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Abstract

Based on the point of view of geometrical representation of an intuitionistic fuzzy set, we take into account
all three parameters describing intuitionistic fuzzy set, propose a kind of new method to calculate correlation
and correlation coefficient of intuitionistic fuzzy sets which is similar to the cosine of the intersectional angle
in finite sets and probability space, respectively. Further, we discuss some of their properties and give three
numerical examples to illustrate our proposed method reasonable.
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1. Introduction

Fuzzy set theory pioneered by Zadeh [16] is a pow-
erful tool to model imprecise and vague situations
where exact analysis is either difficult or impossible.
Considering that the concept called correlation plays
an important role in statistics and engineering sci-
ences, by correlation analysis, the joint relationship of
two variables can be examined with the aid of a
measure of interdependency of the two variables.
Several authors have discussed and investigated the
concept of correlation in fuzzy set theory. For exam-
ple, Murthy and Pal [13] studied the correlation be-
tween two fuzzy membership functions, Chiang and
Lin [5,6] studied the correlation and partial correla-
tion of fuzzy sets, Chaudhuri and Bhattacharya [4]
investigated the correlation between two fuzzy sets
on the same universal support.

Yu [15] defined the correlation of fuzzy numbers
A, B in the collection F([a,b]) of all fuzzy num-

bers whose supports are included in a closed interval
[a,b] as follows:

G (AB) =—— [ (1, Oty () +v, (O, (). (1)
b—a-«

where £, (x)+V ,(x) =1 and the correlation coeffi-

cient of fuzzy numbers A, B was defined by:

_ Cy (A, B)
JCy(A,A)Cy(B,B)

Py (A, B) 2

As a generalization of fuzzy set, intuitionistic fuzzy
set was first introduced by Atanassov [1]. Some rele-
vant basic notions can be found in [1,2].

Let X be a fixed nonempty set. An intuitionistic
fuzzy set A in X is an object having the form

A={{x,u,(x).v,(0)) | xe X}, 3)

where  the  functions 4, :X —[0]1] and
v, : X —[0,1] define the degree of membership and

degree of non-membership, respectively, of the ele-
ment x€ X to the set A, and for every element

xe X,0<u,(x)+v, (x)<1.
In 1991, Gerstenkorn and Manko [7] defined the

correlation of intuitionistic fuzzy sets A and B in a
finite set X ={x,,x,,...,x,, } as follows:

Con (A B) =S (1, (51 (5)+V, i)V (5) » (4)

i=1

and the correlation coefficient of intuitionistic fuzzy
sets A and B was given by:
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C;y (A, B)
om (A, B) = —=—ee, &)
8 JT(A)T(B)
where,
T(A) =3 () V(). ©

In 1995, Hong and Hwang [9] defined the correla-
tion of intuitionistic fuzzy sets A and B in a prob-
ability space (X, B, P) as follows:

Co (A B) = (i1, +V V)P, 7

and the correlation coefficient of intuitionistic fuzzy
sets A and B was given by:

Chn (A, B)

Pun (A,B) = .
i JCoi (A A).Cppy (B, B)

(®)

Hung and Wu [10,11] introduced the concepts of
positively and negatively correlated and used the
concept of centroid to define the correlation coeffi-
cient of intuitionistic fuzzy sets which lies in the in-
terval [-1,1], and the correlation coefficient of in-
tuitionistic fuzzy sets A and B was given by:

Cw (A,B)
Prw (A,B) = 211 NG
w JCow (A, A).Coyyy (B, B)
where,
Coy =m(it,)m(iy) +m(v,)m(v,). (10)
.[ XU, (x)dx
m(f,)=——, (11)
[ 14 (0ax
J. XV, (x)dx
my,)=*—, (12)
[va(odx
.[ Xl g (x)dx
m(ly) =——, (13)

J‘xVB (x)dx

m(VB):W.

