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Abstract. In this paper we have introduced new types of sets termed as w, ,-open sets with

the help of an operation and a generalized topology. We have also defined a notion of ~,-
Lindelof spaces and discussed some of its basic properties.
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1. Introduction

In 1979, Kasahara [10] introduced the notion of an operation on a topological space
and the concept of an a-closed graph of a function. After that, Jankovié defined [9]
the concept of a-closed sets and investigated some properties of functions with a-closed
graphs. On the other hand, in 1991, Ogata [13] introduced the notion of y-open sets
to investigate some new separation axioms of a topological space. In 1982, Hdeib [7]
introduced the notion of w-open sets as a weak form of open sets in topological spaces. By
using w-open sets, he obtained some improvements of characterizations and preservation
theorems of Lindel6f spaces. Analogously, by using preopen sets, Hdeib and Sarsak [8]
defined w-preopen sets and obtained further properties of strongly Lindelof spaces due
to Mashhour et al. [11]. As generalizations of Lindel6f spaces, Ganster [6] introduced
and investigated a-Lindelof spaces and semi-Lindelof spaces, while the notion of nearly
Lindel6f space was studied in [1, 2, 5, 12].
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In this paper our aim is to study an operation based on w-open like sets, where the
operation is defined on a collection of generalized open sets. The most common properties
of different open like sets or weakly open sets are that they are closed under arbitrary
unions and contain the null set. Observing these, Csdszar introduced the concept of
generalized open sets. We now recall some notions defined in [3]. Let X be a non-empty
set. A subcollection p & P(X) (where P(X) denotes the power set of X) is called a
generalized topology [3] (briefly, GT) if @ € u and any union of elements of y belongs to
. A set X with a GT p on the set X is called a generalized topological space (briefly,
GTS) and is denoted by (X, pu). For a GTS (X, pu), if X € p then (X,pu) is known
as a strong GTS. The elements of y are called u-open sets and p-closed sets are their
complements. The p-closure of a set A & X is denoted by c¢,(A) and defined by the
smallest p-closed set containing A which is equivalent to the intersection of all u-closed
sets containing A. We use the symbol i, (A) to mean the p-interior of A and it is defined
as the union of all y-open sets contained in A i.e., the largest p-open set contained in A
(see [3, 4]).

2. w, -open sets

Definition 2.1 [14] Let (X, 1) be a GTS. An operation 7, on a generalized topology 1
is a mapping from p to P(X) with G € v, (G) for each G' € . This operation is denoted

by v, : p — P(X).
Note that v, (G) and G are two different notations for the same set.

Definition 2.2 [14] Let (X, z) be a GTS and v, : p — P(X) be an operation on . A
subset G of a GTS (X, p) is called ,-open if, for each point x of G, there exists a pi-open
set U containing = such that v, (U) € G.

A subset of a GTS (X, p) is called ,-closed if its complement is 7,-open in (X, ).
We shall use the symbol v, to mean the collection of all v, -open sets of a GTS (X, ).

Definition 2.3 Let (X, x) be a GTS and v, : © — P(X) be an operation on p. A subset
A of a GTS (X, u) is said to be w, -open if for each = € A, there exists a 7 -open set U
containing x such that U \ A is at}most countable. The complement of an w_ -open set
is called an w_ -closed set. g

I

Every v ,-open set is an w_ -open set but the converse is not necessarily true follows

from the next example. Furthermore if v, = id,, then every w_ -open set is an w, -open
set.

Ezample 2.4 Let R be the set of real line and p = {A S R:0¢€ A}U{@}. Then (R, u)
is a GTS. Now v, : p — P(X) defined by

A, if0e A
%<A>={ 1

J, otherwise

is an operation. It is easy to check that {1} is an w_-open set but not a 7, -open set.

