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Abstract

Many ranking methods have been proposed so far. However, there
is yet no method that can always give a satisfactory solution to every
situation; some are counterintuitive, not discriminating; some use only
the local information of fuzzy values; some produce different ranking
for the same situation. For overcoming the above problems, we pro-
pose a new method for ranking fuzzy quantities based on the distance
method. Then, an application of using fuzzy ordering in the fuzzy
mathematical programming as well as fuzzy primal simplex algorithm
is indicated. In particular, we emphasize that the fuzzy ordering will
be useful when a decision maker needs to evaluate the optimality con-
dition in any solving process.
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INTRODUCTION

Ranking fuzzy numbers is a very important
issue in fuzzy sets theory and applications, and
has been extensively researched in the past.
Many ranking methods have been proposed so
far. However, there is yet no method that can al-
ways give a satisfactory solution to every situa-
tion, some are counterintuitive, not
discriminating; some use only the local informa-
tion of fuzzy values; some produce different
ranking for the same situation. A significant
number of ranking approaches have been sug-
gested in the literature (Abbasbandy et al., 2006;
Chen et al., 1992), (Chen et al., 2001; Fortemps
et al.,1996), (Lee kwang et al., 1999; Liu et al.,
2005), (Modarres et al., 2001; Nasseri et al.,
2015), (Nasseri et al., 2010; Tran et al., 2002)
and (Wang et al., 2008; Wang et al., 2001). Some
of them have been reviewed and compared by
Bortolan and Degani (1985), Chen and Hwang
(2001), and Wang and et al. (2008, 2009). How-
ever, some of these methods have some advan-
tages, but many of them have some shortages in
the practical situations. For overcoming the
above problems, we propose a new method for
ranking fuzzy numbers by D, , -distance. By in-
troducing a maximum value crisp, minimum
value crisp and D, -distance between two fuzzy
numbers, we propose approach to ordering fuzzy
numbers. Having reviewed the previous dic-
tions, the researchers have two objectives in this
study. Firstly they want to introduce a modified
defuzzification of a fuzzy quantity. The second
objective is applying the proposed method for
ranking of fuzzy numbers. Here, a new approach
for ordering fuzzy numbers is proposed. In par-
ticular, we will show that all reasonable proper-
ties which are established by Wang and Kerre
(2001)are valid. Discussion and comparison of
this work and other methods are carried out too.
Finally, we give a new approach for fuzzy order-
ing to prepare a practical tool for solving the
fuzzy linear programming problems which is es-
tablished based on the ordering of the fuzzy
quantities and intervals. However, the mentioned
approach will be useful for solving multi-objec-
tive linear programming as well as discussed in
(Mahdavi et al., 2007; 2009; Mishmast nehi et
al., 2012; Nasseri et al., 2015) in uncertainty en-
vironments.
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PRELIMINARIES AND BACKGROUNDS

The basic definitions and concepts of the fuzzy
sets theory are given as follows which is taken
from (Cheng,1998) and (Kaufmann et al,1985).

Definition 2.1: Let X be a universe set. A fuzzy
set A of X is defined by a membership function
UA (x): R—[0,1], where uA4 (x), VxeX, indicates
the degree of x in 4.

Remark 2.1: In throughout the paper we as-
sume that X=R.

Definition 2.2: A fuzzy subset 4 of universe
set X is normal iff sup.ex H A (x)=1, where X is
the universe set.

Definition 2.3: A fuzzy subset 4 of universe set
X 1s convex iff pa (Axr+(1-A)x)=min{ps (X1 ), 14
(x2) ;x1,x26X,2€[0,1].

Definition 2.4: A fuzzy subset A is a fuzzy
number iff 4 is normal and convex on X.

= a, < x < a,, 22y number A
. a,—a; i :
; (x) = 1, a; <x < as, rship function
quﬂA “Ya,—x
’ Qaz < x < iy,
Ay, — Qg (2_1)
0, otherwise,

which can be denoted as a quartet (a;,az as,a4).
In these above situations al/,a2,a3 and a4, if
a2=a3, A becomes a triangular fuzzy number.

