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Abstract. Let G be a group and Aut(G) be the group of automorphisms of G. For any
natural number m, the m**-autocommutator subgroup of G is defined as:

Kn(G) =(g,0a,...,an]lg € G,a1,...,am € Aut(Q)).
In this paper, we obtain the m'"-autocommutator subgroup of all finite abelian groups.
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1. Introduction

Let G be a group and Aut(G) denote the group of automorphisms of G. As in [3], if
g € G and a € Aut(G), then the element [g,a] = g~ 'a(g) is an autocommutator of g
and «a. Hence, following [5] one may define the autocommutator of weight m+1 (m > 2)
inductively as:

[gva17a27 v ,O[m} = [[g,Oél, oo 7am—1]7am]7
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for all ay, ag, ..., anm € Aut(G).
Now for any natural number m

K (G) =[G, Aut(Q), ..., Aut(G)] = {[g, a1, a2, .. .,anllg € G, a1, ..., an € Aut(G)),

m—times

which is called the m*"-autocommutator subgroup of G.

Throughout this paper we adopt additive notation for all abelian groups. To be brief,
([k]n, [K')m) of group Z,, & Z, will be indicated as (k, k'), where k € {0,1,2,...,n — 1}
and k' € {0,1,2,...,m — 1}.

Ezxzample 1.1 i) Let n be a natural number. Then K,,(Zg~) = 2™Zgn, for any natural
number m.

ii) Let G = Da,,, dihedral group of order 2n. Then one can check that K,,(G) = 2™~ 'Z,,
for any natural number m.

Proof. i) It is obvious by Lemma 2.2 of [5].

ii) We have Dy, = (z,y | 2" = y* = (zy)? = 1) and Aut(Day) = {i+ |0 <i<n—1,1<
t < n—1,(t,n) = 1} such that a;¢(z) = ' and a;+(y) = z'y. So if n is even, then
by induction on m, we have K,,(Ds,) = (#¥" ') = 2717, If n is odd, then we have
Km(Day) = (2) 2 Z,, 2 2717, ]

In [5] some properties of autocommutator subgroups of a finite abelian group are
studied. The under example shows the m!-autcommutator subgroup of a finite abelian
group incorrectly concluded in the Theorem 2.5 of [5].

Exzample 1.2 Let G = Zg @ Z4. Then by Theorem 2.5 of [5|, Ko(G) = Za @ Zs. But
if we define the automorphisms « and 8 of the G, given by a(a,b) = (a,a + b) and
B(a,b) = (a + 2b,b) for all (a,b) € G, then we have [(1,0),«, 5] = (2,0) and hence,
K5(G) has an element of order 4. So Ko(G) # Za @ Zs.

In [6], we obtained the Km(@fﬂZgw) with n; > ng > ... > ng using a function
which recursively defined in terms of the nq,...,n;’s. In this paper we obtain the m!"-
autocommutator subgroup of all finite abelian groups.

2. Preliminary Results

We begin with some useful results that will be used in the proof of our main results.

Lemma 2.1 ([6]) i) Let H and T be two arbitrary groups. Then for any natural number
m7

K (H) % K (T) € Ko (H x T).

ii) Let H and T be finite groups such that (|H|,|T'|) = 1. Then for any natural number
m7

K (H) X Kpn(T) = K (H x T).

Lemma 2.2 ([5], Lemma 2.2) If G is a finite cyclic group, then
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K, (G) = 2™@G, for any natural number m.
Corollary 2.3 If G is a finite abelian group of odd order, then
K, (G) = G, for any natural number m.
Proof. It is obvious by Lemma 2.1 and Lemma 2.2. [ ]

Recall for any natural number n, if G = Zg-, then Aut(G) consists of all automorphisms
a; 1 g+ 1g, where 1 < i < 2" and ¢ is an odd number. We know that the automorphism
groups of finitely generated abelian groups are well-understood( see [4]). Now we have

Lemma 2.4 Let G = @lezgni such that ngy > ng > -+ > ng. Also let ¢ =
(0,...0, 1 ,0,...,0),fori=1,...,k. Then for all & € Aut(G) we have

i

a(er) = (my1,mig, ..., mag)

a(e) = (2" ™ mar, mag, . .., Mag,)

a(e3) = (2" ™ mg1, 2" " m3a, m33, . . ., M3k)

aleg) = (2™ myy, 2 g, L 2" T R g gy, M)

where m;; € Z for all ¢, j and for all 7, m;; is odd.

