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1. Introduction

In algebra, ring theory is the study of rings algebraic structures in which addition and multiplication are
defined and have similar properties to those operations defined for the integers. Ring theory studies the structure
of rings, their representations, or, in different language, modules, special classes of rings (group rings, division
rings, universal enveloping algebras), as well as an array of properties that proved to be of interest both within
the theory itself and for its applications, such as homological properties and polynomial identities. In abstract
algebra, a semiring is an algebraic structure similar to a ring, but without the requirement that each element must
have an additive inverse. The term rig is also used occasionally this originated as a joke, suggesting that rigs are
rings without negative elements, similar to using rng to mean a ring without a multiplicative identity. Von
Neumann regular rings were introduced by von Neumann (1936) under the name of "regular rings", during his
study of von Neumann algebras and continuous geometry. Since its inception in 1965, the theory of fuzzy sets
has advanced in a variety of ways and in many disciplines. Applications of this theory can be found, for
example, in artificial intelligence, computer science, medicine, control engineering, decision theory, expert
systems, logic, management science, operations research, pattern recognition, and robotics. Mathematical
developments have advanced to a very high standard and are still forthcoming to day. The theory of fuzzy sets
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was first inspired by Zadeh [26]. Fuzzy set theory has been developed in many directions by many scholars and
has evoked great interest among mathematicians working in different fields of mathematics. Fuzzy ideals in
rings were introduced by Liu [5] and it has been studied by several authors. Mukhrejee and Sen [6, 7] defined
fuzzy ideal of of semirings. Jun [3] and Kim and Park [4] have also studied fuzzy ideals in semirings. Lattice
theory is the study of sets of objects known as lattices. It is an outgrowth of the study of Boolean algebras, and
provides a framework for unifying the study of classes or ordered sets in mathematics. The study of lattice
theory was given a great boost by a series of papers and subsequent textbook written by Birkhoff (1967). Shabir,
Jun and Bano [22] introduced the notions of prime, strongly prime, semiprime and irreducible fuzzy bi-ideals of
a semigroup.The author by using norms, investigated some properties of fuzzy algebraic structures[12-21]. In
this paper, Firstly, we define anti fuzzy bi-ideal of semiring R under s-norm S as AFBIS(R). Secondly, we
define symbol V and sum and product of two u,9 € AFBIS(R) and we investigate some properties about them.
Thirdly, we define prime, strongly prime, idempotent, semiprime, irreducible and strongly irreducible of
u € AFBIS(R) and prove some results about it. Fourthly, we prove that if R be a regular and intra-regular
semiring and u € AFBIS(R), then u is a strongly prime if and only if u be a strongly irreducible. Also if the set
A = {u:u € AFBIS(R)} is totally ordered by inclusion (<), then each u € A is a prime. Finally, we prove that
the following assertions are equivalent:

(1) Set of A = {u: u € AFBIS(R)} is totally ordered by inclusion (<).
(2) Each u € A is strongly irreducible.
(3) Each u € A is an irreducible.

2. Preliminaries
This section contains some basic definitions and preliminary results which will be needed in
the sequel.

Definition 1. (See [24]) A semiring is a set R equipped with two binary operations + and ., called addition and
multiplication, such that:

(1) (R, +) is a commutative monoid with identity element 0:

(a@a+b)+c=a+((b+c)
O+ta=a+0=a

a+b=>b+a.
(2) (R,.) isamonoid with identity element 1:

(a.b).c=a. (b.c)
l.a=al=a.
(3) Multiplication left and right distributes over addition:

a.(b+c)=ab+a.c
(a+b).c=a.c+b.c
(4) Multiplication by 0 annihilates R:
0.a=a.0=0.

The symbol . is usually omitted from the notation; that is, a. b is just written ab. Similarly, an order of
operations is accepted, according to which . is applied before +; that is, a+bc is a+(bc). A commutative semiring
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is one whose multiplication is commutative. Throughout this paper, R stands for the semiring (R, +,.) with an
identity element 15 and zero element 0.

Example 1. By definition, any ring is also a semiring. A motivating example of a semiring is the set of integer
numbers Z under ordinary addition and multiplicationand it is commutative semiring.

