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Abstract. The main goal of this paper is to introduce and study two new class of functions,
called weakly e*-irresolute functions and strongly e*-irresolute functions, via the notion of e*-
open set defined by Ekici [7]. We obtain several fundamental properties and characterizations
of these functions. Moreover, we investigate not only some of their basic properties but also
their relationships with other types of already existing topological functions.
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1. Introduction

In 1972, Crossley et al. [3] introduced the notion of irresolute functions in topological
spaces. Then the class of a-irresolute functions were introduced by Maheshwari et al.
[12]. In the sequel, the class of semi a-irresolute functions [2] (resp. almost a-irresolute
functions [1], b-irresolute functions [9], weakly B-irresolute functions [15], S-irresolute
functions [13], weakly [-irresolute functions [14], e-irresolute functions [4], a-irresolute
functions [4]) were introduced.

In [7], Ekici introduced the notions of e*-open sets and e*-continuity in topologi-
cal spaces. Then Hatir and Noiri [10] defined and investigated 0-3-open sets which are
equivalent to e*-open sets. In [4], Ekici defined an e*-irresolute function as follows: A
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function f : X — Y is said to be e*-irresolute if the inverse image f~1[V] is e*-open in X
for each e*-open set V' of Y. In this paper, we introduce and investigate the concepts of
weakly e*-irresolute functions and strongly e*-irresolute functions. Also, we obtain several
characterizations and study some fundamental properties of these classes of functions.

2. Preliminaries

Throughout the present paper, X and Y always mean topological spaces. Consistent
with the content of [5-7, 11, 16|, the following definition will be needed in the sequel.
Let X be a topological space and A a subset of X. The closure and the interior of A are
denoted by cl(A) and int(A), respectively. A subset A is said to be regular open (resp.
regular closed) if A = int(cl(A)) (resp. A = cl(int(A))). The d-interior of a subset A of
X is the union of all regular open sets of X contained in A and is denoted by ints(A).
The subset A is called d-open if A = ints(A), in other words, a set is d-open if it is
the union of regular open sets. The complement of a d-open set is called d-closed. A
point x € X is called a d-cluster points of A if A Nint(cl(V)) # O for each open set V
containing x. The set of all §-cluster points of A is called the closure of A and is denoted
by ¢ls(A)(or 6-cl(A)).

A subset A of a space X is called e*-open (resp. e-open, a-open) if A C cl(int(cls(A)))
(resp. A C int(cls(A)) U cl(ints(A)), A C int(cl(ints(A)))). The complement of an e*-
open set is called e*-closed. The intersection of all e*-closed sets containing A is called the
e*-closure of A and is denoted by e*-cl(A). The union of all e*-open sets of X contained
in A is called the e*-interior of A and is denoted by e*-int(A).

A subset A of a space X is called e*-regular if it is e*-open and e*-closed. A
subset A is said to be e*-f-closed if A = e*-clg(A), where e*-cly(A) = {z|(VU €
e*O(X,x))(e*-cl(U) N A # 0)}. The complement of an e*-f-closed set is said to be
e*-0-open. Equivalently, A is said to be e*-f-open if A = e*-intg(A), where e*-inty(A) :=
{z|(3U € e*O(X, z))(e*-cl(U) C A)}.

The family of all e*-open (resp. e*-closed, e*-regular, e*-0-open, e*-0-closed, a-open)
subsets of X is denoted by e*O(X) (resp. e*C(X), e*R(X), €"00(X), e*0C(X),
aO(X)). The family of all e*-open (e*-closed, e*-regular, e*-f-open, e*-6-closed) sets
of X containing a point = of X is denoted by e*O(X,z) (resp. e*C(X,z), e*R(X, x),
e*00 (X, x),e*0C(X, x)).

We shall use the well-known accepted language almost in the whole of the proofs of
theorems in this article.

Theorem 2.1 [11] Let A be a subset of a topological space X. Then the following hold:
(1) A € e*O(X) if and only if e*-cl(A) € e*R(X),

(2) A € e*C(X) if and only if e*-int(A) € e*R(X).

Theorem 2.2 [11] For a subset A of a topological space X, the following are equivalent:
(1) A € e*R(X);

(2) A = e*-cl(e*-int(A));

(3) A = e*-int(e*-cl(A)).

Theorem 2.3 [11] For each subset A of a topological space X, we have
e*-clg(A) = {VIACV, V ee0C(X)} = {VIACV, V € e'R(X)}.

Theorem 2.4 [11] Let A and B be any two subsets of a topological space X. Then the
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following properties hold:

(1) x € e*-clp(A) if and only if U N A # 0 for each U € e*R(X, x),

(2) If A C B, then e*-clg(A) C e*-cly(B),

(3) e*-clg(e*-clg(A)) = e*-clg(A),

(4) If Ay is e*-f-closed in X for each A € A, then (o5 Ay is e*-0-closed in X.

Corollary 2.5 [11] Let A and Ax(\ € A) be any subsets of topological space X. Then
the following properties hold:

(1) A is e*-f-open in X if and only if for each x € A there exists U € e*R(X,x) such
that z € U C A,

(2) e*-clp(A) is e*-O-closed and e*-inty(A) is e*-f-open,

(3) If Ay is e*-f-open in X for each A € A, then (Jy. 5 Ay is €*-6-open in X.