Definition 2.6: An extended fuzzy number A4 is
described as any fuzzy subset of the universe set
X with membership function p4 defined as follows:

(a) pa(x) is a continuous mapping from X to the
closed interval [0,1].

(b) pa(x)=0, for all xe(-o0,a].

(c) w4 is strictly increasing on /as,az].

(d) pa(x)=1, for all xe/az,a;s].

(e) w is strictly decreasing on [as,a4/.

(f) pa(x)=0, for all xe/ay,+).

where aj,azas and as are real numbers. If
ar=a>=as=aq, A becomes a crisp real number.

Remark 2.2: Throughout the paper, we let
O=(0,0,0,0) as the zero trapezoidal fuzzy number.

Definition 2.7: The a-cut of a fuzzy number 4,
where 0<o<I is a set defined as

Aa= {xeR|ua(x)>a.

According to the definition of a fuzzy number
it is seen once that every a-cut of a fuzzy number
is a closed interval. Hence, we have A=A 4, A'o],
where

Ao=inf{xeR| pa(x)>a},

A =sup {xeR| pa(x)>a).

(2-2)
(2-3)



A set of all fuzzy numbers on real line will be
denoted by F(R), and this article recalls that core
A={x€eR| us(x)=1}.

Definition 2.8: 4 D, , -distance, indexed by pa-
rameters /<p<oo,()<g<I, between two fuzzy num-
bers A and B is a nonnegative function on
F(R)xF(R) give as follows:

1
[(1 - q)f |A; — B |Pda +
0

(1—q) sup (|A; — B IP) +

0<a=1

D,q(A,B) =

. 1
P
qf IAz—B:I”da] Jif p<w,
0

q inf (AL —BFIP), if p=».

0<a=1

(2-4)

In this paper, we suppose that p=2 and q=1/2.
Hence:

ezl (]

1 1
|A; — By [>da +f At — B,;Fda)
0

2-5)

Definition 2.9: Let A=(as,azasa4) and B= (b;
b2,bs,b4) be two trapezoidal fuzzy numbers, and
A= [A A" J=[(1-0) ar+aaz, aas+(1-a) a4,
B=[B4B'J= [(I-0) bir+absobst(I-a) by].
Define the D -distance for two trapezoidal
fuzzy numbers A and B on F(R) as follows:

[DZJ%(A' B)]Z = % Zj:l(bi —a)?+ z (b — a)(biry — asq) |-

i£{1,3)

(2-6)

Let A =(ai,azasas) and B=(b1,b,b3,b4) be two
trapezoidal fuzzy numbers and xeR. Define:

x>0,xA= (xai,xazxaszxa),

x<0,xA= (xas,xasxazxai),

A+B=(art+biartbzast+bs,ast+ba).

CONSTRUCTION OF ANEW METHOD

FOR ORDERING OF FUZZY NUMBER

Here, we give a new approach to order the
fuzzy numbers that will be useful as a tool in a
sub-algorithm for establishing some numerical
process to solve fuzzy linear programming prob-
lems, interval linear programming problems,

multi-objective fuzzy linear programming and
many other convenient models which are ap-
peared in the literature See in (Mahdavi et al.,
2007,2009; Mishmast nehi et al., 2012; Nasseri ,
2015; Nasseri et al., 2015).