Proof. We know that for i = 1,..., k, we have |¢;| = 2™ Hence,

afer) = (m1,maz, ..., M1k)

a(e2) = (2™ "2 may, ma2, Mag3, . . ., May)

afeg) = (2™ 7" mgy, 2727 "3 ma, m33, Maa, - - ., M3k

afer) = (2M 7o mpy, 2™ Mg, . 27T My, M)

for some m;; € {0,1,2,3,...,2" —1}. Now it is sufficient to prove my is an odd number,

for any natural number t. We use of induction on ¢. If £ = 1, then clearly mi; is an odd
number. Let ¢ > 1 and assume my is an odd number, for any natural number ¢ such
that ¢ < t. Then we prove my; is an odd number. Assume that my is an even number.
Then for any natural number r such that 1 <r < k if t < r < k, then put ¢, = 0 and if
r=t thenputc, =2% L For1<r<t—1lset, ={i €Z|0<i<rc_;#0}and
put

[0 if D ;. M(t—s)(t—r) is an even number,

Ctor =\ gm—r—1jf > ser, M(t—s)(t—r) 18 an odd number.
Now (c1,...,¢c,) # 0, but a((c1,...,cx)) = 0, which is a contradiction. Hence, my; is an
odd number and this completes the proof. |
Lemma 2.5 ([1]) For all natural numbers k, ny, no, ..., ng such that n; > ng > -+ > ny,

Kl (ZQM ® ZQ"z DD ZQ"}@) = 2Z2n1 D Z2"r2 b---Pb Z2"k .

Lemma 2.6 ([7]) Suppose that G = @leZgw withk >1landni =no >ng > -+ > ng.
Then,

K., (G) = G, for any natural number m.
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In [6], we obtained the Km(@leZzni) with 1 > ng > ... > ny using a function which
recursively defined in terms of the ny,...,ng’s.

Definition 2.7 We define fori =1,2,...,k, Tp; = 0 and for m = 1,2, ..., that T}, o = o0
Now for m > 0 and ¢ = 1,2, ..., k, we have

T, = min{ T i1, Ty + 1,15 — i1 + Tonipry s i — g + Ty i}
Theorem 2.8 ([6]) Suppose that G = @¥_ Zn, with n; > ny > ... > ny. Then,
Kn(G) = @F_ 2T Zgn, |

for any natural number m.

The floor function of x , also called the greatest integer function, gives the largest
integer less than or equal to z. In this paper we use of the symbol |z].

Definition 2.9 Let k,m,ny,ns,...,ng, be natural numbers such that ny > ny > --- >
nk. Then put T}, = m and for k > 1 put
min{m — j + 1 Am], 1< j<min{m,k—1}
TT];].: min{m — j + 1, A¥, it j—k<m
0 m<j<k

where for 1 < j < min{m, k}
Apj = min{(LLjHJ)(m —ni1) | 1<i < min{j, k — 1)} + S
and for 1 < j < min{m, k — 1}
BEU = min{n; —nj4i + (Lm_‘jHJ i)(”a+z —njtit1) |0 <@ <
min{ | "L |k — j - 1)) 4 G
Also for k> 1and 1 < j <min{m+ 1,k — 1}, put
—7 —_1)ymtitlq
Moy = (|22 )y — ngp) + CLT27L

In order to prove main result, we need to prove some technical lemmas.