Definition 2. (See [8]) A non-empty subset B of a semiring R is called a bi-ideal of R if
(1)a+ b € B,

(2) ab € B,

(3)arb €B,

foralla,b € Bandr € R.

Definition 3. (See [25]) (1) A semiring R is called von Neumann regular or simply regular if for each
a € R there exists x € R such that a = axa.

(2) A semiring R is called an intra-regular semiring if for each a € R there exists x;,y; € R such
thata = Y, x;a%y;.

Definition 4. (See [2]) A (non-strict) partial order is a binary relation < over a set P satisfying particular axioms
which are discussed below. When a < b, we say that a is related to b. (This does not imply that b is also related
to a, because the relation need not be symmetric.) The axioms for a non-strict partial order state that the relation
< is reflexive, antisymmetric, and transitive. That is, for all a, b, ¢ € P, it must satisfy:
(1) a < a (reflexivity: every element is related to itself).
(2)ifa<band b < a, thena = b (antisymmetry: two distinct elements cannot be related in both directions).
(3)ifa<band b < c, then a < c (transitivity: if a first element is related to a second element, and, in turn,
that element is related to a third element, then the first element is related to the third element).

In other words, a partial order is an antisymmetric preorder. A set with a partial order is called a partially
ordered set (also called a poset). The term ordered set is sometimes also used, as long as it is clear from the
context that no other kind of order is meant. In particular, totally ordered sets can also be referred to as "ordered
sets", especially in areas where these structures are more common than posets. For a, b, elements of a partially
ordered set P, if a<b or b <a, then a and b are comparable. Otherwise they are incomparable. For
example {x} and {x, y, z} are comparable, while {x} and {y} are not. A partial order under which every pair of
elements is comparable is called a total order or linear order; a totally ordered set is also called a chain (e.g., the
natural numbers with their standard order). A subset of a poset in which no two distinct elements are
comparable is called an antichain. For example set of singletons {{x}, {y}, {z}}.

Lemma 1. (See [23]) (Zorn’s lemma) Suppose a partially ordered set P has the property that every chain in P
has an upper bound in P. Then the set P contains at least one maximal element.

Definition 5. Let X be a non-empty subset of R. Then the anti characteristic function of R denoted and defined

by
0 a€X
“X(a)={1 Zex.

Definition 6. (See [1]) An s-norm S is a function S : [0,1] X [0,1] — [0,1] having the following four
properties for all x,y,z € [0,1]:

(1) $(x,0) = x,

() Stx,y) = Sx,2)if y <z,

@) Sx,y) = S, %),

@ S(x,S(,2) =S(S(x,¥),2),
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We say that S is idempotent if for all x € [0,1],S(x,x) = x.

Example 2. The basic S-norms are
Sm(x,y) = max{x,y},

Sy(x,y) = min{l,x + y}
and
Sp(x,y)=x+y—xy

forall x,y € [0, 1].
Sm is standard union, Sj, is bounded sum, S,, is algebraic sum.

Lemma 2. (See [1]) Let S be a s-norm. Then

S, y), 5w, 2)) = S(S(x,w),S5(y,2)),
forall x,y,w,z € [0, 1].

3. Anti fuzzy bi-ideals under s-norms

Definition 7. A fuzzy subset 1 : R — [0, 1] is called an anti fuzzy bi-ideal of R under s-norm S if
(1) u(a + b) < S(u(a), u(b)),

(2) u(ab) < S(u(a), u(b)),

() u(abe) < S(u(a), u(c)),

forall a,b,c € R.

We denote the set of all anti fuzzy bi-ideals of semiring R under s-norm S by AFBIS(R).

Example 3. Let R = (R, +,.) be a semiring of real numbers. Define u : R — [0, 1] by

(030 x € R
“(x)_{o.so XR<°

if Sp(a,a) =a+b—abforalla,b € [0,1], then u € AFBIS(R).

Definition 8. Let u, 9 € AFBIS(R).
(1) The symbol u v 9 is a fuzzy subset u v 9 : R = [0, 1] and defined dy

(v 9)(a) = Su(a),9(a))
forall a € R.
(2) The sum of p and ¥ is a fuzzy subset u + 9 : R — [0, 1] with

+ 0@ = [\ S@®).o)
forall a,b,c € R. asbre

(3) The product of x and 9 is a fuzzy subset w09 : R — [0, 1] by
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oD@ = [\ S5

a=bc
forall a,b,c € R.