Definition 3.1: First define a minimum crisp
value urmin(x) and a maximum crisp value ttrmax(x)
to be the benchmark, where their characteristic
functions rmin(x) and prma(x) are as follows:

_ 1, X = Tminl
#-{Fmin(x) - {0, X ij:minf (3-1)
and
1, x = Fpaxr
x =
uTmax( ) {0, X + Tmax. (3_2)

Now assume that n fuzzy numbers A, Ao, ..., Ax
on F(R) are given, then the minimum crisp value
Foin and the maximum crisp value F.. are de-
fined as:

:Fmin = i?’.'f U Supp(Ai)f (3_3)
i=1

:Fmax = sup U Supp(Ai)- (3_4)
i=1

Let 4,4,€F(R)(Vi#) be two arbitrary fuzzy
numbers. Define the rank of 4; and 4, by D> on
F(R) as follows:

(1)Ai>A; by D2,12Dx,12 (Aiy Finin)> D212 (Aj, Fmin)

(2)Ai~A;j by D:2,12D:.1/2(Ai, Fnin)= D212 (Aj, Fnin)

(3)Ai<A; by D2,12D:2,1/2 (Aiy Fin)<D2,12 (Aj, Fmin)-
(3-5)

Also, we formulate the order > and < as Ai>4;
if and only if 4:>A4; or Ai~A;, Ai<A; if and only if
Ai<A; or Ai~A,;.

Moreover, we may use the Fi. index as well
as Fuin, and then for two arbitrary fuzzy numbers
Ai, AjeF(R)(Vi#), we may define the rank of A;
and A4, by D12 on F(R) as follows:

Ai>A; by D2126D2 12 AiyFrna<D2,12 (Aj, Fna),

Ai~A; by D2,12D2,12(Ai, Fna)=D2,172 (4j, Finax),

Ai<Aj byD:,12D:2.1/2(Ai, Finax)> D2,112 (Aj, Fnax).
(3-6)
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Now we are a place to illustrate the mentioned
approach.

Example 3.1: Consider the following fuzzy
numbers in the trapezoidal format which is
shown with four parameters:

A= (2,3,3,6),A:=(3,4,4,5) and A5=(2,4,6,7).

The fuzzy numbers and the minimum and max-
imum crisp values are illustrated in Fig. 1.

Hence, according to Eq. 2-2, 2-3, 3-3 and 3-4,
the parameters Fouin, Fmax and the inverse func-
tions obtain as follows:

oy

F

min

v

12

Fig.1. Fuzzy numbers A1, Az, As, Fmax and Fmin

3

'rFmin = inf U Supp(Ai) = 21
i=1

and

3
Fax = sup || suw(a =7,

i=1

and
g = [‘gm_in(x) -4
min{x) — + — 2,
gmin(x)
and
_ [max(x) =7,

According to Eq. 2-6, we can get the D>, ;—dis-
tance values the between maximum crisp value
and fuzzy numbers A4;, A2 and 4;, which are equal
to 13.66,9.33 and 8.33, respectively. Thus, by Eq.
3-6 it is follows that:

As>A2>A1.

In the below, the membership function of fuzzy
numbers 4,, A> and 45 and their inverse functions
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of them are given:

X — 2, 2=x =3,
67
Ayt #Al(x): * 3=x=6,
0, otherwise,
0 {Al_(x)szrZ,
x =
9, 4,7(x) = 6 — 3.
x— 3, I=x=4,
4, na0)={5-x 4=x<5
0, otherwise,
( ) {AZ_(X):X+3,
x =
9a, A () =5—=x.
x—2
2<x=4,
Ag: pa, (X)) =1 1, 4< x <6,
7—x, 6=x=7,
0, otherwise,

A (x)=2x+2
94, () = { A33+((x)) =7 —+x.,

Now we are going to verify that the reasonable
axioms which are established by Wang and Kerre
(2001) are also valid for the proposed approach.
Let S be a set of fuzzy quantities for which the
method D; i»—distance can be applied, and 4 and
A'finite subset of S. The statement "two elements
A and B in 4 satisfy that 4 has a higher rank than
B when D, »—distance is applied to the fuzzy
quantities in 4 "will be written as" A>B by D 1.2
on A"."A~B by D212 on A" and "A*B by D>
on A" are similarly interpreted.

The following axioms show the reasonable
properties of the ordering approach D: ;»>—distance.
Ai. For AeA, A*A by D212 on A.

Az For (A,B) €A?, A*B and B*A by D212 on A,
we should have A~B by D212 on A.