Lemma 2.10 i) If £ > 1 and 1 < j < min{m + 1, k}, then
min{A]:n(jil),Mmj} 2<j<k—1,

k _ k :
At = ) Ami-n j=k,
Mmj ] = 1.
ii)If k>1and 1< m1n{m+ 1,k — 1}, then
Bk _ mln{n] —njy1 + BF m(j+1) Mp;} 1 <j <min{m — 1,k — 2},
(m+1)j Mp,; Otherwise.
Proof. It is easy to check that the result is true. [ |

Lemma 2.11 If k > 1and 1 < j <k —1, then

k k
ij > Tm(j+1) :

Proof. If j > m, then the result is obvious. If j < m and j = k—1, then it is easy to check
sz(k—l) > Tfflk. Now let j < m and j < k—1. Then Tk = mln{m j+1 Amj, fn]} It
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Tfjlj = m—j+1, then result is obvious. Ifoij = A’fnj = (Lm%ﬂj)(nio—nioﬂ)—k%,

. . —q _1 7n+j+l+1
for some 1 < iy < j then Tfflj > (L%J)(nm —Nigr1) + % > Ak — sz(j+1)'
If T, = By, = nj = Mjtio + (1™ = ) (nj1ip — Mypior1) + C e DL for some
0 < dp < min{ {m%ﬂj,k — j — 1}, then we have,
if io =0 then
—j+1 —1)m+iq]
Th; = ("5 (g — ) + S5
_1)ymtitlag
> (152 ) (nj = nj) + EF=H
> A
k
2 Ty _
Now if 79 > 1, then we have one of the following cases.
(casel) njyiy — Njtio+1 = 1. Hence,
i 1)m+i 1
Tk /1+n]+1 nj+io+\_m Qj+1j io +()7+
o m4j+1
> L+ njpn =yt + 757 _10+(1)f+1
o _ —1)mHitiq]
=Mt~ Mo+ (1252 = (o = 1) (i, — mjrigsn) + S5
> Bk m(j+1)
Tm(]+1)
(case 2) nj — njyi, < 2ip. Hence, njrs —njtpsq1 = 1, for some 0 < s < ip — 1. Now we
have

(case 2.1) If s = 0, then n; —n;11 = 1. Hence,
Thy 2 o+ (12542 — i) + S
|t GO

LA

2 .
= {7:2 J(nj —mnj1) + —"”m;” =
> AZL(J-H)
Z Loty

(case 2.2) If s > 1, then
_i11 .
Tk =nj—njp1 +nje1 — Nyts + s — njip + (75 —i0) (nj1io — Njvigr1)

_1)ym+i . _1)ym+i
+(1)f“>1+nj+l_n]+s+20_3+Lm ]+1J 710_*_(1)#"'1

>nj—njpe + |25 - s+1+w

= nj1 = nges + (252 = (5= D)y = myrer) + st
= By 1)

> T, m(j+1)°

(case 3) nj — njyi, = 2ip and njq4, — Njyio+1 = 2. Hence,
Tk, > 2ig+ (|2 —ig) x 2+ EH = —j 41> Tk
These imply the result. n

The following lemmas are proved in a similar way with the previous lemma and are
left to reader.

Lemma 2.12 i) If £ >2and 1 < j < k — 2, then
k k
Tngra) F st = w2 2 Ty
ii) If k> 1and 1 < j <min{m,k — 1}, then
nj—njyt+tm-—j= min{m — j + Q,Mmj}.
iii) If £k > 1 and 1 < j < min{m, k — 1}, then
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MijTl —le_t,_l-i—T(

Lemma 2.13 For £ > 1 and 2 < j < min{m + 1, k},
i) if 2 <j<min{m — 1,k — 2}, then

k

Brj-1) 2

i)Ifj=k—1lorm<j<k-—2, then

Bp 1y zmin{m —j+2,A% . ), My},

> min{m — j +2 Am(] 1y Mimgs g — nj1 + Bsz(j—i-l)}'

iii) If j = k, then
k k
Binj1) Z Ami-1y:
Lemma 2.14 For k> 1, m > 1and 1 < j < min{m — 1,k},
i) if 2<j <k —2, then

Tk +1 = min{m — j + 2, A* m(— 1),Mmj,nj—nj+1+Bln€1(j+1)}.
ii) If j = k — 1 such that k£ > 2, then
Tk +1> m1n{m—j+2A m(—1) Mp;}.