Remark 1. Let u € AFBIS(R) then for all b, c € R we have that

woun)e) = \ S(u®)ua(@) = [\ sw®),0) = o)
bc ¢

Proposition 1.

(1) p € AFBIS(R) ifandonlyifu <pu+pandpu < pou and u < uoug op.

(2) A non-empty subset B of a semiring R is a bi-ideal of R if and only if the anti characteristic
function ugp € AFBIS(R).

(3) Let u,9 € AFBIS(R). Thenu v 9 € AFBIS(R).

(4) Let 4,9 € AFBIS(R) such that R be commutative. Then u o9 € AFBIS(R).

Proof. (1) Let p € AFBIS(R).

Ifa=>b+c, then

p(a) = ub + c) < Sub),u() < /\ S(u(b), u(c))

a=b+c

foralla,b,c e Randsopu < p + p.
If a = bc, then

u(a) = plbc) = Sub), u(c)) < /\ S(u(b), u(c))

a=bc

foralla,b,c €R andsou < pop.
If a = bcd, then

p(a) = p(bed) < S(u(b), u(d))

S((nopg)(bo),u(d)) < /\ S((uo pr)(be), u(d))

a=bcd

and then p < pougo
Conversely, we prove that u € AFS(R).Since 4 < u + uso

platb)y <= + wla+b)= /\ S(u(a), (b)) = S(u(a), (u(b))

a+b

and then

u(a + b) < S(u(a), (u(b)) (1)

foralla,b € R.Asu < popuso
p(ab) < (now(ab) = /\S(M(a). (m®)) = S(u(a), (b))
ab

and then
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u(ab) < S(u(a), (u(b)) (2)
forall a,b € R.
Alsosince p < po up o nso

w(abe) < oo m(abe) = [\ S(Gro up)(ab) (@) = /\ Sh@), u(©) < Su(@) 1)
(ab)c ac

and then
u(abe) < S(u(a), u(c)) )

forall a,b,c € R.
Then from (1)-(3) we get that u € AFBIS(R).

(2) Let
0, X E€B
.uB(b) - {1, x $ B

be the anti characteristic function of B. Let B be a bi-ideal of semiring R such that b1,b2 € B
andr € R. Then b; + b, € Band b;b, € B and b;rb, € B and then

pg(by +by) = 0 < 0 = 5(0,0) = S(ug(hy), ug(bhs))
and

pp(biby) = 0 < 0 = S(0,0) = S(ug(b1), up(b2))
and

ug(birby) = 0

IA

0 = 5(0,0) = S(up(b1), up(hy)).
Then uz € AFBIS(R).
Conversely, let up € AFBIS(R) and by, b, € Band r € R.
As
tp(by +by) < S(up(b1),up(bz)) = $(0,0) = 0
S0 ug(by + b,) = 0andthen b, + b, € B. Since
tp(biby) < S(up(b1),up(b2)) = S(0,0) = 0

S0 ug(byb,) = 0andthen by b, € B. Finally

pp(birby) < S(ug(b1),up(bz)) = S(0,0) = 0

S0 ug(byrby) = 0andthen b;rb, € B. Then B is a bi-ideal of a semiring R.
(3) Let u,9 € AFBIS(R) and a,b,c € R. Then

(uVvO)(a+b) =Sula+b),9(a+b))
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< S(S(u(a), u(b)), S(V(a),9(b)))
= S(S(u(a),9(a)), S(u(b),9(b)))
=S((u vI)(a), (u VI)(D))

and so

(v 9)(a+b) < S((u V9@, @t VOB)).

Also
(uvI)(ab) = S(u(ab),9(ab))
< S(Su(a), u(b)), S@(a), 9(b)))
= 5(S(u(a),9(a)), S(u(b),9(b)))
=S((n vI)(a), (u vI)(D))
thus

(uv9)@b) < S((u vO)(@), (u VO)(B)).

