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Abstract

proposed methods.

JEL classification: C6, D2

The formulas of cost and allocative efficiencies of decision making units (DMUs) with positive data cannot be used
for DMUs with negative data. On the other hand, these formulas are needed to analyze the productivity and
performance of DMUs with negative data. To this end, this study introduces the cost and allocative efficiencies of
DMUs with negative data and demonstrates that the introduced cost efficiency is equal to the product of allocative
and range directional measure efficiencies. The study then intends to extend the definition of the above efficiencies
to DMUs with negative data and different unit costs. Finally, two numerical examples are given to illustrate the
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Introduction

Data envelopment analysis (DEA) is a nonparametric
method for computing and assessing the relative efficiency
of homogeneous decision making units (DMUs) with
multiple inputs and outputs. The traditional DEA models
assume that all of the inputs and outputs are nonnegative,
while in many situations and applications, the negative
values in data might exist, which is a weakness of the trad-
itional DEA models. To overcome the shortcoming, in
recent years, different DEA models have been proposed in
the literature about DMUs with negative data.

Portela et al. (2004) provided the range directional
measure (RDM) approach to measure the efficiency of
DMUs with negative data based on a directional distance
function without the need to transform the data. The effi-
ciency measurement of DMUs with negative data is also
much debated. For example, in order to overcome the
shortcomings of the slack-based measure model (Tone
2001) in dealing with negative inputs and outputs, Sharp
et al. (2006) presented the modified slack-based measure
model. Emrouznejad et al. (2010) proposed the semi-
oriented radial measure model for dealing with negative
inputs and outputs. Also, recently, a two-phase approach
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model has been proposed by Kazemi Matin and Azizi
(2011) based on a modified version of the additive model
to achieve a target with nonnegative components for each
DMU with negative inputs and outputs.

One of the most significant types of efficiency is cost
efficiency. This type of efficiency is used to identify the
different kinds of inefficiencies when information on
costs is available. DMUSs can achieve the best cost effi-
ciency score with a combination of inputs which allow
them to produce the desired outputs at minimum costs.

In many DEA literatures, the economic concepts of
cost efficiency have been considered. The primary dis-
cussion of cost efficiency can be traced back to Farrell
(1957) and Debreu (1951), from whom many of the ideas
about DEA are derived. Farrell offered a measure of cost
efficiency under fixed and known prices. His method ex-
tended to situations with different prices of inputs for
DMUs (Tone 2002).

So far, all of the previous studies have explored cost ef-
ficiency of DMUs with nonnegative data, and there is no
discussion concerning cost efficiency in the presence of
negative data. However, in some cases, the inputs of
DMUs have negative values with positive costs. This
paper defines the cost and allocative efficiencies for
DMUs with negative data, then demonstrates that the

© 2013 Tohidi and Khodadadi; licensee Springer. This is an Open Access article distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.


mailto:maryam8khodadadi@yahoo.com
http://creativecommons.org/licenses/by/2.0

Tohidi and Khodadadi Journal of Industrial Engineering International 2013, 9:16

http://www_jiei-tsb.com/content/9/1/16

defined cost efficiency with negative data is equal to the
product of allocative and RDM efficiencies, and then ex-
tends the definition of efficiencies to DMUs with nega-
tive data and different unit costs.

The rest of this paper is organized as follows: the Sec-
tion ‘Background models’ explains the RDM efficiency
and cost efficiency models. ‘Cost efficiency in the pres-
ence of negative data’ briefly introduces cost efficiency
under common and different prices in the presence of
negative data. The Section ‘Illustrative examples’ pro-
vides two numerical examples, and in the last section,
the conclusion is given.

Background models

In productive activities, we assume that there are » homo-
geneous DMUs. Each DMU produces s different outputs
from m different inputs. Input and output vectors for the
DMU which is under evaluation are denoted by x, and y,,
and for DMU;, are denoted by x; and y;. The next section
explains the RDM and cost efficiency models.