iii) If j = k, then

Tk +1> mln{m—j+2A m(— 1)}
iv) If j = 1 such that k& = 2, then

Tk + 1> min{m — j + 2, My,;}.
v) If j =1 such that k > 2, then
Tk +1 > min{m —j+2, Mm],n] n]+1+Bm(J+1)}

Lemma 2.15 For k> 1, m>1and 1 < j <min{m —1,k—1},
i)if 2<j < k—2, then

n; —njp1 + A~ m(+1) = > min{m — j + 2 Am(J 1y Mg, — nj1 + Bm(]+1)}
ii) If j = k — 1 such that k£ > 2 then
nj —njt1 + Afjl(
iii) If j = 1 and k£ = 2, then

jrry > min{m = +2, A0y, Mg}

n; —njp1 + A~ m > min{m — j + 2, Mp,;}.

J+1) =
iv) If =1 and k > 2, then
n; —Njy1 + Afn(j-i—l) > min{m — 742, Mm]‘, n; —Njy1 + B;;(j-i—l)}‘

Finally we will prove the following corollary, that is useful in the proof of the main
result.

Corollary 2.16 If £k > 1 and 1 < j < k, then
min{7* G- 1),T7’fw+l n; — nj+1—|—T7fL(j+1)}2<j<k—l,
T(km-i-l)j = { min{T}; +1 nj nﬁ_l + Tk 1)) j=1,
Inln{Tk(J 1) mj +1} j=k.

Proof. We prove the result for case 2 < j < min{m — 1,k — 2}.
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T(ka) =min{m — j + 2 A(m+1)]’ Bka) } (by Definition 2.9)
= min{m — j + 2, A¥ m(j—1)> T — Mj+1 + Bk m(j+1) mj} (by Lemma 2.10)
= min{m — j + 2, Am(jfl),nj nji1 + BE m(j+1) T~ Mj+1+m—J, My}
(by Lemma 2.12(ii))
= mln{m j+2, Ak m(i—1)’ Bfn(jfl)’ —Nj41 + BF m(+1)2 W~ G+ +m—3j
Mp,;} (by Lemma 2.13(i))
- mi ; k k k
= min{m — j + 2, Am( ) B m(—1) T+ 1nj —njv1 + Bm(]+1)
N — N1 +m — j, My} (by Lemma 2.14(i))
= min{m — j + 2, A* e ),Bk (j_l),T,igj + 1,n] njr1 + AF r 1)
,nj —njy1 + BE (1) T~ ML — Mp,;}(by Lemma 2.15(i))
= min{T* mi—1) ij +1,nj — n]+1 + T m(+1)" mj}(by Definition 2.9)
= Inln{T/f1 (-1 ),Tflj +1,nj —njp1 + T (]_H)}(by Lemma 2.12(iii)).
The other cases are proved in a similar way. [ |

3. Main Results

Let G be a finite abelian group and m be a natural number. Then G = H & T, where T
is a finite abelian group of odd order and H is trivial group or a finite abelian 2-group.
Hence, K,,(G) = K, (H) & T, by Lemma 2.1(ii) and Corollary 2.3. Therefore without
loss of generality, we restrict attention to the case where G is a finite abelian 2-group.

Theorem 3.1 Let k,nq,...,n; are natural numbers and G = @?zlzw. Then using the
notations in the Definition 2.9,
i) if ny > ng > -+ > ng, then

K (G) = @F_2Tmi Zon, .

i) Ifk>1andng >ng >+ >ng_1 >ng =ng1 = -+ = ny, for some natural number
1<t <k, then

G t=1,
K. (G) = {(@t 12T i Lgmi ) ® Lyt @ -+ D Lop t > 1,
where T/ . —mm{ mj ng —ngl.