Theorem 2.6 [11] For a subset A of a space X, the following properties hold:
(1) If A€ e*O(X), then e*-cl(A) = e*-cly(A),
(2) A € e*R(X) if and only if A is e*-f-open and e*-6-closed.

Lemma 2.7 [7] Let A be a subset of a topological space X. Then the following hold:
(1) e*-int(X \ A) = X \ e*-cl(A),

(2) e*-cl(X \ A) = X \ e*-int(A),

(3) e*-cl(A) = AUint(cl(ints(A))).

Definition 2.8 A function f: X — Y is said to be

(1) e*-irresolute [4] if f~1[V] € e*O(X) for each V € e*O(Y),

(2) e*-continuous [7] if f~1[V] € e*O(X) for every open set V of Y,

(3) almost e*-continuous [8] if for each point z € X and each open set V containing f(z),
there exists U € e*O(X, x) such that f[U] C int(cl(V)),

(4) strongly 6-e*-continuous [11] if for each point € X and each open set V' containing
f(z), there exists U € e*O(X, x) such that fle*-cl(U)] CV,

(5) e-continuous [6] if f~1[V] is e-open in X for every open set V of Y,

(6) almost e-continuous [8] (resp. almost a-continuous [8]) if f~![V] is e-open (resp.
a-open [5]) in X for every regular open set V of Y.

3. Characterizations of weakly e*-irresolute functions

Definition 3.1 A function f: X — Y is said to be weakly e*-irresolute (resp. strongly
e*-irresolute) if for each point z € X and each V € e*O(Y, f(x)), there exists U €
e*O(X, x) such that f[U] C e*-cl(V) (resp. fle*-cl(U)] C V).

Remark 1 We have the following diagram from the definitions stated above. However,
none of these implications is reversible as shown by the following examples.

strongly e*-irresolute — e*-irresolute — weakly e*-irresolute
\ \ A

strongly 0-e*-continuity — e*-continuity  — almost e*-continuity
/ / T

e-continuity — almost e-continuity < almost a-continuity

Example 3.2 Let X :={a,b,c,d} and
7:={0, X,{a},{b},{c},{a,b},{a,c},{b,c},{a,b,c}, {a,c,d}}.
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It is not difficult to see that e*O(X) = e*00(X) = 2% \ {{d},{b,d}} and
e*R(X) = 2%\ {{d}, {b,d},{a,c},{a,b,c}}. Define a function f : X — X such that
f =A{(a,a),(b,¢c),(c,a),(d,d)}. Then f is both strongly 6-e*-irresolute and almost e*-
continuous but it is neither strongly e*-irresolute nor weakly e*-irresolute.

Theorem 3.3 Let f: X — Y be a function. The following properties are equivalent:
(a) fis Weakly e*-irresolute;

(b) f HV] C e*-int(f~ e cl(V)]) for every V € e*O(Y);

(c) e*~cl(f~ [e -int(F )]) C f7L[F] for every F € e*C(Y);

(d) e*-cl(f~1[V]) C fte*-cl(V )] for every V € e*O(Y')

(e) fte*-int(F)] C e*-int(f~L[F]) for every F € e*C(Y).

Proof. (a) = (b): Let V € e*O(Y) and x € f~L[V].
(Veeo(Y))(xe fHV]) =V eeO(Y, f(z)) } N

(a)
= (U € e"O(X, 2))(f[U] C e™-cl(V))
= (AU € e*O(X,2))(U C f~ e —cl(V)])
= (AU € e*O(X,2))(U = e*-int(U) C e*-int(fe*-cl(V)]))
= x € e*-int(f e -cl(V)]).
(b) = (c) : It is obvious from Lemma 2.7.
(¢c)=(d): Let Ve e*O(Y).

Ve ero(y) ™= 2 e (V) € e R(Y) C e*C(Y) } _
(
= e*-cl(f e -int(e*-cl(V))]) = e*-cl(fte*-cl(V)]) C f

= e*-c(f7H[V]) C fHercl(V)].
(d) = (e) : It is obvious from Lemma 2.7.
()= (a): Let x € X and V € e*O (Y, f(x)).

(x e X)(Vee O, f(x) =Y \VeeC))

(€)

= fTHemint(Y \ V)] € e*-int (f Y\ V])
RN £ ferel(V)] CX\e < (V)
= e*~c(fHV]) € fHe-ed(V)] (%)
Veeo (Y Fz)) TP 2 e (V) € e*R (Y, £(2))

) s
g S e ()3;}ﬂ¢e*-cz (F Y\ el (V)

= AU eeO(X,z) (UNf! Y\e cl( )] =10)
= (AU € e*O (X, ) (UN (f] Le*-cl (V)]) = 0)
= (U € e*0 (X, x)) (Uﬂ (X\ [e* cl (V)]) =0)
= (AU € e*O (X, ) (f[U] C f [ Ler-cl (V)]] C e*-cl(V)) . [ |

Theorem 3.4 Let f: X — Y be a function. The following properties are equivalent:
(a) f is weakly e*-irresolute;

(b) e*-cl(f~Y[B]) C f~![e*-clg(B)] for every subset B of Y;

(c) fle*-cl(A)] C e*-clg(f[A]) for every subset A of X;

(d) f~1[F] € e*C(X) for every e*-f-closed set F of Y;

(e) f71V] € e*O(X) for every e*-f-open set V of Y.

