z,z) for all z € A. Thus, d(Ag, Ah) <
K~. Hence, we obtain d(Ag, Ah) < vd(g, h). Letting p =1 and z =y = z in (7), we get

T+ x

Bufeia) =nf (T2 4 2) = (o) = )~ s 0)

—nf (Q;%) — 2+ n)f()

for all z € A. By (9), we have

1B f@.2.2)lls = [nf (2522) - @+ )i @), <vl@2.2)

which implies that

7@ - i (#524), < @ vimmia)

for all x € A, that is, || f(z) — Af(2)|lg < ﬁ-w(x,az,a:) for all x € A. It follows from
(13) that we have d(f,Af) < Wln By Theorem 1.8, there exists a mapping I' : A — B
such that the following conditions hold.

(1) T is a fixed point of A, that is, AI'(x) = I'(z) for all € A. Then we have

I(z) = AT(z) = #r (2;%) =T (2:%) _ 2;;%(95)

for all © € A. The mapping I is a unique fixed point of A in theset Y = {g € X :
d(f,g) < oo}, that is, d(f,T') < co. From (13), there exists C' € (0, 00) satisfying
|f(x) —T(2)|g < CY(x,z,z) for all x € A.

(2) The sequence {A"f} converges to I'. This implies that the equality

- () e
for all z € A.

(3) We obtain that d(f,T) < (ﬁ) d(f, Af), which implies that
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1 1
d(f,T) < <ﬁ) d(f, Af) < aem-
Therefore, the inequality (12) holds.
It follow from (8), (9) and (14) that

an(z+y+z
n

for all x,y, z € A. Hence, we have

T (:y +z) — T(2) + T(y) + 10 (2) (15)

for all x,y, z € A. From Corollary 1.5, we get that H is additive, that is,

I(z+y) =T(z) +T(y) (16)

for all z,y € A. Next, we can show that I' : A — B is C-linear. Firstly, we will show that
for any x € A, T'(ux) = pl'(z) for all u € S. For each u € S, substituting x,y, z in (7) by

n
(M) x, we obtain that

Eu <( >x’< )nx’( )x>
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for all z € A. By (9), we have

for all z € A. From (17), we have
(55 (57) =) e ((57) )
n n
< ((57) = (57 = (5))
n n n

for all z € A. It follow from (17), (18) and (9) that

oo (57 o (5
Joore () ) - (252
oo (5 (35 2) o (5
cform () w2 ()

S PR (&
cform () w2 ()
(5 (5w ((222))
o (B2 (5 ()

B

B

for all € A. This implies that

H(Q_’Zn) H((5) ) (+n)
Say (2 ) (( )9” :

(18)
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for all z € A. By (8), we have

i |(555) (e (50) =) - () wr ((52) =), o
which implies that
[ () = ul' (=) (19)

for all x € A. Next, we show that for any x € A, I'(Az) = \['(z) for all A € C.

Let A € C and M be an integer greater than 4|A|, (M > 4|A|). Then, we have %' <
i < % =1- By Theorem 1.9, there exist A1, A2, A3 with |[\;| = 1 for all i = 1,2,3
such that £+ = %()\1 + X2 + A3), that is, 3737 = (A1 + A2 + A3). Hence, we have I'(z) =
L(3z+ x4+ 22) =[(32) + T'(32) + I'(3z) = 3T(32), that is,

—T'(z) =T(z2). (20)

From (16), (19) and (20), we obtain that

M —terms
A A A
F()\x)—F(M-Mx> r Ml‘-ﬁ-ﬂx—i- i
M —terms

(T(A1z) + T (Aex) + T'(A3x))
(MT(x) + Aol () + As3T'(x))

(A + A2+ A3)T(2)

(3- A}) T(z)
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for all z € A. This implies that I'(Cz + ny) = I'(Cz) + I'(ny) = (I'(z) + nl'(y) for all
¢,n € C\{0} and for all z,y € A and so I'(0) = I'(0- ) = 0-I'(x) = 0 for all x € A. Next,
we will show that I' is a C*-ternary algebra homomorphism.