RDM

The RDM model, introduced by Portela et al. (2004),
can be used for comparing DMUs when some inputs
and/or outputs are negative. Consider a point with
maximum outputs and minimum inputs as an ideal
point (i.e., the ith (i = 1, ..., m) input x; as min ;{x;}
and the rth (r = 1, ..., 5,) output y,; as max ;{y,}). In

RDM, a directional vector is considered as R, = max;

{yrl}—ym;r =1,..,s and R, = xio—maxj{xij}; i=1,
...,m . The RDM model for DMU, is as follows
(Portela et al. 2004):

max f3

n
s.t. E ijijsxio —/))Rl-_o, i=1..m
j=1

r=1,...,8 (1)

J

n
=1, 420, j=1,...n
j=1

n
A'I'yrjzyro + ﬁR;;7
=1

The optimal value of model (1), 5* represents the in-
efficiency measurement for DMU,, while 1 - * repre-
sents the efficiency measurement for DMU,. Unit
invariance and translation invariance are the two im-
portant properties of the RDM model.

Cost efficiency
For measuring the cost efficiency of the DMUs with
multiple inputs and outputs under common unit
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input prices, the following linear program is solved
(Farrell 1957):

m
= minE CiX;
i=1

n
s.t. E ijiiji,
j=1

n
Z/l,yrjzym, r=1,..s
j=1

i=1,...m

n
Dh=1, 420, j=1,..n
j=1

The cost efficiency is obtained as the following ratio:

cx*
CE=—, (3)
cx,
where the nominator represents the minimum cost (i.e.,
the optimal value of model (2)) and the denominator
shows the current cost at DMU,,.

Cost efficiency in the presence of negative data

In this section, we define cost and allocative efficiencies
in the presence of negative data under common and dif-
ferent prices, and then it is shown that cost efficiency is
the product of allocative and RDM efficiencies. Finally,
the above subjects are extended to new cost, allocative,
and RDM efficiencies.

Cost and allocative efficiencies with negative data under
common unit prices

Definition 1 Under common unit input prices, we de-
fine cost (overall) efficiency in the presence of negative
data as follows:

cx*—cxg

CE (4)

CXp—CX]
In the above mentioned ratio, the nominator repre-
sents the difference between cx* (the optimal value of
model (2)) and the cost of the ideal point, i.e., cx;. In
addition, the denominator depicts the difference be-
tween the observed cost of DMU,, i.e., cx, and cx;. It is
clear that the value of CE is equal to or less than 1. Cost
efficiency might be less than 1 for one of the following
two reasons: excessive input usage in production or pro-
duction with a wrong input mix in light of input prices
or both. In a particular case, when the ideal point is one
of the observed DMUs, we define CE = 1.
Figure 1 illustrates the concepts dealing with allocative
efficiency, RDM efficiency, and cost efficiency, using the
units A, B, D, E, F, H, G, and P in the presence of
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* *
X + CXy = Z,

Figure 1 RDM, allocative, and overall efficiencies. The solid lines
represent the segments of an isoquant which is composed of a set
of all inputs (xy, x,) that produce the same amount of a single
output. The dashed lines passing through P and D are the budget
(or cost) lines.

negative data. In Figure 1, the RDM inefficiency of
DMUJp can be evaluated by

_dQP)

Hence,

d(1,P)-d(Q,P) d(I,Q)

1-5 = d(I,P)  d(I,P) (6)

Equation 6 represents the RDM efficiency of DMUjp
which is between 0 and 1. d(I, P) and d(I, Q) denote the
distance from the ideal point / to P and the distance
from the ideal point I to Q, respectively, and d(Q, P) is
the distance from Q to P.

In order to illustrate allocative efficiency in Figure 1,
we consider the budget (cost) line ¢1x7 + coxy = 77 passing
through the point P. We move this cost line in parallel
form until it crosses the isoquant at D.

By moving the budget line in parallel form, cost can be
reduced. The lowest cost is associated with the budget
(cost) line cix} + coxy = z,, where z, < z; and z, can be
obtained by substituting the coordinates of DMUjp, in the
budget (cost) line cix;1 + coxy =2z;. The best point D is
achieved as the optimal solution x* of the linear program
(2) (Farrell 1957).

d(LR)

Now, we define Fio))

ciency, where d(I, R) and d(, Q) denote the distance from
the ideal point / to R and the distance from the ideal point
Ito Q, respectively. It shows that the minimum cost is not
reached since we have failed to make the replacements
which are involved in moving from point Q to D along the
efficiency frontier.

as a measure of allocative effi-
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According to Definition 1, we have

CE — cx*—cxp
CXo—CX]
ot -cx c|lx*—x7| cos®  |x*—x;| cosO
CE — 1_| || 1| _| I‘ (7)