Proof. (a) = (b): Let BCY and = ¢ f~![e*-cly(B)].
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x ¢ fle*-clg(B)] = f(x) & e*-clg(B) = (AV € e*O(Y, f(x)))(e*-cl(V) N B :(V)g } N
= (U € e*O(X,z))(fIlUIN B Ce*-cl(V)N B =0)
= (3U € e*O(X ) (UNf LB =0)
=z ¢ e*-cl(f1[B)).
(b) = (¢) : Let AC X.
ASXTIAENY o ety € et 1£141) € £ enela( 1))
= fle*-cl(A)] € e"-clp(f[A]).
(¢c) = (d): Let F € e*0C(Y).
F €e*00(Y) = (e*-cly(F) = F)(f~'[F] C X) N
:fw7<[wngi?uv4wmcadwm=F
= e*-cl(f C fF _ N _ _ "
i D | = T = e ) = £ € )
(d) = (e) : Obvious.
() = (a): Let x € X and V € ¢*O(Y, f(x)).
Vee'O, f(x)) = e*-c(V) € e*R(Y) = e*-cl(V) € e"00(Y) } N
(e)
= (U := fe*-c(V)] € e*O(X, 2))(f[U] C e*-cl(V)). [ |

Theorem 3.5 Let f: X — Y be a function. The following properties are equivalent:
(a) f is weakly e*-irresolute;

(b) For each x € X and each V € €*O(Y, f(z)), there exists U € e*O(X,z) such that
fle*-cl(U)] C e*-cl(V);

(c) f~1[F] € e*R(X) for every F € e*R(Y).

Proof. (a) = (b) : Let x € X and V € €*O(Y, f(x)).
Vee O, f(x)) = e*-c(V) € e*R(Y, f(x)) = e*-cl(V) € e*00(Y, f(z)) Ne*0C (Y, f(z))
Theorem 3.4 (d),(e)
= (U= fHe*-cl(V)] € e*R(X, 2))(f[e*-cl(U)] C e*-cl(V)).
(b) = ( ):Let F € e*R(Y) and z € f~1[F].
(Fee*R(Y))(x € ['[F]) = F € e"R(Y, f(z)) } N

= (U e O(X, 2))(f

= (3U € e*O(X x))(U g e*
= x € e*-int(f~ [ )]
Then we have f~1[F] €
FeeR(Y) <Y\ Fe e RY) = /1

(%), (%) = fTHF] € e R(X).
(¢) = (a): Let:vGXandVGe*O(Y f(x)).
VeeroY, f(z)) = e*-c(V) € e*R(Y, f(az‘))

4

= (U := fe*-c(V)] € e*R(X,2))(f[U] C e*-cl(V)). [ |

Theorem 3.6 Let f: X — Y be a function. The following properties are equivalent:
(a) f is weakly e*-irresolute;

(b) f7LV] C e*-inty(f~ e*-cly(V)]) for every V € e*O(Y);

(c) e*-clg(f~L[V]) C fL[e*-cly(V)] for every V € e*O(Y).

b
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Proof. The proof is similar to Theorems 3.4 and 3.5. Hence, it is omitted. |

Theorem 3.7 Let f: X — Y be a function. The following properties are equivalent:
(a) f is weakly e*-irresolute;

(b) e*-clo(f~1[B]) C f~![e*-clg(B)] for every subset B of Y;

(c) fle*-clp(A)] C e*-cly(f[A]) for every subset A of X;

(d) f~1[F] is e*--closed in X for every e*-f-closed set F of Y;

(e) f~1[V] is e*-f-open in X for every e*-f-open set V of Y.

Proof. The proof is similar to Theorems 3.4 and 3.5. Hence, it is omitted. [ |

4. Some properties of weakly e*-irresolute functions

In this section, we investigate some fundamental properties of weakly e*-irresolute
functions.

Definition 4.1 A topological space X is said to be strongly e*-regular if for each F' €
e*C(X) and each = ¢ F, there exist disjoint e*-open sets U and V such that x € U and
FCV

Lemma 4.2 Let X be a topological space. Then the following properties are equivalent:
(a) X is strongly e*-regular;

(b) For each U € e*O(X) and each = € U, there exists V € e*O(X,x) such that
e*-cl(V) C U;

(c) For each U € e*O(X) and each x € U, there exists V € e*R(X, z) such that V C U.

Proof. (a) = (b) : Let U € e*O(X) and z € U.
Uee'OX,x)=2¢ X \U €e'C(X)
(a)
= (FV € *O(X,2))EW € e*O(X)) (X \U CW) (VW =10)
= (FV e e*O(X,2))(V Ce*-c(V) C X\ W CU).
(b) = (¢) : Let U € €*O(X) and = € U.
U e e*0O(X, x)}
(b)
(¢c)=(a): Let Fee*C(X)and z ¢ F.
¢ Fee'C(X)= X \Fe e*0<Xa(:3 } ~ 3V € e R(X,2))(V C X\ F)

= (AV € e*O(X,2)) @AW := X\ V € e*O(X))(F CW)(V N W = (). m

=

=AW € e*O(X, z))(e*-cl(W) CU)

Vs e } = (V € ¢"R(X,2))(V C V).