As. For (A,B,C)eA’, A*B and B* C by D212 on
A, we should have A¥ C by D:.12 on A.

Aq. For (A,B)eA?, inf supp(A)>sup supp(B), we
should have A*B by D:,12 on A.

A4'. For (A,B)eA inf supp(A)>sup supp(B), we
should have A>B by D212 on A.

As. Let (A,B)e(ANA")>. We obtain the ranking
order A=B by Dz on A'if and only if A>*B by
D> on A



As. Let A,B,A+C and B+C be elements of S. If
AZB by D212 on {A,B}, then

A+C2B+C by D2ipon {A+CA+B).

As'. Let A,B, A+ C and B+ C be elements of S and
C=2 IfA>B by Dz on {4,B},

then A+C>B+C by D212 on {A+C,A+B}.

Remark 3.1: From Definition 3.1, we clearly
if A>B, then -B* -A.

In the next section, we will give an application
of the emphasized discussion in the previous sec-
tions to motivate the given study.

AN APPLICATION AND MOTIVATION

In this section, an application of the concept
of ordering on fuzzy quantities is given to sup-
port the motivation of our discussion. For
achieving a solution for the following fuzzy
mathematical model, it is necessary to solve the
model using a numerical algorithm such as
fuzzy primal or/and dual simplex algorithms as
well as have been suggested in (Mahdavi et al.,
2007; 2009; Mishmast nehi et al., 2012; Nasseri
et al., 2015) based on the formulated problems
in the real life.

Example 4.1. Assume that a company makes
two products. Product P; has a profit of around
$40 per unit and product P- has a profit of around
$30 per unit. Each unit of P; requires twice as
many labor hours as each available labor hours are
somewhat close to 500 h per day, and may possi-
bly be changed due to special arrangements for
overtime work. The supply of material is almost
400 units of both products, P; and P>, per day, but
may possibly be changed according to past expe-
rience.The problem is, how many units of prod-
ucts P; and P> should be made per day to
maximize the total profit? Let x / and x 2 denote
the number of units of products P; and P> made in
one day, respectively. Then, the problem can be
formulated as the following fuzzy linear program-
ming problem:

For solving this problem one may use a fuzzy

primal simplex algorithm and therefore the first
tableau of this algorithm can be made as follows:

Basis b b X3 EA R.H.S.
z 40 30 0 0 0
X3 1 1 1 0 400
£ 2 1 0 1 500

For evaluating the optimality condition of the
current fuzzy basic feasible solution and all solutions
in the next iterations, if the solution is not optimal,
it must be calculated by the following formula:

yo=csBlai-c;

where ¢ 5 and ¢ are respectively the basic vari-
ables coefficients vector and the coefficient of x7
in objective function, and also B/ and a; are re-
spectively the inverse of the basis matrix and the
coefficients vector of x7in the constraints of the
model. Since here, solving this model is not our
main discussion; hence we omit the solving
process. We again emphasize that the mentioned
problem which is formulated as a fuzzy mathe-
matical programming problem is one of many
problems which are modeled in the real world and
may be needed to use an algorithm for solving the
model where the fuzzy ordering plays a key role.

CONCLUSIONS

In this paper, we established a new method for
ranking of fuzzy numbers. We saw that the pro-
posed method can effectively rank various
fuzzy numbers. Also, from experimental results,
the new method with some advantages: (a) fit
all kind of ranking fuzzy number, and (b) cor-
rect Kerre's concept (regardless of its relative
location on the X-axis). Therefore, we sug-
gested the proposed approach as a sub algorithm
for solving some common practical models such
as mathematical programming and in particular
fuzzy linear programming models where order-
ing of fuzzy numbers for solving the problems
is so important. Finally, we emphasize that the
mentioned idea can be used for solving the clas-
sical mathematical problems such as Trans-
portation, Assignment, and etc., as some
convenient kinds of linear programming models
in the real life which are formulated in uncer-
tainty conditions.
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