Proof. i) If £ = 1, then the result is true by Lemma 2.2. Now for & > 1 we
use of induction on m. If m = 1, then the result is true by Lemma 2.5. Let
m > 1 and assume the result to be true for m, the induction hypothesis. Let
(a1,...,ar) € G and ay,...,amt1 € Aut(G). Then due to the induction hypothe-
sis [(a1,...,ak), a1, ..., amy1] = [(b1,...,bk), m41] such that b; = 2T5~7‘b; for some
b; € Zgy», . Hence, by Lemma 2.4, [(b1,...,bg), my1] = (c1,. .., k), where ¢; = mq;by +
m2jb2 e maybion A (S LAy by A 2T m Gy by 2T M g by 4

+2”1_”’~mkjbk Now if 2 < j < k—1, then by Lemma 2.11 and Lemma 2.12(3), we have

2mln{ m(i— 1)’T7 +ln;— n;+1+T (J+1)}c for some C] c Z2 ” and hence cj = 2 (m+1)ch

by Corollary 2.16. Similarly, if j = 1 or j = k, then ¢; = 27 <m+1>Jc , for some c € Zon; .
Hence,

Km+1<G) - @‘I;:lzT(km,-f-l)jZ2nj .
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Now, for the reverse conclusion if T ('jn L = N then 270n+10iZgn, = (0). Hence, for
1<j<klet T(ka)j < n;. Now if 1 < j < k then by Corollary 2.16 we have one of the

following cases.

(Case 1) If TF = Tk then we define the automorphism a of G, given by

(m+1)j m(j—1)’
a(al,. sy Q5 —1,A5, A5 41, - .,ak) = (al, ce ,‘aj_l,aj_l —|—aj,aj+1 cee ,ak). Hence,
yoony 0,270mns Q0000 0) = |(0,...,0,27G-0 0,...,0),a]. Now by induction hypothe-
0,...,0,2%05 0,...,0) = [(0,...,0,25»6-1,0,...,0),a]. Now by induction hypoth
J Jj—1
sis [(0,...,0,2Tm0-10,...,0),a] € [Kn(G), A]. So

7j—1
(0,...,0,27m+05 0,...,0) € Kyt (G).

J
(Case 2) If T(’fnﬂ)j = Tfij + 1, then we define the automorphism a of G, given by

alag, ..., -1, a5, Aj41, - ag) = (ag,. .. Laj_1’3aj’aj+1’ ...,ay). Hence,
(0,...,0,2%c+05 0,...,0) = [(0,...,0,2T%0,...,0),a]. Now by induction
— ~
j j
hypothesis [(0,...,0, 2T47];-7',07 ...,0),a] € [Kin(G), A]. So
j

(0,...,0,276n+05 0,...,0) € Kpi1(G).

J
(Case 3) If T(k;nJrl)j =N; —Njt1 —|—Tk

m(+1) then we define the automorphism « of G,given
by a(at,...,aj-1,a;,a541,. .. a5) = (a1,...,aj-1,a; + 2"V ajp, a4,
k k
., ay). Hence, (0,...,0,2Ttm+05 0,...,0) = [(0,...,0, 2Tmi+n 0, .. ., 0),al.
— —
J Jj+1
. . . k
Now by induction hypothesis [(0,...,0,27=6+ 0,...,0),a] € [Kn(G), A].
1
.
So (0,...,0, 2T<f+1>j,o, ..,0) € Kyt (G).
j

Similarly if j = 1 or j = k, then (27m+01,0,...,0) € Kpmy1(G) and
(0,...,0, 2T<k;"r+1>k) € Kp+1(G). Hence,
ek_ 2701 Zyn; C K1 (G).

So the result is true by induction.
ii) If ¢ = 1, then the result is true, by Lemma 2.6. If ¢ > 1, then we prove the result
by induction on m. If m = 1, then by Lemma 2.5 the result is true. Let m > 1 and

assume the result to be true for m, the induction hypothesis. Also let (ay,...,a;) € G
and aq, ..., amy1 € Aut(G). Then by induction hypothesis [(a1,...,ar), a1, ..., ;1] =
[(2Tmiby, . . ., 2 me-0by_y, by, . .. ,bi), am1] for some b; € Zgn;. Now by Lemma 2.4 and a
similar way to the part (i) we conclude