Theorem 4.3 Let Y be a strongly e*-regular space. Then a function f : X — Y is
weakly e*-irresolute if and only if it is e*-irresolute.

Proof. Necessity. Let V € e*O(Y) and z € f~1[V].

*_
Y is strongly e”-regular f is weakly e*-irresolute

(V S e*O(Y))($ c ffl[V]).:> Ve e*O(Y,f(x)) } :>(E|W c e*O(Y,f(:v)))(e*—cl(W) C V)} _

= (U € e*O(X,2))(f[U] C e*-cl(W) C V)
= (U € e O(X,2))(U € f7H[V])
= € e*-int(f~ [ )]
Then we have f~1[V] € e*O(X). Therefore f is e*-irresolute.

Sufficiency. It is obvious. [ |
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Lemma 4.4 For subsets A and B of topological spaces X and Y, respectively, the
following properties hold:

(a) ints(A x B) =ints(A) x ints(B),

(b) Cl(;(A X B) = Clg(A) X Cl(;(B),

(c) e*-cl(X x B) = X x e*-cl(B),

(d) If A€ e*O(X) and B € €*O(Y), then A x B € e*O(X xY).

Proof. (a) Let (z,y) € int;(A x B).
(x,y) € ints(A x B) = (3U € U(z,y))(int(cl(U)) C A x B)

= (3A; C 1) (342 C ) (U Uit e yanen (A1 Ag)) (int(cl(U)) C A x B)
= (G4 C )34 C Tg) int (el (Uga, ) (anean (A1 x 42)) ) € A x B)
T2)

(
(3 € 1) (int (Uga,cayauen €A1 x 42)) € A x B)
(34 (Uinseannens int(el(Ar x A2)) € A x B)
(

)
71)
)
1) U(A1€A1 (As€A3) [int(cl(A1)) X int(cl(A2))] C A X B)
()

= (

(3A; € C
(3 Cm)(FA2 C )
(3A1 € 1) (B A2 € 72)

(3U1 € U(x))(3Uz2 € U(y)) ([int(cl(Uy)) x int(cl(Uz))] € A x B)
(U1 € U(x))(int(cl(Ur)) € A)(FUz € U(y))(int(cl(Uz)) € B)
(z € ints(A))(y € ints(B))

= (x,y) € ints(A) x ints(B)

Then we have

ints(A x B) C ints(A) x ints(B) (1)

Let (z,y) € ints(A) x ints(B).

(z,y) € ints(A) x ints(B) = (x € int;(A) ANy € ints(B))
= (U € U(z))(int(cl(U)) € A) A (3V € U(y))(in ( (V) € B)

= (UxV eld(zx,y))(int(cl(U)) x int(cl(V)) g B)

= (UxVel(r, ))(znt(cl(U)) x int(cl(V)) = (cl(U xV)) C Ax B)
;;(m,y) Einté( B)

ints(A) x ints(B) C ints(A x B) (2)

It follows from (1) and (2) that ints(A) x ints(B) = ints(A x B).

(b) Let (z,y) ¢ cls(A x B).

(2,y) ¢ cls(A x B) = QU € Ula, y))(int(cl(U)) N (A x B) = 0)

= (301 € U(x)) (30U € U(y)) (int(cl(Ur x Uz)) N (A x B) Cint(cl(U))N (A x B) =0)
= (301 € U(x))(3U2 € U(y))([int(cl(Ur)) x int(cl(Uz))] N (A x B) = 0)

= (301 € U(x))(3Uz € U(y))([int(cl(Ur)) N A] x [int(cl(Uz)) N B] = 0)

= (301 € U(x))(3Uz € U(y))(int(cl(U1)) NA =0 V int(cl(Uz)) N B = 0)

= (U1 € U(x))(int(cl(Ur)) NA=0) Vv (U2 € U(y))(int(cl(Uz)) N B =0)

=z & cls(A) V y ¢ cls(B)

= (z,y) & cls(A) x cls(B)

Then we have

NSNS

cls(A) x cls(B) C cls(A x B) (3)

Let (x,y) ¢ cls(A) x cls(B).
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(z,y) ¢ cls(A) x cls(B) = (¢ & cls(A) V y ¢ cls(B))

U, € U(x))(int(cl(Ur)) NA=0) Vv (3U2 € U(y))(int(cl(Uz)) N B =
U, € U(y))(int(cl(Ur)) N A =0V int(cl(Uz)) N B =0)
AU, € U(y))([int(cl(Ur)) N A] x [int(cl(Uz)) N B] = 0)
AU, € U(y))([int(cl(Ur)) x int(cl(Uz))] N (A x B) = 0)

B)))( nt(cl(Uy x Uz)) N (A x B) =0)