Theorem 2.5 Let (X, p) be a GTS and v, : p — P(X) be an operation on p. A subset
A of a generalized topological space (X, ) is w, -open if and only if for each x € A, there

exist a y,-open set U containing = and a countable set C' of X such that U\ C € A.
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Proof. Let A be w_ ,-open and x € A. Then there exists a 7, -open set U containing x

such that U \ A is countable Let C =U \ A. Then we have U \ C € A.
Conversely, let # € A. Then there exist an U € «, containing x and a countable set C
such that U \ C' € A. Therefore, U\ A € C and U \ A is countable. [ |

Theorem 2.6 Let (X, u) be a GTS and v, : p — P(X) be an operation on x and
CEX. IfCisw, -closed, then C' € K U B for some 7, -closed set K and a countable
set B.

Proof. If C'is w, -closed, then X\ C'is w -open. Hence for each z € X'\ C, there exist

a 7,-open set U containing = and a countable set B such that U \ B £ X \ C. Thus
CCX\(U\B) =X\({UN(X\B) =(X\U)UB.Let K = X\ U. Then K is a
7,-closed set such that C' € KU B. [ |

Definition 2.7 [15] Let (X, p) be a GTS. An operation v, : u — P(X) is said to be
regular if for each point x € X and any two p-open sets U and V of X containing x,
there exists a p-open set W containing x such that v, (W) & v (U) Ny, (V).

Theorem 2.8 Let (X, u) be a GTS and v, : 4 — P(X) be an operation on x. Then the
family of all w_ -open sets forms a GT on X. If further ~y, is regular, then

vy
( ) ( ~y )wa{u ~

Proof. It is obvious that @ is an w, -open set. Let {A, : a € A} be a family of w, -open

sets and 2 € U{A, : a € A}. Then x € A, for some a € A. Thus, there exists a v, -open
set U such that U \ A is a countable set. Hence, U \ U{A_ : « € A} is a countable set.
(a) Let A and B be two w_ ,-open sets and x € AN B. Then there exists v -open sets

U and V containing = such that U\ A and V' \ B are both countable. Clearly U NV is
a ,-open set (as 7, is a regular operation) containing x. Also,

(UNV)\ (ANB) =

—~

unv)nl(xX\A)u(X\ B)
UNvVn(X\AJU[UNVn(X\B)
UnX\ AUV N (XN B)]
=(U\NAU(V\B)

-
-

—_

. Since U \ A and V' \ B are countable, (U \ A) U (V' \ B) is countable.
(b) Let A € (wm )., - Then, by Theorem 2.5, there exist an w, -open set U containing

x for each € A and a countable set C' such that U \ C' £ A. Furthermore, there exist
a y,-open set V and a countable set D such that V'\ D € U. Therefore, V' \ (CUD) &
[VAD]\CCU\C C A. Since CU D is countable, we have A an w, -open set. [ |

3. ~,-Lindelof spaces

Definition 3.1 Let (X, p) be a strong GTS and v, : © — P(X) be an operation on
p. A subset A of (X, p) is said be v, -Lindelof (resp. w. -Lindeldf) relative to X if for

every cover {U, : a € A} of A by 7, -open (resp. w w, -open) subsets of X, there exists a

countable subset A, of A such that A S U{U, : a € A ot If A= X, then the v, -Lindelof
(resp. w, -Lindeldf) subset A is called a +,-Lindeldf (resp w, —Llndelof) space.
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Remark 1 If v, = id,, then the notion of a v, -Lindelof space reduces to a p-Lindelof
space [16].

Theorem 3.2 Let (X, ) be a strong GTS and v, : 4 — P(X) be an operation on p. A
subset K of a strong GTS (X, p) is 7,-Lindeldf if and only if K is w_ -Lindelof.

Proof. Suppose that a subset K of a strong GTS (X, u) is ,-Lindelof relative to X.
Let {U, : o € A} be a cover of K by w_ -open sets of (X, p). For each x € K, there
exists a(z) € A such that z € U_,,. Slnce Uam € w, , there exists V, = € v, containing
x such that V \ U_,, is a countable set. Then the famlly {V.., 1 € K} is a cover of

K by v,-open sets in (X, p). Since K is v,-Lindeldf, there ex1sts a countable subset, say,

a(z,),a(x,),...,a(x,),... such that K & U{V,, BREAS N}. Now, we have

K S U od(Vaey \ Vo) WU b = Ui (Vi \ Vo DIV ViU
and hence K € [U,_ (V. \U, . )NKJU[U,_U,_, | Foreach a(z;), (V. \U,., ,)NKisa
countable set and there exists a countable subset Aa(xi) of A such that (V, , | \Ua(m” )NK &
WU, :a €A, }. Therefore, we obtain

KE U UU, saed DIVVGU..,]

. Converse part follows from the fact that v, € w_ . [ ]
W

Corollary 3.3 Let (X, u) be a strong GTS and v, : p — P(X) be an operation on .
Then (X, p) is 7,-Lindel6f if and only if (X,w, ) is w, -Lindelof.