[(2T7/"1[?1, e 2T’/“(t—1)bt,1, bt, R ,bk), Oém+1] =

(2T</m+1>1cl, o2 e ey, ,cx) for some ¢ € Zyn;. Hence,

Knt1(G) € (@4212Tme 0 Zg)) & Lo & -+ @ L.
Now, for the reverse conclusion by Lemma 2.1(i) and Lemma 2.6 we have, Ky,11(Zan &
oo @ Do) @ Lone D -+ B Zoe < Kpy1(G). Hence, by the part (i) we have
2T5%5+1>1Z2n1 D-- -@2T<:+1><f«—1>22n,,_1 D ZLogn: ®- - BZon, C Kppy1(G). Thereforeif 1 < j <t
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t—1
such that T(’m+1)j = T(m+1)j’ then

(0,...,0,2%64050,...,0) € Kpny1(G). Now if 1 < j < ¢ such that T(’m+1)j =
J
n; — ng, then we define the automorphism « of the group G, given by
alat,...,ap) = (a1,...,a5-1,a; + 2" ™ay, aj41,...,a;). Hence,
0,...,0,2"% "™ 0,...,0) = [(0,...,0,_ 1 ,0,...,0),a]. Now by induction hypothesis
—— —~—

7 t
[(0,...,0, 1 ,0,...,0),a] € [K;n(G), A]. So

t
(0,...,0, Q”Jf"‘,O, ...,0) € Kpy+1(G). These imply that

J

(69;;:527’(/”14—1)]‘ 22”7) @ Z2nf, @ P @ Z2ﬂk g Km+1<G)
and lead to the result. [ ]
Corollary 3.2 Let k, m,ny,ns9,...,ng, be natural numbers such that £k > 1, ny > ng >
-+ >mny and n; —no = 1. Then »
ok_ 251y, m >k,

K an@"'@Zn - m—j+2
m(% 7e) (@?‘:12[%%2%') D Zigm+1 @ -+ - D Lo m < k.

Proof. It is evident T,]j;j = Lm_gﬂj + (71)";41 = Lm_2j+2j, for

1 < j < min{m, k}. [ |

Corollary 3.3 Let k,m,ni,ns,...,nk, be natural numbers such that £ > 1 and ng —
Nngy1 = 2, for any natural number 1 < s < k. Then

@’?7 Qm_j'HZQ”j m 2k
K, (Z nq e Zign - =l j 7
m( on1 P © Lo k) { (EBT:IQm*JJrlZTj) @ Zomir @ - -+ D Lok m < k.

Proof. It is easy to check Tﬁlj =m—j+1, for 1 <j < min{m,k}. [ |

Corollary 3.4 Let G = ®f_,Zs», such that
i) ny > Mng > -+ > ng. Then
Kan,-1(G) = (0).

i) ng >ng > - >mny_q1 >mng =ngp1 = -+ = Ng, for some natural number 1 < ¢ < k.
Then

K, (G) # (0), for any natural number m.
Proof. i) Let m =2n; — 1. Then m > k. Hence m — j +1 > n; and Af’nj > Lm_TJHJ +
CUTEL = 222 > my, for 1< < k. Also BY; > i | M) — i 4 U2 =
Lm_TMJ > nj, for 1 < j < k — 1. Therefore TT’ij > nj, for 1 < j < k and hence,

2Tms Zgn; = (0).
i7) It is obvious by Theorem 3.1(ii). [ |

At last we conclude the autocommutator subgroups of all finite abelian groups of orders
32 and 24.

Example 3.5 Let G be a finite abelian group of order 32. Then
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G EKQ | K@ | K@ | K@ [ Ka@)ns5)
Z32 Z16 Zg Ly Lo (0)
Zne ® Ly | Zg ® Lo Ly Ly (0) (0)
78 ® Ly | Ly DLy | Ly ® Lo | Loy® Lo Ly (0
Lol |Z o Z2 | 7 7 73 7
7507 | 2301 | 25072 | 25072 | 235D Zo VY
7,673 | 173 73 73 73 73
Z 7 Z Z Z Z

Example 3.6 Let G be a finite abelian group of order 24. then

G G | K@) (K@ mS3)
7 D Zs Zy @ Zs Zo D Zs Z3

Ly DloDls | Lo ®lo®Ls | Zo®Zs Z3
ZS@Zg Z%@Zg Z%@Zg Zg@Zg)
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