= ( ( 0)
= (3U; € U(

= (U, € U(x

= (U, € U(x

= (

/\/\/\/\/—\

= (2,9) ¢ cls(

Then we have
cls(A x B) Ccls(A) x cls(B) (4)

It follows from (3) and (4) that cls(A x B) = cl5(A) x cls(B).
(c)Let BCY.

e*c(X x B) "M22T (X x B

(

@ (xxB
= (X xB
(

(

(

Uint(cl(ints(X x B)))

(
Uint(cl(ints(X) x ints(B)))
Uint(cl(X x ints(B))

(cl

(

A/\/\ o~

)
B)))

)
)
)

X X B)Uint(cl(X) x cl(ints(
X x B)Uint(X x cl(ints(B))
)
)

~— — — N

X x B)U (X x int(cl(ints(B
= (X UX) x (BUint(cl(ints(B
Lemga 2.7 X x 6*—61(3).

(d) Let A€ e*O(X) and B € e*O(Y).

—~
=
=

cl(int(cls(A x B)))

cl(int[cls(A) x cls(B)])
= dlint(cls(A)) x int(cls(B))]
= cl(int(cl(;(A))) X Cl(iﬂt(Clg(B)))

Hypothesis
D Ax B

Then we have A x B € e*O(X x Y). [ |

Theorem 4.5 A function f : X — Y is weakly e*-irresolute if the graph function defined
by g(x) = (x, f(z)) for each z € X is weakly e*-irresolute.

Proof. Let x € X and V € e*O(Y, f(z)).

Ve e o, f(z) "M x v v e O(X x Y, g(x)) | Lemmaide

g is weakly e*-irresolute
= (U € e*O(X,2))(g[U] C e*-cl(X x V) =X x e*-cl(V))
= (U € e*O(X,2))(f[U] C e*-cl(V)). [ ]
Definition 4.6 [4] A topological space X is said to be e*-T5 if for each pair of distinct
points z,y € X, there exist U € e*O(X,z) and V € ¢*O(X,y) such that UNV = 0.

Lemma 4.7 A topological space X is e*-T5 if and only if for each pair of distinct points
z,y € X, there exist U € e*O(X,z) and V € e*O(X, y) such that e*-cl(U)Ne*-cl(V) = 0.

Proof. Necessity. Let z,y € X and = # y.

@y € ﬁ)l(:ef_%;} = (U € e*O(X,2))( 3V € e*O(X,y))(UNV =0)
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= (U € e*O(X, 2))3V € e*O(X, ) (U C X\ V)
= (U € e*O(X,2))(3V € e*O(X,y))(e"-cl(U) Ce*-c(X \V)=X\V)
= (U € e*O(X,2))(FV € e*O(X,y))(V C X \ e*-cl(U))
Theoran 21 (37 € e*O(X, 2))(AV € e*O(X, y))(e*-cl(V) € X \ e*-cl(U))
(HU € e*O(X,2))3V € e*O(X,y))(e*-cl(U) Ne*-cl(V) = 0).
Sufficiency. It is obvious. u

Theorem 4.8 If Y is an e*-T5 space and f : X — Y is weakly e*-irresolute injection,
then X is e*-T5.

Proof. Let z,y € X and = # y.

(z,y € X)(z # y)
fis injective} :f(}gf-)lzée{_(%;} hemma 4.7
= 3V € e*O(Y, f(z)) @W € e*O(Y, f(y)))(e*-cl(V) N e*-cl (W) = 0) } N
f is weakly e*-irresolute
= (3G € ¢*O(X,2))(3H € e*O(X,y))(f[GN H] C fIG] N f[H] C e*-cl(V) N e*-cl(W) =
= (3G € e*O(X,2))(3H € e*O(X,y))(f[G N H] = 0)
= (3G € ¢*O(X,x))(3H € e*O(X,y))(GN H = 0). [ |

Definition 4.9 A function f : X — Y is said to have a strongly e*-closed graph
if for each (z,y) ¢ G(f), there exist U € €¢*O(X,z) and V € €*O(Y,y) such that
[e*-cl(U) x e*-cl(V)]NG(f) = 0.

Theorem 4.10 If Y is an e*-T5 space and f : X — Y is weakly e*-irresolute, then f
has a strongly e*-closed graph.

f(>1~oo)f.¢ LGe(tf()x y) i Gf((f))-
x, = Z
! Yyis e*-Th } =
PR AT 3V € e O(Y, £(2)))(BW € e O(Y, 1)) (e*-cl(V) N e*-cl(W) = 0) } =
f is weakly e*-irresolute
Theorem 3.5 (EIU c G*O(X x))(le c 6*0(3/, y))(f[e*—cl(U)] N e*_cl(W) = @)
(G € O, 2)(EW € O, p)([e"el(D) x (W] 1 G(f) = ). .

Theorem 4.11 If a function f : X — Y is weakly e*-irresolute injection and f has a
strongly e*-closed graph, then X is e*-T5.

Proof. Let z,y € X and = # y.