It follows from (10) and Lemma 1.11 that we have

IT([z, y, 2]) = [C(2), T(y), ()]l 5

N

A S
() () () (22) ) -

for all z,y,z € A. Thus I'([z,y, z]) = [I'(z),['(y),'(2)] for all z,y, z € A. Therefore, the
mapping ' is a C*-ternary algebra homomorphism. [ |

3

n
=

Corollary 2.2 Let p € [0,1), € € [0,00) and let f be a mapping of A into B such that

1B (2, y,2)llp < & (Il + lyllf + 121%) (21)
£y, 2] = [f (), (), F()lls < el + [lyII%) (22)

for all u € S and for all x,y,z € A. Then, there exists a unique C*-ternary algebra
homomorphism T" : A — B such that

3e
[f(z) = T(z)lz < -
) (1 - (2777),, 1) (2+n)

][
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Proof. From Theorem 2.1, we take ¢ (z,y, 2) = e(||z||"+||y||"y+||z||"y) for all z,y, z € A.
p—1
Then, v = (%”) and we get the desired results. [ |

Theorem 2.3 Let f: A — B be a mapping for which there exists a function ¥ : A% —
[0, 00) satisfying (9) and (10) such that

() () () () ) e

for all z,y, z € A. If there exists an 7 < 1 such that

2 2 2
W,z a) < —) w( 0, 210, *%), (24)
2+ 7 n n

then there exists a unique C*-ternary algebra homomorphism I" : A — B such that

gl
[f(z) = T(z)|ls < mw(mmﬁ (25)

for all z € A.

Proof. We consider the linear mapping A : X — X such that Ag(x) := 2JrT’g <2+77 >
for all z € A. By similar proof of Theorem 2.1, A is a strictly contractive self-mapping of
X with the Lipschitz constant . Letting ;1 = 1 and substituting x,y, z in (9) by ﬁx,
we have

an 2+n)f (217793) .

n n
< T, x, T 26
¢<2+n 240 241 > (26)

Rl
247 2+n 247

for all z € A. From this inequality we get

2 1
n 247 g N 2410 24n 247
1 7 <2+n n 24n n 241 7
—_ ’yw . x’ . x, .
n 2+n n 247 n 247 n 247
v
—p(x,x,x
= gy V@)

for all z € A, that is, [|Af(z) = f(z)|lz < 2+n1/)(x x,z) for all z € A. Hence, we obtain
that d(f,Af) < 2+ . By Theorem 1.8, there exists a mapping I' : A — B such that the
following condltlons hold.

(1) T'is a fixed point of A, that is, AI'(xz) = I'(z) for all z € A. Then we have

I(z) = AT() = 2;”F<2jﬂ7x>:>F<2_7_nx>=2j_nF(x)

)



12 P. Kaskasem and C. Klin-eam J. Linear. Topological. Algebra. 09(01) (2020) 1-15.
for all x € A. The mapping I is a unique fixed point of A in the set
YV ={g€X:d(fg) <o},
that is, d(f,I") < co. From (13), there exists C € (0, c0) satisfying
1f (@) = L(2)lls < C¥(z, z,2),

for all z € A.
(2) The sequence {A"f} converges to I'. This implies that the equality

v = g (530) 1 (575 #)
for all z € A.

(3) We obtain that d(f,I') < (ﬁ) d(f,Af), which implies that

1 Y
Af0) < (— ) d(fAf) < —
D)< (755) 40D < iy
Therefore, the inequality (25) holds.
The rest of the proof is similar to the proof of Theorem 2.1. [ ]

Corollary 2.4 Let p € (2,00), € € [0,00) and f be a mapping of A into B such that
(21) and (22). Then, there exists a unique C*-ternary algebra homomorphism I" : A — B

such that
3e

(32) -1) @

Proof. The proof follow from Theorem 2.3 and Corollary 2.2, when we take

][

1f(2) = T(@)ll5 < <

Y(x,y, 2) = e(llzl + lyl% + 11z[5)

1-p
for all z,y,z € A. Then, v = (%) and we get the desired results. [ |

3. Stability of derivations in C*-ternary algebras

For a given mapping f : A — A, we define

T+
E,f(z,y,2) == nuf (ny + Z) — fpx) = f(py) — n(fpz)
for all 4 € S and all z,y,z € A.
We recall definition of C*-ternary derivation.