Theorem 3.4 Let (X, p) be a strong GTS and v, : 4 — P(X) be an operation on .
Also, let A, B be two subsets of a GTS (X, i) such that A is v,-Lindeldf relative to X
and B is w_ -closed in X. Then AN B is v, -Lindeldf relative to X.

Proof. Let B be an w, -closed subset of (X, ) and {U, : a € A} be a cover of ANB by
7,-open sets of X. For eachx € A\B,z € X\B € w, - Hence, there exists a 7, -open set
V. with z € V, such that V. N B is a countable set. Since {U_ : « € A}U{V, :x € A\ B}
is a cover of A by 7, -open sets of (X, 1) and A is v,-Lindelof relative to X, there exists a
countable subcover {U, : a € A, }U{V, :i € N}, where A, is a countable subset of A such
that A C [U{U, : a € A, }U [U{V .7 €N} and ANB C C U{U, :a € A} JU[U{BNV,

i € N}. . Since Un(BNV, )isa countable set, there exists a countable subset A, of ‘A
such that AN[U, (V.. ﬂB)] CW{U, :a€A,}. Hence, {U, :a € A,UA,} isa countable
subcover of {U_ : a € A} and it covers AN B. Therefore, AN B is v, -Lindelof relative to
X. |

Corollary 3.5 Let (X, u) be a strong GTS and v, : p — P(X) be an operation on .
Then every w, -closed subset of a ,-Lindelof GTS (X, p1) is v,-Lindeldf relative to X.

Corollary 3.6 Let (X, u) be a strong GTS and v, : p — P(X) be an operation on .
If (X, p) is 7,-Lindeldf and A is « -closed in X, then A is v, -Lindelof relative to X.

Proof. This is an immediate consequence of Corollary 3.5, since every 7, -closed set is
W, -closed. [ ]

Corollary 3.7 Let (X, u) be a strong GTS and v, : p — P(X) be an operation on .
Then the followings are equivalent:
(1) (X, p) is v,-Lindelof;
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(i7) every proper w_ -closed subset of (X, i) is «y,-Lindeldf relative to X;
(i74) every proper +,-closed subset of (X, ) is v, -Lindel6f relative to X.

Proof. (i) = (ii): This is an immediate consequence of Corollary 3.5.

(ii) = (iii): Since every ~, -closed set is w, -closed, the proof follows from (ii).

(iii) = (i): Let {V, : @ € A} be a cover of X by ~ -open sets of (X, ). We choose a
V., such that X \ 'V, “is a proper subset of X. Then {V, : « € A\ {ao}} is a cover of
X\V,, by~,-open sets of (X, u) and X \'V, isa~,-closed set of X. By (iii), there exists
a countable subset A, of A such that X \ V, S U{V, : a € Ag}. Therefore, we obtain
X =[V, :a€ AgU{ap}]. This shows that (X, i) is v, -Lindelof relative to X. [ |

Throughout the rest of the paper, (X, ) and (Y, A) will denote GTS’s and v, : pp —
P(X) and B, : A — P(Y) will denote two operations on p and A, respectively.

Definition 3.8 A function f : (X,u) — (Y, ) is said to be w, -continuous (resp.

(7,.» B, )-continuous) if for each x € X and each V € (3, containing f(z), there exists
U€w, (resp.U € v,) containing x such that f(U) E V.

Lemma 3.9 For a function f: (X, u) — (Y, \), the following properties are equivalent:
(¢) fis w, -continuous;

(i) f : (Xt wm) — (Y, 8,) is (wm,ﬁx)—continuous;

(iii) f~1(V) € w, for every V € 3,.