(14)

Recently, Mitchell [12] adopted a statistical view-
point to interpret intuitionistic fuzzy set as an ensem-
ble of ordinary fuzzy set, and defined the correlation
coefficient of intuitionistic fuzzy sets by using the
correlation coefficient of two ordinary fuzzy sets and
a mean aggregation function, thus, the correlation
coefficient of intuitionistic fuzzy sets A and B was
given by:

Py (AB)=F(p, | hke{12,.,N}), (15

where F is a mean aggregation function, and

(h)

()=, () + 7, ()X p,(u) ue X, (16)

(k)

g () = Ug(u)+7y(u)X p, () ue X. (7

p,(u) and p, (u)are two uniform random num-

bers chose from the interval [0,1], and:

Ji (1)~ ¢ NG ()~ )dlu

ok = . (18)
\/f<¢f{”<u)—¢‘>ij”>2du-\/f (@), du

—(h —(k
Here, ¢(A) and ¢;) are average value of ¢X’) and

(k)
B 9

Furthermore, Bustince and Burillo [3] investigated
the correlation of interval-valued intuitionistic fuzzy
sets in finite universal set, Hong [8] studied correla-
tion of interval-valued intuitionistic fuzzy sets in
probability spaces.

In 2000, Szmidt and Kacprzyk [14] gave a geomet-
rical representation of the intuitionistic fuzzy set and
introduced three parameters to describe the distance
between intuitionistic fuzzy sets. Based on the kind of
geometrical background, in this paper we take into
account all three parameters describing intuitionistic
fuzzy set and propose a kind of new method to calcu-
late correlation and correlation coefficient of in-
tuitionistic fuzzy sets which is similar to the cosine of
the intersectional angle in finite set and probability
space, respectively.

respectively.
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The rest of this work is organized as follows. In
Section 2, a geometrical interpretation of intuitionis-
tic fuzzy set is reviewed. In Section 3, the correlation
and correlation coefficient of intuitionistic fuzzy sets
in finite set are discussed and some properties are
given. In Section 4, the correlation and correlation
coefficient of intuitionistic fuzzy sets in probability
space are discussed and some properties are given.
In Section 5, three numerical examples are compared
based on several different correlation coefficients
of intuitionistic fuzzy sets. The conclusion is in Sec-
tion 6.

2. Intuitionistic fuzzy sets: A geometrical interpre-
tation

Throughout this paper, we write X to denote the
discourse set, IFSs stands for the set of all intuitionis-
tic fuzzy subsets in X , F(X) stands for the set of

fuzzy subsets in X . A expresses an intuitionistic
fuzzy set, A" expresses a fuzzy set. For a given in-
tuitionistic fuzzy set A :

A={(x,u,(x),V,4(0)] xE X}, (19)

Then 7,(x)=1-u,(x)—V,(x) is hesitancy de-
gree of x to A [2]. Here, we call it ignorance degree
of x to A.Itis obvious that 0 <7, (x) <1 for every
xe X . Specially, for each fuzzy set A" in X , we
have 7,(x)=1-u,(x)—(1—,(x))=0 for every
xe X.

Therefore, for an ordinary intuitionistic fuzzy set, it
is easy to see that the third parameter 77,(x) cannot

be casually omitted, thus, we can give a convenient
representation of intuitionistic fuzzy set as:

A={(14(x),V4 (), 7, (x)| xe X}. (20)

One of the traditional geometrical interpretation of
the intuitionistic fuzzy sets [2] is shown in Figurel.
Atanassov [2] considers a universe E and subset F
in the Euclidean plane with the Cartesian coordinates.

For a fixed intuitionistic fuzzy set A, a function

f,from E to F can be considered, such that if xe E,
then p=f,(x)e F and the point pe F has the
coordinates <a’,b'> for which 0<da’,b’<1, where

a=pu,(x),b'=v,(x).

(0,1

Sa

v

(0, 0) (1, 0) a

Figure 1. A geometrical interpretation of an intuitionistic fuzzy set.

(7=0)
B(0,1)

A(1,0)
(r=0)

C(0,0)
(=1

Figure 2. An orthogonal projection of the real (three-dimension) re-
presentation (triangle ABD in Fig. .3) of an intuitionistic fuzzy set.

M
T
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Figure 3. A geometrical interpretation of an intuitionistic fuzzy set.
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Figure 3 can be used as an example when consider-
ing a situation at the beginning of negotiations - cf.
Figure 2 (applications of intuitionistic fuzzy sets for
group decision making, negotiations and other real
situations are presented in [2]).

Each expert i is represented as a point having co-
ordinates (&,,V,, ;) . Expert A: (1,0,0) - fully accepts
a discussed idea. Expert B: (0,1,0) - fully rejects it.
The experts placed on the segment AB fixed their
points of view( their hesitation margins equal zero for
segment AB, so each expert is convinced to the ex-
tent 4, is against the extent V,, and i +V,=1;

segment AB represents a fuzzy set). Expert C: (0,0,1)
is absolutely hesitant i.e. undecided — he/she is the
most open to the influence of the arguments pre-
sented.