(e 2 XETD L = 10 # 1) = (@700 £ GO

f has a strongly e*-closed graph
= (3G € e*O(X,x))(AV € e*O(Y, f(y)))([e*-cl(G) x e*-cl(V)] N G(f) = 0)
= (3G € e*O(X,2))(3V € e*O(Y, f(y))(fle*-cl(G)] Ne*-cl(V) = 0)

f is weakly e*-irresolute

= (3G € e"O(X, 2))(3H € e"O(X, y))(fIG] N fIH] € fle*-cl(G)] N [[H] € fle*-cl(G)] Ne*-cl(V) =

= (3G € e*O(X,2))(3H € e*O(X,y))(f[G N H] C f[G] N f[H] = )
= (3G € e*O(X,x))(3H € e*O(X,y))(GN H = 0). [ |

Definition 4.12 [4] A topological space X is said to be e*-connected if it can not be
written as the union of two nonempty disjoint e*-open sets.

0)
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Theorem 4.13 If a function f : X — Y is weakly e*-irresolute surjection and X is
e*-connected, then Y is e*-connected.

Proof. Suppose that Y is not e*-connected.

Y is not e*-connected = (FV,W € e*O(Y)\{0H(VNW =0)(VUW =Y)

= (V,W e *RY)\{0N(f' VW] =) [vuw] = f[Y])

= (VW e R\ {OH(HVIN W] = 0)(fH VU F7H W] = X) | Theorem 3.5
f is weakly e*-irresolute surjection

= (VL W] e e REONAH S VIN W] = 0)(fHVIU fH W] = X)

Then X is not e*-connected. [ ]

5. Strongly e*-irresolute functions and their some fundamental
properties

Theorem 5.1 Let f: X — Y be a function. The following properties are equivalent:
(a) f is strongly e*-irresolute;

(b) For each x € X and each V € e*O(Y, f(x)), there exists U € e*O(X,z) such that
fle*-clg(U)] C V;

(c) For each x € X and each V' € €*O(Y, f(x)), there exists U € e*R(X,z) such that
flulev;

(d) For each z € X and each V € ¢*O(Y, f(z)), there exists U € e*0O(X, x) such that
flUlc v,

(e) f~1[V] is e*-0-open in X for every V € e*O(Y);

(f) f~1[F] is e*-f-closed in X for every F € e*C(Y);

(g9) fle*-clg(A)] C e*-cl(f[A]) for every subset A of X;

(h) e*-clg(f~1[B]) C f~tle*-cl(B)] for every subset B of Y.

Proof. (a) = (b), (b) = (¢), (¢) = (d) and (e) = (f) are clear.
(d) = (e) : Let V € e*O(Y) and z € f~1[V].
(VeeOY))(z e fTH[V]) =V eeO(Y, f(z)) )

i)} = U e oo avlcv)
= (U € e*00(X,2))(U C f7LV]) = = € e*-inte(f~L[V])
Then f~1[V] € e*0O(X).
(f):>(g):LetACX

ACX = e*- Cl 6 G*C ?;} 6 Cl )] € 6*90( ) (*)

A C fHfIA]] = e*-cly( A) e*~cly [A]])Ce ~cl(f e -cl(fIA])])  (xx)
()(**)=>€ -clg(A) C f [e*-c(f [ D]:>f[€ -clp(A)] C e*-cl(f[A]).

(9) = (h ) LetBCY

BeY } Fles-cla(f[B])] € e*-cl(f{f[B]) € e*-cI(B)

= e*-clp(f[B]) Ye*-cl(B

(h) = (a): Let x € X and V € e*O(Y f(x)).

VeeroY, f(z) = f(x )¢Y\V€6*C((Y)}

= e clg(fHY\V]) C [l e~d(Y \ V)] = [ Y\ V] } N
y\v]c 6*-Cle(f_l[Y \V])

=ax ¢ [TV \V]=e*c(f Y \V])

=ax¢ fHY\V]€ehC(X)

\_/
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=z € f1[V] € e*00(X)
= (U € e*O(X, 2))(e*-cl(U) C f7V])
= (U € e*O(X, z))(fle*-cl(U)] C V). [ |

Theorem 5.2 An e*-irresolute function f : X — Y is strongly e*-irresolute if and only
if X is strongly e*-regular.

Proof. Necessity. Let z,y € X and = # y.

feX = )1(17 f(x)h_ x} ={(f is e*-irresolute)(f is strongly e*-irresolute)
ypothesis VecO(X, 1) = f(z) =z € V}

= (U € e*O(X,x))(fle*-cl(U)] C V)

= (U € e*O(X,z))(U Ce*-cl(U) C V).

Then X is strongly e*-regular from Lemma 4.2.

Sufficiency. Let V' € e*O(Y, f(z)).

fis e*—irresolute} 1
9 = [TV]eeO(X,x)
V € erO(Y, f(z)) X is strongly e*-regular
= (U € e*O(X,z))(fle*-cl(U)] C V)
Then f is strongly e*-irresolute. [ ]

} = (U € e*O(X,2))(U C e*-cl(U) C f7HV])

Corollary 5.3 Let X be a strongly e*-regular space. Then f : X — Y is strongly
e*-irresolute if and only if f is e*-irresolute.

Theorem 5.4 Let f : X — Y be a function and g : X — X xY the graph function of f.
If g is strongly e*-irresolute, then f is strongly e*-irresolute and X is strongly e*-regular.