Definition 3.1 [2] A C-linear mapping 6 : A — A is called a C*-ternary derivation if
o[z, y, 2]) = [0(2), y, 2] + [2,6(y), 2] + [2,y,0(2)] for all z,y,z € A.

Theorem 3.2 Let f: A — A be a mapping for which there exists a function v : A% —
[0, 00) satisfying (8) and

HE,U«f(:Ea Y, Z)H_A < ¢(m?ya 2) (27)
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and

Hf([ﬂf,y,z]) - [f(x)aya Z] - [1:7f(y)7z} - [CC,y, f(Z)]HA < @Z)(Jf,y, Z) (28)

for all p € S and all z,y, z € A. If there exists a v < 1 satisfying (11) for all x € A, then
there exists a unique C*-ternary derivation ¢ : A — A such that

@) = 0@ < =,

T PREIAMKRE (29)

for all z € A.

Proof. Similarly to the proof of Theorem 2.1, there exists a unique C-linear mapping
d: A — A satisfying (29). The mapping 6 : A — A is given by

- g (52 (5

for all z € A. It follows that (8) and (28) that

Il 02 = 60),9:2] = e 800,21 S
(1) =) (570 )
(ﬁ”) ) (57
N

[
1
A/ T

3
~

3

s
~
A~

N

+

3 3
~_
3

<
~_

b

+ 3

3

CENG NG
3
w

for all x,y,z € A. Therefore, 0([x,y, z]) = [0(z),y, 2] + [z,0(y), 2] + [x,y,d(z)] for all
x,y,z € A. Hence ¢ : A — A is a generalized derivation satisfying (29). ]

Corollary 3.3 Let r < 1 and £ be nonnegative real number, and let f : A — A be a
mapping such that

1B f (2, )l 4 < Nl eyl e 2l (30)

and

1 £ (e 2) = (@), 2] = [ £ (0), 2] = 9, FNa < e lall Il Nzl (3D)

for all p € S and all z,y,z € A. Then there exists a unique C*-ternary derivation
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6 : A— A such that

e

17@) ~ 8@l < -
a-(20) e+

2%

for all x € X.

Proof. The proof follows from Theorem 3.2 by taking ¢ (z,y,z) = e H.%'Hi Hy||§4 ||,z||§4
r—1

for all z,y,2z € A. Then, v = (HT”> and we get the desired results. [ |

Theorem 3.4 Let f: A — A be a mapping for which there exists a function 1 : A% —
[0, 00) satisfying (27), (28) and

' 247 3j n J n J n J
Jggo( n ) ¥ 247 * 247 ¥ 2+ N

for all p € S and all z,y, z € A. If there exists a v < 1 satisfying (24) for all z € A, then
there exist a unique C-linear mapping ¢ : A — A such that

i
[f(z) = d(z)]la < m

for all z € A. Moreover 6 : A — A is generalized derivation on A.

Y(z, z,x)

Proof. The proof is similar to the proofs of Theorems 2.3 and Theorem 3.2. [ |

Corollary 3.5 Let r > 3 and e be nonnegative real numbers, and let f : A — A be
a mapping satisfying (30) and (31). Then, there exists a unique generalized derivation

6 : A— A such that

e

(s55) 1) @en

1%

1f(2) = 6(z)ll.a < (

for all z € A.

Proof. The proof follows Theorem 3.4 by taking ¢(z,y, 2) == ¢ H:U||f4 ||y||?4 ||z:||f4 for all
1—r

z,y,z € A. Then, v = (2%77’) and we get the desired results. [ ]
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