A line parallel to AB describes a set of experts with
the same level of hesitancy. For example, in Figure 2,
two sets are presented with ignorance degree equal to

7, ,and 7 ,where 7, > T .

In other words, Figure 2 (the triangle ABC) is an
orthogonal projection of the real situation (the trian-
gle ABD) presented in Figure 3.

An element of an intuitionistic fuzzy set has three

coordinates (,,V,, 7T i) , hence the most natural repre-

sentation of an intuitionistic fuzzy set is to draw a
cube (with edge length equal to 1), and the triangle
ABD (Figure 3) represents an intuitionistic fuzzy set.
As before (Figure 2), the triangle ABC is the or-
thogonal projection of ABD.

This representation of an intuitionistic fuzzy set
(Figure 3) will be a point of departure for considering
the correlation coefficient of intuitionistic fuzzy sets.

For a finite set X , if #,(x,)=1or v,(x;)=1 or

7,(x)=1 ; or for a probability space, if
Pluy,(x)=1orv,(x)=1or 7 ,(x)=1} =1, then

an intuitionistic fuzzy set A is called a non-fuzzy set.

3. Correlation and correlation coefficient in finite
set

At first, let us see the following example:

Example 1. For a given universal set X ={x,x,,x3},

A, B, C and D are four intuitionistic fuzzy sets in X,
their membership functions are represented, respec-
tively:

A={(x,0,0),(x,,0,0),(x,,0,0)},

B ={(x,0,0),(x,,0,0),(x,,0,0)} ,
C ={(x,,0.1),(x,,0,1),(x,,0,1)},
D ={(x,0,0).(x,,0,0),(x,,0,0)}. (21)

Aimed at above mentioned conventional correla-
tion coefficient for intuitionistic fuzzy sets, we
cannot get a reasonable result for the correlation coef-
ficient of intuitionistic fuzzy sets A and B and in-
tuitionistic fuzzy sets C and D . However, known
intuitively, it is easy to see that correlation coefficient
for A and B should be 1 and correlation coefficient
for C and D should be 0. Based on this view of
point, we think that it is necessary to modify the defi-
nition of correlation and correlation coefficient for
intuitionistic fuzzy sets. In this paper, we take into
account all three parameters describing intuitionistic
fuzzy set introduced by Szmidt and Kacprzyk [14]
and propose a kind of new method to calculate corre-
lation coefficient of intuitionistic fuzzy sets.

Let X be a finite set such that X ={x;,x,,...,x, }
and n < o . For each A e IFSs, then:

A={(y(x)V 4 (). T, (x))| X € X}, (22)

Definition 1. If A, B € IFSs, we define:

C,(A.B) = %Z(m () () V4 () ()

i=1
+ 7T, (X)) 75 (x;)), (23)

and we call the correlation of intuitionistic fuzzy sets
A and B . Furthermore, we call

Cl (A’ B)
JC(A,A).C,(B,B)

p1(A,B) = (24)

the correlation coefficient of intuitionistic fuzzy sets
A and B . This correlation coefficient is similar to
the cosine of the intersectional angle of two vectors.

The following proposition is immediate from the
definition.
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Proposition 1. For A, B € IFSs, then we have:

0<C/(A,B)<1,

C,(A.B)=C\(B.A), p,(A.B)=p,(B.A),

If A=B,then p,(A,B)=1. (25)
Theorem 1. For A, B e IFSs, then we have:

0<p.(AB)<1.

Proof. Since C,(A,B)=0, we will prove that
P,(A,B)<1. For an arbitrary real number k , we

have:

0< D (s () = kit (X)) + (V4 (x;)

i=1

— kv (X)) + (4 (x) — k7 (x))7)

=D (Ua (x)+ V() + 75 (x))
i=1

— ZkZ (s (X)) g (x;) +V 4 (x)Vp (x;)

i=1
+ 7, (X)) (X)) + k2D (g (x) + vV (x,)
i=1

+ 75 (x;)). (26)

Thus, we can get:

(z (g (x) g () +V 4 (x)V g (x;)

i=1

+ 70, ()5 () <D (A () + Vi (x;)

i=1

P2 )Y (WA ) V) + TR (). @D)
i=1

Therefore, we have p,(A,B)<1.