Proof. Let x € X and V € e*O(Y, f(z)).
(@ e X)(V €Oy, f(2)) ™S X x v e er0(X x Y, g(a) |
g is strongly e*-irresolute
= (U € e*O(X,z))(gle*-c(U)] C X x V)
= (U € e*O(X, z))(fle*-cl(U)] C V)
This shows that f is strongly e*-irresolute. Let U € ¢*O(X, x).
Ueeo(X,z) S U xy e e0(X x Viga) |
g is strongly e*-irresolute
= (3G € e*O(X, x))(gle*-cl(G)] CU xY)
= (3G € e*O(X, x))(fle*-cl(G)] CU)
This shows that X is strongly e*-regular. [ |

Lemma 5.5 Let (X, 7) be a topological space and A CY C X. If (X, 7) is a regular
space, then d-cly (A) = 0-cl(A) N'Y where d-cly (A) denotes the d-closure of A in the
subspace Y.

Proof. Let (X, 7) be a regular space.

(X,7) is regular}

YCX = (Y, 1y) is regular

AcC Y} = 0-cly(A) = cly(A) =c(A)NY =d-cl(A)NY.

Corollary 5.6 Let (X, 7) be a topological space and A CY C X. If (X, 7) is a compact
Hausdorff space, then d-cly (A) = 0-cl(A)NY.

Proof. It follows from the fact that every compact Hausdorff space is regular. [ |
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Remark 2 As shown by the following examples, the equality which is given Lemma 5.5
can not be true when topological space is not a reqular space.

Example 5.7 Let X :={a,b,c,d} and

7:= {0, X,{a}, {b},{a,b}, {a,c},{a,b,c}, {a,b,d}}.

Y ={bcd} C X, then v ={TNY|T €7} ={0,Y,{b},{c}, {b,c},{b,d}} where 1y
is relative topology on Y. For subset {c} of Y, d-cly ({c}) = {c} C é-cl({c})NY = {c,d}.

Example 5.8 Let X :={a,b,c,d} and

7:={0, X, {a}, {b},{a,b},{a,c},{a,b,c},{a,b,d}}.

Y ={bc,d} CX,then v ={TNY|T € 7} ={0,Y,{b},{c}, {b,c},{b,d}} where 1y
is relative topology on Y. For subset {d} of Y, §-cly ({d}) = {b,d} D é-cl({d})NY = {d}.

Lemma 5.9 Let (X,7) be a regular topological space and A, Y C X. If A € ¢*O(X)
and Y € aO(X), then ANY € e*O(Y).

Proof. Let (X, 7) be a r'egular space, A € e*O(X) and Y € aO(X). Then
3;4€€an(0)(())<):> ;»YAgg”g((Zz(txtlg((é;;; } = Y N A Cint(cl(ints(Y))) N el(int(cls(A)))
=Y NACint(cl(ints(Y))) Nel(int(cls(A)))

C el int(cl(ints(Y))) Nint(cls(A))]

Ccllel(ints(Y)) Nint(cls(A))]

C c[ellints(Y) Nint(cls(A))]]

= clints(Y) Nint(cls(A))]
=Y NACdints(Y)Nint(cls(A)]NY = cly[ints(Y) Nint(cls(A))] (*)
Also,

ACX)(Y CX)=ints(Y)Nint(cls(A)) CY , .

é4gX%Ygxgiwm§wam@&A%eT}:>mmaqm”ﬂdAM)€W
= inty [ints(Y) Nint(cls(A))] = ints(Y) Nint(cls(A)) (x%)
Thus,

(%), (xx) = YNA C cylinty [ints(Y) Nint(cls(A))]]
= cy [inty [ints(Y) Nint(cls(A))] Nints(Y)]
= cdy [inty [ints(Y) Nint(cls(A)) N Y]]
C  cy [inty [ints(Y) Nels(A) N Y]]
C  cy [inty [cls(ints(Y) N A) NY]]
C cly [inty [cls(Y N A)NY]]
by linty [6

Lemma 5. 5

inty [0-cly (Y N A)]].

Lemma 5.10 Let (X,7) be a regular space and A C Y C X. If A € ¢*O(Y) and
Y € e*O(X), then A € e*O(X).

Proof. Let (X, ) be a regular space, A € e*O(Y) and Y € e*O(X). Then

Aece*O(Y)= A Ccly (inty (d-cly (A))) = cly (inty [0-cl(A) NY]) Q cly (inty (0-cl(A)))
inty (6-cl(A)) € v = (3U € 7)(in

=cly (UNY) }

(int(d-cl(Y)))

= cly (inty (

cl(4)))
YeerOX)=Y Cd

cl
ty (3-cl(A) =U NY

b



M. Ozko¢ and K. Sarkaya Atasever / J. Linear. Topological. Algebra. 08(01) (2019) 25-39. 37

= ACcy [Uncl(int(6-cl(Y)))] < ey e [Unint(s-cl(Y))]]
= cy [ [int(U) Nnint(6-cl(Y))]]
= cy[el[int]U Né-cl(Y)]]

[cl ] Il

Lemma 5.5

cly [cl [int[6-cl(U N
cl [el [int[o-cl(U NY)]
cl [el [int[o-cl(U NY)]
cl [int[0-cl(UNY)]]
= A C clint]d-c(UNY)]] C d(int(o-cl(inty (5-cl(A))))) C cl (int(d-cl(d-cl(A)))) =
cl (int(o-cl(A))) . [ |

)]
)]
Ny
I

1NN

Lemma 5.11 Let X be a regular topological space and A C Y C X and Y is a-open in
X. Then the following properties hold:

(a) A€ e*O(Y) if and only if A € e*O(X),

(b) e*-cl(A)NY = e*-cly (A), where e*-cly (A) denotes the e*-closure of A in the subspace
Y.