Further
(u v 9)(abc) = S(y(abc),ﬁ(abc))
< S(S(u(a), u(c)), S@(a), 9(c)))
= S(S(u(a),9(a)), S(u(c), 9(c)))
=5((u A 9)(a), (n A I)(0))
then

(uv 9)(abc) = S((u A 9)(a), (u A 9)()).

Then from (4)-(6) we getthat © v 9 € AFBIS(R).

(4) Let Il,19 € AFS(R) and Iet al,az,bl,bz,cl,CZ ER SUCh that

a; = bycy,a; = bycy,a3 = bscg,byc; = byep = 0.

Then
and so

(wo9)(ar +az) < S((mod)(ar), (mod)(az)).

Also

(mod)(a; +a;) = /\ S(u(by + by), 9(c1 + ¢3))

(ag+az)=(by+by)(c1+c3)

- /\ S(u(by + by),9(c; + )

(ay+az)=bici+byc,

_ /\ S(u(by + by),9(c; +¢5))

ai=bycy,a=byC;

23
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()
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< /\a1=b1C1va2=b252 S (S('u(bl)”u(bz))’ S(ﬁ(cl)'ﬁ(CZ)))

= N\ s(5k®0.9), 51, 5(c))

a1=bic1,a2=bzc;

= S(a Zb\c S(#(bl)’ﬁ(C1))’aZb\c S(M@z)ﬂ%%)))

=S((moV)(ay), (1o )(ar))

and

wod@a) = N\ S@bib)0e)
(a1az2)=(b1b2)(c1c2)

- /\ S(u(byby), 9(cs,))

(aiaz)=bicibzcz

= /\ S(y(blbz).ﬁ(ﬁcz))

ay=bic1,a2=byc;

I A C A OTICHRICICORICN)

a;=b1c1,a2=b3 ¢

AR C ORI K CICRICH))

a;=byc1,a2=b3¢;

_ s( /\ S(u(by), 9(cy)), /\ S(u(bz),ﬁ(cz))> = S((wo¥)(ar), (uov)(ay))

a;=bicy az=bzc3
thus

(mod)(araz) < S((nov)(ar), (uod)(az)). (8)

Further

(uo¥)(a,aza3) = /\ S(M(b1b2b3),l9(C1C263))

(ajazaz)=(b1byb3)(ciczc3)

= /\ 5(,u(b1b2b3),19(C1C203))

(ayazaz)=bic1bycybzcs

_ /\ N BRICTD)

a1=b1¢1,a2=byC3,a3=b3C3

< /\a1=b1C1,az=bzcz»a3=bSC3 S (S('u(bl)' ,Ll(b:.;)), S(‘L9(C1), 19(6'3)))

= N\ (5, 96), S(uths), 9(c2)))

a;=bycy,a3=bzc3
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=S< /\ S(,u(bl),ﬁ(cl)), /\ S(M@z)ﬂ@z)))

a;=bjc; az=bscs

= S((wo9)(ay), (o) (as))

and then

(uo9)(aaza3) < S((H 09)(ay), (uo 19)((13))-
Thus from (8)-(9) we obtain that w 0 9 € AFBIS(R).

Proposition 2. Let u,9 € AFBIS(R) and X, Y be two non-empty subsets of semiring R.
W fpu=Y,thenpof = JdopfandBou = fod.

(2) ux 0 py = uxy .
@) ux vV uy = pxny -
(4) ux + ux = pyxyy -

Proof. Letx,y,z €R.
(1) Asp = 9sou(y) = I9(y). Then

wop = /\ Skm.8@) = \ sE0.6@) = o P

xX=yz X=yz
andthenpo B =9Yo . Alsoasu = 9, then u(z) = 9(z) and
ow)@ = [\ sEO.u@) 2 [\ SB.9@) = Boo)(0)
xX=yz X=yz
andthusfou=> Bod.

0, xeX 0, yey

1 x&X and uy(y) ={1’ yevy and

(3) We know that piy(x) = {

( _{O, zeXYy {0, z=xy€eXYy _ {0, x€EX,y€eY
by@D =11 zexy = 11, z=xyexy - |1, x¢Xyev.