Theorem 2. p,(A,B)=1 ifandonly if A=B.

Proof. If we consider the inequality in the proof of
Theorem 1, then the equality holds if and only if

we have u,(x)=ku,(x,), v,(x;,)=kv,(x,) and
7, (x,) = k7, (x;) for some positive real number k. As
M, (%) +V, (6) +70,(x) = fy (X)) + Vg (X)) + (%) =1,
it means k =1. Namely, A=B.

Theorem 3. C,(A,B)=0 if and only if A and B
are non-fuzzy sets and satisfy the condition
M, (x)+ U (x)=1 or V,(x)+V,(x)=1 or
T, (x)+7y(x)=1, VxeX.

Proof. Since Vx; € X we have

Mg () (X)) +V 4 (X)V g (X)) + 75 (X)) 75 (x;) 2 0,
then C,(A,B)=0 implies for every x,€ X , we
have 12, (x) 14, (x) =0 .
T, (x)7y(x,)=0.If ,(x;)=1, then 1,(x,)=0

V,(x,)Vy(x;)=0 and

and v,(x,)=7,(x,)=0. And if ,(x;)=1, then
M, (x)=0 and V,(x,)=7,(x,)=0, hence, we
have 1, (x,)+ ty(x,) =1.

Conversely, when A and B are non-fuzzy sets
and p,(x)+u,(x)=1, if u,(x)=1, we have
MHy(x)=0and v,(x)=7,(x,)=0; if y(x)=1,
we have 1, (x;) =0 and v, (x;) =7,(x;) =0, which
implies C,(A,B)=0.

Similarly we can give the proof when
V,(x)+Vy(x)=1or 7,(x)+7m,(x,)=1.

Theorem 4. C,(A,A) =1 if and only if A is a non-

fuzzzy set.

Proof. If A is non-fuzzy set, C,(A,A)=1 is obvi-

ous. Conversely, we use proof by contradiction. As-
sume that A is not a non-fuzzy set, then we have
0<p,(x,)<,0<sv,(x;)<land 0<7m,(x;)<1

for some x, , hence, f;(x,)+V;(x,)+7,(x)<1,
then:
1 n
Cl(A,A)=;z(,ui(xi)+vj(xl.)+7ri(xi))<1, (28)
i=1

which is contradiction. It shows that A is a non-
fuzzy set.
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4. Correlation and correlation coefficient in prob-
ability space

Let (X,B,P) be a probability space and A be

an intuitionistic fuzzy set in a probability
A={(14(x),V 4 (%), 74 ()| x€ X},

where 1 ,,v, : X —[0,1]. Supposed both functions

space X,

M, (x) and V,(x) be Borel measurable functions,
then 7,(x)=1-u,(x)—Vv,(x) is also Borel meas-
urable function.

Definition 2. If A, B € IFSs, we define:
C,(AB)=[ (ufty+V,y,+m,7,)dP,  (29)

and we call the correlation of intuitionistic fuzzy sets
A and B . Furthermore, we call:

C,(A,B)
p,(A,B)= 2 :
? JC> (A, A).C,(B, B)

(30)

the correlation coefficient of intuitionistic fuzzy sets
A and B.
If intuitionistic fuzzy sets A and B satisfy

P={u, =Ug,v,
A=B.

=Vy}=1, then we denote by

Remark 1. In particular, if X ={x,x,,...,x, } and
probability P is given by P(A) =|A
| A| is the cardinality of A , then we have
C,(A,B)=C,(A,B) and p,(A,B)=p,(A.B).

/n, where

Remark 2. In particular, if X ={x,,x,,...,x, } and
probability P is given by P(A) =|A
| A| is the cardinality of A , then we have
C,,(AB)=C,, (A B).

/n, where

Remark 3. If we define probability P on

X =[a.b] by P(A)=—. jldx,Ae F(la,b]) ,
b—a°4

then we have:

C,(A,B)=C,(A,B), 31

p,(A,B)=p, (A B). (32)

Remark 4. For an ordinary fuzzy sets, A and B,
My(x)+V,(x)=1, then p,(A,B)=p,;, (A B).

Remark 5. For an ordinary fuzzy sets, A and B,

Uy(x)+V, (x)=1, then p,(A,B)=p,, (A B) .

Then the following proposition is immediate from the

definition.