Proof. It is obvious. [ ]

Theorem 3.10 If f: (X, u) — (Y, \)isan w, -continuous function and K is v, -Lindel6f
relative to X, then f(K) is ,-Lindelof relative to Y.

Proof. Let {V, : @ € A} be a cover of f(K) by S,-open sets of Y. Then {f~}(V.) :
a € A} is a cover of K by w, -open sets of X. Since K is v, -Lindelof relative to X, by
Theorem 3.2, there exists a countable subset A, of A such that K S U{f~}(V.) : a € Ag}.
Hence, we have f(K) € U{V, : « € Ag}. Therefore, f(K) is 3,-Lindeldf relative to Y. B
Corollary 3.11 If f : (X,pu) — (Y, ) is an w, -continuous surjection and (X, p) is
7,-Lindeldf, then (Y, ) is 3, -Lindeldf.

Definition 3.12 A function f : (X, u) — (Y, \) is said to be w, -closed (resp. (v,,B,)-
closed) if f(A) is w, -closed (resp. f,-closed) in (Y, A) for every ~,-closed set A of (X, ).

Lemma 3.13 For a function f : (X, u) — (Y, ), the following properties are equivalent:
() fis w, -closed;

(i) f: (Xt w) = (Y N) is (’yu,wﬂA )-closed;

(i74) for each y € Y and each U € vy, containing f~(y), there exists an w, -open set Vv
of Y containing y such that f~1(V) S U.

Proof. It is obvious. |

Theorem 3.14 Let f: (X,u) — (Y, ) be an w, -closed function such that Yy is

7,-Lindeldf relative to X for each y € Y. If K is j,-Lindeldf relative to Y, then f~!(K)
is 7,-Lindelof relative to X.

Proof. Let {U, : a € A} be any cover of f~!(K) by ~,-open sets of (X, u). For each
ye K, f~(y)is 7,-Lindeldf relative to X . Thus, there exists a countable subset A, (y) of
A such that f=1(y) S U{U, : a € A,(y)}. Now, put U(y) = U{U, : a € A,(y)}. Since f is



262 B. Roy and T. Noiri / J. Linear. Topological. Algebra. 08(04) (2019) 257-263.

W, -closed, by Lemma 3.13, there exists an w, -open set V(y) of Y containing y such that
FY(V(y)) € U(y). Since V(y) is w, -open, there exists W (y) € B, containing y such
that W(y)\V (y) is a countable set. For each y € K, we have W (y) € [W(y)\V (y)]UV (y)

and hence

W) S WmA\VWIU (V) S HIWE) \ V) uU(y).

Since W(y) \ V(y) is a countable set and f~'(z) is v, -Lindeldf relative to X for each
z €Y, there exists a countable set A, (y) of A such that f~1([W(y)\V(y)]nK) S U{U, :
a € A,(y)} and hence

F W NE) SU{U, ra e A} U{U, 1 a € A (y)}-

Since {W(y) : y € K} is a cover of K by f,-open sets of Y and K is f,-Lindelof
relative to Y, there exist countable number of points of Y, say, v,,v,,..., ¥, , ... such that
K S U{W(y,) : i € N}. Therefore, we obtain f~*(K) S U{f*(W(y,)NK):i e N} C
U {UU, tae A (y,)}U{uU, :a e A (y,)}] =U{U, :a € A (y,) UA,(;),i € N}. This

shows that f~!(K) is v,-Lindelof relative to X. [ |
Corollary 3.15 Let f : (X,u) — (Y,)) be an w, -closed function such that f~!(y)

In

is 7,-Lindel6f relative to X for each y € Y. If (Y, ) is 3,-Lindeldf, then (X, u) is v, -
Lindelof.

Corollary 3.16 Let f: (X,u) — (Y, \) be an w,, -continuous and W, -closed surjection

such that f~!(y) is ,-Lindelof relative to X for each y € Y. Then (X, p) is ~,-Lindel6f
if and only if (Y, \) is f,-Lindelof.
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