Ifx € Xand y €Y, thenxy € XY therefore
xo )@ = [\ $xC. @) = [\ 50,0 =0 =y =xy.
zZ=xy Z=xy
Ifx eXand y €Y, thenxy ¢ XY and so
xo )@ = [\ S @)= [\ SO =1= G =x.
zZ=xy zZ=Xy

Ifx ¢ Xand y € Y, then xy € XY and then

©)

25
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(o w)@ = [\ S(xC ) = f\ 500 = 1=y =xy).

zZ=xy Z=Xxy

Ifx ¢ Xandy ¢ Y, then xy & XY then

(xo )@ = [\ S(xC @) = [\ SAD = 1= ez =xy).

zZ=xy zZ=xy

Thus px 0 px = pxy-

(4) We have that
()_{O, zeXny {0, z€EX,Zz€EY
Hxavl2) =11, otherwise ~ 1, otherwise.

Ifze Xandz €Y, thenz € X NnY then

(uxVuy )(2) = S(MX(Z)»MY (Z)) = 5(0,0) = 0 = pxny (2).

IfzeXandze¢Y,thenz& XNY so

(uxVuy )(2) = S(.“X(Z)uuY (Z)) = 5(0,1) =1 = pxny (2).

Ifz¢Xandz €Y, thenz & X NnY then

(uxVuy )(2) = S(MX(Z)H“Y (Z)) = 5(1,0) =1 = pxny (2).

Ifz¢Xandz &Y, thenz & X NY thus

(uxVuy )(2) = S(.UX(Z)'MY (Z)) = S5S(1,1) =1 = pxny (2).
Then uxVuy = pxny-

(1) We get that

()_{0, zEX+Y _ {0, z=x+y€eX+Y _ {0, XEX,yeEY
Mxavf2) =11, otherwise ~ |1, otherwise ~ |1, otherwise.

Ifx eXandy €Y, thenx+y € X +Y thus

tx+ 1)@=\ S@uCm )= [\ 50,0=0= it =x+).
z=x+y z=xty
Ifx eXandy €Y, thenx+y & X +Y so

wx+ )@=\ S )= N\ 50D =1= @ =x+).

z=x+y z=x+y



R. Rasuli / FOMJ 3(4) (2022) 17-31

Ifx ¢ Xandy €Y, thenx +y & X +Y then

i+ @ = [\ @y )= [\ SQ0O=1= iy @ =x+.
z=x+y z=x+y

Ifx ¢ Xandy € Y,thenx+y &X +Y then

@ = [\ S )= [\ SAD=1=py @ =x+y).
z=x+y z=x+y

4. Prime, strongly prime, semiprime, irreducible and strongly irreducible of AFBIS(R)

Definition 9. Let u € AFBIS(R).
(1) piscalled a prime if forany «, 8 € AFBIS(R),ifaoff = p,thena > porf = pu.

(2) u is called a strongly prime if forany a, 8 € AFBIS(R), if (e 0o B) V(Boa) =y thena =puor B = u.

(3) w is called idempotentif 4 = pou = u?.
(4)  is said to be a semiprime if @ 0 @ = a? > p implies a > u for every a € AFBIS(R).
(5) w is said to be an irreducible if forany a, 8 € AFBIS(R),ifaVv B =pu,thena = por g = pu.

(6) u is said to be a strongly irreducible if for any «, 8 € AFBIS(R),ifa Vv § = u,thena = uorf = pu.

Proposition 3. We have the following assertions.

(1) Let u € AFBIS(R)be strongly prime then it will be prime.

(2) If u € AFBIS(R) be prime, then it will be semiprime.

(3) Let 4, u, € AFBIS(R) be prime. Then uy V u, will be semiprime.

(4) Let u € AFBIS(R)be strongly irreducible semiprime then it willbe strongly prime.

Proof. Let u, a, B € AFBIS(R).

(1) Let u be strongly primeandao 8 = puthen(@of)V(Boa) = u,andsoa > por f = u. This
implies that u will be prime.

(2) Let u be prime and aoa =p then a>=p and then p is  semiprime.
(3) Let uy and u, be primes and oo 0 B >y V u,. Thenaof = puy or @o B = u,. This implies that
a=>pmporf= wanda=>p, orf = p,. Thusa > py V py and B = py V pu,. Therefore uy v p,will be
prime.