T ox,—cx; |e||xo—x1| cosg o |oco—x1| cOSP

where |. | in Equation 7 represents the norm function of
a vector, and 6 and ¢ are the angles between the vector
¢ and vectors (x* - x;) and (x, — x;), respectively. The
numerator in Equation 7 represents the projection of
vector (x* — x;) on vector ¢ which is equal to d(/, R),
and the denominator in Equation 7 demonstrates the
projection of vector (x, — x;) on vector ¢ which is equal
to d(I, P'). We can represent the defined cost efficiency
in the presence of negative data by means of the follow-
ing ratio:

7P (8)

where d(I, R') and d(I, P') denote the distance from the
ideal point I to R' and P', respectively. According to
Thales theorem, we have:

d(LR)
a1, P)

_d(I,R)

CE = =307 (9)

Therefore, the three above mentioned efficiencies in the
presence of negative data have the following relationship:

d(LR)

d(l,Q)

d(l,Q) _d(I,R)
d(I,P) d(I,P)’

(10)

That is, the product of allocative and RDM efficiencies
is equal to cost efficiency.

Cost efficiency with negative data under different prices
In some situations, the unit prices of input are not the
same among DMUs. Therefore, the above definitions of
cost and allocative efficiencies have shortcomings, and
they are not applicable to these cases (Farrell 1957). In
this case, we define new cost and allocative efficiencies,
which are extensions of the prior definitions and are ap-
plicable to situations in which the input prices are not
the same among DMUs.

In order to discuss cost efficiency in the presence of
different unit input costs, we consider the cost-based
production possibility set, Pc, as follows (Tone 2002):
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PC = {(x,y)|x22/1jx/,
j=1
n n
y<> Ay > A =1,420,j= 1,.,.,n}
=1 j=1
(11)

_ _ _\T T, .

where x; = (xlj, ...7xmj) = (cljxlj, ...7cm,'xm,») , in which
T. ..

¢;=(cijy ...» Cy)~ is the positive cost vector of DMU;.

Definition 2 The ideal point, by using the new production

possibility set, is a point with maximum outputs and

minimum inputs, ie, X; = (%17, ...,a_cy,q])T where %; = min
j

. T

Xy, i=1,...,m,and y;= (y1p ...,ys)" where y,; = mz}x

Vo r=1,..,s. In the new production possibility set, Pc,

the new RDM inefficiency, 8", is obtained by solving the
following linear program:

[NRDM]| S = maxp

n
s.t. E /‘,jﬁ_C,'/'SQ_CiO—/))R;], i=1,....m
j=1

r=1 s

PREET)

ZA/yrj 2yro +BR:;7
j=1

n
D=1, 420, j=1..n
j=1

where R, = x;, - m]in {x;} ; i=1,..,mand R}, = max;
{yrj}—ym; r=1,...,s. To interpret 8" (the optimal value

of model (12)) and 1—/3’*, it can be said that /3’* demon-

strates the new RDM inefficiency, and 1-" demonstrates
the new RDM efficiency of DMU,,.

Definition 3 The new cost efficiency in the presence of
negative data under different unit prices is defined as
follows:

- ex*—exy

CE (13)

ex,—exj

where e is a vector in Rm with each component equal to
1, and x* is an optimal solution of the following model
(Tone 2002):
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[NCost] ex* = minex
n
st Y Ax<x
=1
n
> A2y, (14)
=1

n

dN=1

=1

420, j=1,..,n

It is obvious that 0<CE<l. The following theorem
states a relationship between new RDM efficiency and
new cost efficiency scores.

Theorem 1 CE<1-5".

Proof Let (/3’*,/1*) be an optimal solution of model (12);
then (QO—B*R;,A*) is a feasible solution for model (14).

This shows that ea’c*sw’co—e/g’*l_%;. Using Equation 13 we
have:

CE — ex*—ex; <e5co—e/3’*i2;—ea?1 § exo—ef (Xo—X;)-ex;
ex,—ex; ex,—ex| h

_ —* _ — %
B exo(l—ﬁ )—exI(l—ﬁ )

ex,—exy

ex,—ex;y

= (1-8").

(15)
This fact completes the proof.
Definition 4 The new allocative efficiency under the dif-

ferent unit prices in the presence of negative data is de-
fined as follows:

CE
1-°

It is obvious that 0 < AE < 1.

A_E:

(16)

lllustrative examples
In this section, two numerical examples are used to il-
lustrate the concepts of what was mentioned earlier.