Proof. (a) Necessity. Let A € e*O(Y).
AceoY) } Lemumg 5.10

Y €aO(X)=Y €e*O(X)

Sufficiency. Let A € e*O(X).

éieaﬁﬁngﬂgAmYeaow)
“ ACY=A=ANY
(b) Let z € e*-cl(A)NY and V € e*O(Y, ).

VEe*O(Y,x)(:QVee*O(X x) —VAA£D

z€e-c(A)NY =z € e*-cl(A)
Then we have z € e*-cly (A).
Let x € e*-cly(A) and V € e*O(X, ).

% Lemma59
Ve erO(X, x) vaYeeoV o)l g anwny)canvy
x € e*-cly (A) B

Then we have z € e*-cl(A) NY. [ |

A€ e*O(X).

= Aceo(Y).

Theorem 5.12 Let X be a regular space. If f : X — Y is strongly e*-irresolute and X
is an a-open subset of X, then the restriction f|x, : Xo — Y is strongly e*-irresolute.

Proof. Let x € Xy and V € e*O(Y, f(x)).

(z € Xo)(V Gl G*O(Y f(1 z))) } —(3U € " O(X, 2))(fle*-cl(U)] € V) ) Lemma 5.9 and 5.11(5)
f is strongly e*-irresolute (Up == U N Xo)(Xo € aO(X)) } =

= (Uo € e"0(Xo, 2))(f|x,[e"-clx, (Uo)] = fle™-clx,(Uo)] C fle*-cl(Un)] € fle™-cl(U)] € V).

This shows that f|x, is strongly e*-irresolute. [ ]

Definition 5.13 A function f : X — Y is said to be e*-open [4] if f[U] € e*O(Y) for

each U € e*O(X).

Lemma 5.14 If f : X — Y is e*-irresolute and V is e*-f-open in Y, then f~1[V] is
e*-0-open in X.

Proof. Let V € ¢*0O(Y) and z € f~1[V].
(Veer9O(Y))(z e fLV]) =
V € e00(Y, f(z)) = (3W € e*O(Y, f(2))(W C e*-cl(W) C V) }

f is e*-irresolute
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= ([T W] € e O(X, ) (fH W] C e*~cl(fHW]) € fH e cl(W)] C f7HV])
= V] € e*00(X). ]

Theorem 5.15 Let f : X — Y and g : Y — Z be functions. Then the following
properties hold:

(a) If f is strongly e*-irresolute and g is e*-irresolute, then the composition gof : X — Z
is strongly e*-irresolute.

(b) If f is e*-irresolute and g is e*-irresolute, then g o f is strongly e*-irresolute.

(c) If f: X — Y is e*-open bijection and go f : X — Z is strongly e*-irresolute, then g
is strongly e*-irresolute.

Proof. (a) Let V € e*O(Z).
VeeO(Z) }

—1 *
g is e*-irresolute = g~ [V]eeo(Y) } =

f is st. e*-irresolute
= [g V] = (g0 f)7'[V] € e00(X) C e*O(X).
(b) Let V € e*O(Z).

Ve e*O(Z)}

g is strongly e*-irresolute

=g V] €e*90(Y) = g t[V] € e*O(Y)} N
f is e*-irresolute
= g VI = (go /)7 V] € e O(X).
(c) Let W € e*O(2).
W e e*O(Z) }

g o f is strongly e*-irresolute = (go /)7 W] = f7Mg7! [W]] € e"O(X) }

f is e*-open bijection = f~! is e*-irresolute

= fIf g Wl = g~ W] € e*00(Y). u
Theorem 5.16 If f : X — Y is strongly e*-irresolute and Y is e*-T5, then the subset
E ={(z,y)|f(z) = f(y)} is e*-O-closed in X x X.

Proof. Let (z,y) ¢ E.

e EE=IQ2IWL Sav e o F@)EW € 0y, 1)@ 0w =0 .
f is strongly e*-irresolute

= (U € e*0(X,2))(3G € e*O(X, y))(fle*-cl(U)] N fle*-cl(G)) SV N W =)

= (UxGeeOX x X, (x,9)))(e*-cl(U x G)YNE C [e*-cl(U) x e*-cl(G)|N E = ()

= (UxGee0OX x X, (x,9)))(e*-c(U x G) C\FE)

= (z,y) € e*~intg(\E)

Then \E is e*-0-open in X x X. Therefore E is e*-0-closed in X x X. ]
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