(4) Let u € AFBIS(R) be strongly irreducible semiprime such that (¢ 0o ) V(Boa) = u.Asa v g =
aandaVvp =B so

(avPo(a Vv B)=(aV B)?= aop.
Alsoa v =pandaVf = aso
(aVPPo(@vp)=(aV B)?=poa.
(@v B> = (aop)V(Boa)=p

Thus
Since p isasemiprime so @ vV 8 = u. Now since p is a strongly irreducible then ¢ = g or 8 = u. Hence u
is a strongly prime.

Proposition 4. Let u € AFBIS(R) with u(a) =& > 0for all a € R and € € (0,1]. Then there exists an
irreducible f € AFBIS(R) suchthatp < S and f(a) = eforalla € Rand ¢ € (0,1].

Proof. LetP ={a: a € AFBIS(R):u < a:a(a) =e>0}.Asu€e PsoP # Q. Let

27
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H={hi : h; € AFBIS(R): hj(a) =¢: u < h; : Vi el}

be any totally ordered subset of P. Now we prove that V/;c; h; € AFBIS(R) such that u < V;¢; h;. Assume
that a,b,c € Rand as h; € AFBIS(R) then

1)
\r@+n =\/(ut + ») < \/ su@ h®) = s\/ h:@), \/ o).
i€l i€l i€l i€l i€l
@
N\ =\ @by < \/stu@,me) = s\ [ m@, \/ oy
i€l i€l i€l i€l i€l
)
\rutabe) = \[thuabe)) <\ [/ sthu@, hi) = s\ (@, \ [ me(en.
i€l i€l i€l i€l i€l

Thus (V;e;) h; € AFBIS(R).

Since p < h; for all i €1 then u < (Viep) hi- Also (Vigp) hi(a) = Vig(hy) (@) = € with € € (0,1].
Therefore V¢ (h;) € P and V¢ (h;) is an upper bound of H. Now by Zorn’s lemma, there exists a
B € AFBIS(R) which is maximal with respect to the property u < g and B(a) = . Now we show that 8
is an irreducible. Let 8,,8, € AFBIS(R) suchthat 8; v f2 = fthenf > p; and f = [B,. We claim that
B = B1 or B = (. By the contrary, assume that 8 # ; and § # [B2. Thisimplies g > B, and 8 > B,. So
B(a) # B1(a) and B(a) # B(a). Hence (B, V B2)(a) = B(a) = &. Which is a contradiction to the fact

that (8, V $2)(a) = B(a) # €. Hence either § = B, or § = f3.

Proposition 5. Let S be idempotent s-norm. Then for a semiring R the following assertions
are hold:

(1) ¥ R is both regular and intra-regular, then pou=u for every u€ AFBIS(R .
(2 Ifuou=p forevery u € AFBIS(R), thena vV B = (aof) V (Boa) forall a, € AFBIS(R).

Proof. (1) Let R be both regular and intra-regular and a € R. Then there exist elements x, y;, z; € R such
thata = axaand a = 3=, y;a’z; and then

n n
a = axa = axaxa = ax (Z yl-azzl-> xa = Z (axy;a)(az;xa).
i=1 j

i=1

Now
(po p)(a) = (ro w)(Xiz; (axy;a)(az;xa))

=2is1 (wo w)(axy;a)(azixa))

=¥, AS(u(axy;a), p(azixa))

< Z; § (S(u(@), u(@), S(u(a), n(@)))

=D SE@um@)

=" u@
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= u(a).
Thuspou < p.
Also as u € AFBIS(R) so by Proposition 1 (part 1) we get that w o u > p.
Thuspwou = p.

(2) Let @, B € AFBIS(R) then by Proposition 1 (part 3)we have that « v 8 € AFBIS(R). Thus by
hypothesis, we have a VB = (aVp)o(aV ). AsaVvf =>aandaV B = S0
avVB=(aV Bo(aVvp)=aop.Similarly,a v = o a. Then

aVp =(@of)V(foa). (10)

Now from Proposition 1 (part 4) we have that ¢ o § € AFBIS(R) and foa € AFBIS(R) and by
Proposition 1 (part 3) we get that (a 0 B) V (f 0 a) € AFBIS(R). Thus by hypothesis, we have

(@op)v(Boa)=[(@op)V(Boa)]o[(aoB)V(Boa)
>(@oB)o(Boa)=ao woa=ao éoa
B Zup

>aoupouza= YL, u(@) = pa).