Table 1 The inputs, outputs, and costs for eight DMUs

DMUs X1 (4] X2 5] y
A 4 1 1 2 1
B 4 1 -2 2 1
D -1 1 -4 2 1
E —4 1 -2 2 1
F 2 1 -4 2 1
G -5 1 4 2 1
H -5 1 2 2 1
P 2 1 3 2 1
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Table 2 RDM, cost, and allocative efficiencies Table 4 New data set
DMUs B* 1-B% o X x; CE AL  DMUs X1 X2 y
A 0.76 0.24 -9 6 =13 0.21 087 A 12 2 1
B 0.67 033 -9 0 =13 0.30 0.90 B 4 -4 1
D 0 1 -9 -9 -13 1 1 D -2 -8 1
E 0 1 -9 -8 -13 0.8 0.8 E -4 -6 1
F 043 057 -9 -6 =13 0.57 1 F 6 -4 1
G 0.25 0.75 -9 3 =13 0.25 033 G -20 20 1
H 0 1 -9 -1 -13 0.33 033 H =15 8 1
P 0.77 023 -9 8 =13 0.19 0.82 P 6 6 1
Ideal -20 -8 1

Example 1 In Table 1, we have eight DMUs with two in-
puts and one output. Figure 1 depicts the production
possibility set composed of these input and output data.
The values of x; and x, and their relative unit costs are
exhibited in the columns of Table 1.

Table 2 reports the obtained results for the data of
Table 1. To compare the results of Table 2 with Equations 5,
6, 9, and 10 as an example, we select DMUp. As it can be
seen in Figure 1, the coordinates of Q are (‘TU , _Tu), which
are obtained from the intersection of the line passing
through E and D and the line passing through I and P.

The RDM efficiency for P is obtained as follows:

d1,Q _(5+9) + (-4+2)’

8
=—=~0.23
35

where (-5,-4) are the coordinates of the ideal point.
The coordinates of R are (=31,5f), which were
achieved from the intersection of the line passing
through D and R' and the line passing through I and
P. Hence, the cost and the allocative efficiencies of
DMUj, are obtained as follows:

Table 3 Data for eight DMUs

AR (5 (4+) 4

CE = = =—=~0.19
d(I,P) \/( 5271 (a3 21
AL = Z(I’R) - \/(_5 )+ (44 2.0.82.
R )
Hence,
d(I,R) d(I,Q) d(I,R)
d1,Q) “d,P) _dl,pP)

The above results are the same as the results which

are exhibited in Table 2.
Example 2 Table 3 represents the data set of Table 1
under the different unit costs. The coordinates of inputs
and output in the PPS P and the ideal point are repre-
sented in Table 4. These data were obtained by multiply-
ing the relevant unit costs of x; and x, by the values of
x1 and x,.

Table 5 shows the new RDM inefficiency, new RDM,
cost, and allocative efficiencies under the different unit
prices in the presence of the negative data of Table 4. The
results of Table 5 indicate that the DMUs D and E have

Table 5 New RDM, new cost, and new allocative
efficiencies

DMUs X I3 X2 c y DMU [ 1-B° ex* eXo ex, CE AL
A 4 3 1 2 1 A 0.56 044 -10 14 -13 0.1 0.25
B 1 -2 2 1 B 0.35 0.65 -10 0 -13 0.23 0.35
D -1 2 —4 2 1 D 0 1 -10 -10 -13 1 1
E —4 1 -2 3 1 E 0 1 -10 -10 -13 1 1
F 2 3 —4 1 1 F 045 0.55 -10 2 =13 0.2 0.36
G -5 4 4 5 1 G 0 1 -10 0 -13 023 023
H -5 3 2 4 1 H 0 1 -10 -7 -13 0.5 0.5
P 2 3 3 2 1 P 053 047 -10 12 =13 012 025




Tohidi and Khodadadi Journal of Industrial Engineering International 2013, 9:16
http://www jiei-tsb.com/content/9/1/16

the best performance. The DMUs G and H are new RDM
efficient, in spite of the fact that these DMUs fell short in
their new cost and new allocative efficiency scores.

Conclusions

This paper introduced cost and allocative efficiencies under
common and different unit prices in the presence of nega-
tive data. It was shown that under common and different
unit prices, the defined cost efficiency is the product of
allocative efficiency and RDM efficiency. Finally, to illus-
trate the mentioned concepts, two numerical examples
were used.
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