Proposition 2. For A, B € IFSs, then we have:
0<C,(A,B)<1,
C,(A,B)=C,(B,A),p,(A,B)= p,(B,A),

If A=B,then p,(A,B)=1. (33)

Theorem 5. For A, B € IFSs, then we have:

0< p,(A,B)<1.

Proof. Since C,(A,B) =0, we only need to prove
p,(A,B)<I.

For an arbitrary real number k , we have

0< jX (1L —kﬂB)zdP+IX v, —kvy)?dP
+ jX (7, —kmp)?dP = jX (12 +v2:+72)dP
—2k jX (Uplp +V Vg + 0475 )dP

+k2jX (Up +Vi+7mp)dP. (34)
Thus, we can get:

(.[x (Haky +V 4V +T,75)dP)* < Ix (44

+v2 +72)dP. jX (U2 +vEi+a2)ydP.  (35)

Therefore, we have p,(A,B) <1.

Theorem 6. p,(A,B) =1 if and only if A - B.

Proof. Considering the inequality in the proof of

Theorem 5, then the equality holds if and only if
Pluy =kug}=Pvy=kvg}=Plm,=kng}=1
number k. And

for some positive real
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U, +V, +T, =l +Vy+7, =1, it means k=1.
a.e
Namely, A=B.

Theorem 7. C,(A,B)=0 if and only if A and B

are non-fuzzy sets and they satisfy the condition:
a.e a.e a.e

Uy+Ug=lorVv,+Vvg=lorm,+7y=1.

Proof. Since p flp+V,Vp+7Z,7; 20, then
G(AB=0 implies P{u, u, +v,v,+7, 7, =0}=1,
which means P{u,u, =0}=1, P{v,v,=0}=1
and P{z,m, =0} =1.1If 1£,(x)=1, then we have
My(x)=0 and v,(x)=7x,(x)=0 . At the same
time, if #,(x)=1, then we can get 4,(x)=0
and  Vg(x)=7z(x)=0, have
M (xX)+ 1y (x)=1.

Conversely, if A and B are non-fuzzy sets and
n,(x)+u,(x)=1, if u,(x)=1, then we have

hence, we

M (x)=0 and V,(x)=7x,(x)=0 . On the other
hand, if #,(x)=1, then we have t,(x)=0 and
Vy(x) =7,(x) =0, which implies C,(A,B)=0.

a.e

Similarly we can give the proof when v, +V, =1

a.e

or T, +7y =1.
The theorem generalizes Theorem 3 of Hong and
Hwang [15].

Theorem 8. If A is a non-fuzzzy set, then

C,(A, A) =1. The proof is obvious.

5. Comparative example

In this section, we will give three examples to
compare with several correlation coefficient of in-
tuitionistic fuzzy sets.

Example 2. For a finite universal set X ={x;,x,,x;},

four intuitionistic fuzzy sets are represented, respec-
tively.

A ={(0,0),(0,0),(0,0)},

B ={(0,0),(0,0),(0,0)},

C={(0.D,(0.1),0,D},
D ={(0,0),(0,0),(0,0)}.

Therefore, we have

p(A,B)=1 and
p,(C,D)=0. This result coincides with our intui-

tion.

Example 3. For a finite universal set X ={x,,x,,x;},

if two intuitionistic fuzzy sets are written,

respectively. A ={(1,0),(0.8,0),(0.7,0.1)}  and
B ={(0.5,0.3),(0.6,0.2),(0.8,0.1) }, then we have:

(A, B) = 0.8882,
Py (A, B) =0.8987.

It shows that intuitionistic fuzzy sets A and B
have a good positively correlated.

Example 4. For a continuous universal set X =[L,5],

if two intuitionistic fuzzy sets are represented in the
following, respectively:

A={(x, u,(x0),v, ()] xe [15]},

B ={(x, 15 (x),v5(x))| xe [1,5]},

where

Thus, we have:

0,(A,B)=0.9237,
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Pun (A, B) = 0.9389,
21w (A, B) = 0.9949.

It shows that intuitionistic fuzzy sets A and B
have a high positively correlated.

6. Conclusion

In this paper, we take into account all three pa-
rameters describing intuitionistic fuzzy set, propose a
kind of new method to calculate correlation and cor-
relation coefficient of intuitionistic fuzzy sets which
is similar to the cosine of the intersectional angle in
finite set and probability space. Further, we discuss
some of their properties and give three numerical ex-
amples to illustrate our proposed method reasonable.
Thus, we generalize some conclusions in literature.
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