Similarly, (a0 B) V(B oa) = B and then

(aoB)Vv(Boa) = a Vv B. (11)
Then from (10) and (11) we getthat (¢ 0 B) V (B o a)a V .

Corollary 1. Let R be a regular and intra-regular semiring and u € AFBIS(R). Then p is a strongly prime if
and only if u be a strongly irreducible.
Proof. Let R be a regular and intra-regular semiring and u, «, 8 € AFBIS(R). Then from Proposition 5 we get

thata VB = (a o B)V (B o a). Now if u be a strongly prime, thena v = (a0 B) V (B o ) = p and then o >
uorfB = pand sopu will be a strongly irreducible. Conversely, if u is a strongly irreducible, then (¢ 0 8) Vv
(Boa)=a VB = puwich meansthat o> u or § > u and then p is a strongly prime.

Corollary 2. Let R be a regular and intra-regular semiring. If the set A = {u: p € AFBIS(R)} is totally
ordered by inclusion (<), then each u € A is a strongly prime.

Proof. Leta, B,u € A and we prove that 4 will be a strongly prime. Since the set of A is totally ordered by
inclusion so ¢ < B or B < a and this gets thata VB =a ora VvV = . As R be a regular and intra-regular
semiring so from Proposition 5 we getthata VS = (@ o )V (B o a). Nowlet (¢ o B) V (B o @) = pu then

a=aVf=(@of)V(Boa)=pu
or

B=avVvp=(aof)vV(Boa)zu
and this implies that u will be a strongly prime.

Corollary 3. Let R be a regular and intra-regular semiring. If the set A = {u : © € AFBIS(R)} is totally ordered
by inclusion (<), then each u € A is a prime.
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Proof. Let a, 8, u € A and we prove that u will be a prime. Since the set of A4 is totally ordered by inclusion so
from Proposition 5 we get that coa = a and Soff = . Now let @ o f = u and as the set of A is totally ordered
by inclusion soa=porf=za. Ifa=p,thena=aoa=aof=zpuand if = a, thenpf = Bo B =
aof =p. Thusa = por B = uandthen u will be a prime.

Proposition 6. Let R be a semiring. Then the following assertions are equivalent:
(1) Set A = {u : u € AFBIS(R)} is totally ordered by inclusion (<).

(2) Each u € A is strongly irreducible.

(3) Each u € A is an irreducible.

Proof. (1) = (2) Leta, B, 1 € A and we prove that u will be a strongly irreducible. Since the set of A is totally
ordered by inclusion soca > orf >aand thenavpf =aoraVvp =LF. Now letavp =>uthena =avVv
p=por f=aVvp =u Thus a = p and = u and then u will be a strongly irreducible.

(2) = (3) Leta, B, u € A and let u be a strongly irreducible. Leta VS = u. Sinceavp >aanda Vv p = so
u>aand u > B. Also since u is a strongly irreducible so a V f = u = p and then a« > pand g > p. Therefore
we obtain that « = u or § = u and this implies that u is irreducible.

(3)= (1) Let a,5 € A and we must prove that « > 8 or § > a. By Proposition 1 (part 3) we have that
aV B € AFBIS(R) and then will be an irreducible. Asavf =BVathena=avpor f=aV [ and so
a = B or B = a. This means that the set of A is totally ordered by inclusion (<).

5. Conclusion

In this study, we define the notion of anti fuzzy bi-ideals in semirings with respect to s-norms and we and
investigate some properties of them. Next we introduce anti prime fuzzy bi-ideals, anti strongly prime fuzzy bi-
ideals, anti semiprime fuzzy bi-ideals, anti irreducible fuzzy bi-ideals, anti strongly irreducible fuzzy bi-ideals
with respect to s-norms and obtained some results about them and we investigate them under regular and intra-
regular semirings. We characterize them under totally ordered by inclusion. Now one can define anti fuzzy bi-
rings with respect to s-norms and investigate them as we did for bi-ideals and this can be an open problem.

Conflict of interest: The author declares that he has no known competing financial interest or personal
relationship that could have appeared to influence the work reported in this paper.
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