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The paper proposes a procedure for solving a linear system of fuzzy differential 

equations from the point of view of the generalized Hukuhara derivative. First, 

the method is based on two functions of half-length and midpoint of fuzzy 

numbers and next it is implemented on the problem in two separate cases of 

generalized Hukuhara differentiability, in details. Two numerical examples are 

given to clarify the practical application of the results.  
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1. Introduction 

Many phenomena in the world, whose parameters have ambiguity and inaccuracy, will be modelled as fuzzy 

differential equations (see [11, 17, 19, 20, 21] for example). The use of a suitable concept of the derivative in 

the fuzzy environment in order to solve a fuzzy differential equation has always been researched [2, 3, 10, 13, 

15, 22, 23]. The generalized Hukuhara differentiability (GH-differentiability) concept proposed in [4, 5] is a 

powerful tool for interpreting fuzzy differential equations, so that usually two solutions with different behaviour 

of a fuzzy differential equation are sought [1, 6, 7, 8, 9].  

In this paper, we study the following fuzzy linear differential equations system:  









0)0(

,0),()()(

xx

ttbtAxtx
         (1) 

where A is a real nn matrix, 0x is a vector containing fuzzy numbers and )(tb is a vector containing 

fuzzy-valued functions. The system (1) in case 1n has been studied by many authors [1, 7, 14, 16, 22].  
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      In the present paper, first, we present a result of the effect of the GH-differentiability of the function )(tb

on the GH-differentiability of unknown function )(tx . Next, we introduce a method to solve system (1) based 

on the GH-differentiability concept. In the proposed method, we first introduce two operators that are called the 

midpoint and haft-length functions defined on the set of fuzzy numbers and next by using these operators, we 

convert system (1) into two systems of ordinary differential equations, considering two cases 1. The components 

of vector )(tx  are (1)-differentiable fuzzy-valued functions and 2. The components of vectors )(tx are (2)-

differentiable fuzzy-valued functions. Also, we present the necessary and sufficient conditions for the results of 

the proposed method to lead to the solution of the main system (1). Based on solutions obtained from the 

designed ordinary differential equations systems, we can form the structure of the solution as a vector of fuzzy-

valued functions which is illustrated by solving two numerical examples.  

 

2. Preliminaries 

     In this section, we recall some basic definitions of fuzzy arithmetic and some necessary results of generalized 
differentiability of fuzzy-valued functions. 

Definition 1. [24] A fuzzy number u is an ordered pair of functions ),(   uuu on interval ]1,0[ , as 

parametric form such that 

u  is bounded, non-decreasing left continuous function in ]1,0( and right continuous 

at 0 , 

u is bounded, non-increasing left continuous function in ]1,0(  and right continuous at 0 and 

   uu for 

all ]1,0[ .  

The set of all fuzzy numbers is denoted by FR . For FRvu , and R , the operations addition and 

multiplication are defined [24] by ),(    vuvuvu and ),(    uuu  if 0 , and 

),(    uuu if 0 . 

Definition 2. [24]. Let FRvu , . If there exists FRw such that, wvu  , then w is called the 

Hukuhara difference (H-difference) of vu, and it is denoted as vuw  . 

Definition 3.  [24] The Hausdorff metric in FR is defined as ),0[:  FF RRD , by 

|}||,max{|sup),(
10





 


vuvuvuD . 

     A fuzzy-valued function f is denoted by ))(),(()( tftftf   for each t in the domain of f . 

Definition 4. [5] Let I  be an open interval in R and let FRIf : . We say that f is GH-differentiable at point 

It , if  

(1) There exists an element FRtf  )( such that for all 0h sufficiently close to 0 , the H-differences 

)()( tfhtf  , )()( htftf   exist and the limits (in the metric D), 

).(
)()(

lim
)()(

lim
00

tf
h

htftf

h

tfhtf

hh







 
 

(2) There exists an element FRtf  )( such that for all 0h sufficiently close to 0 , the H-differences 

)()( htftf  , )()( tfhtf   exist and the limits (in the metric D), 

).(
)()(

lim
)()(

lim
00

tf
h

tfhtf

h

htftf

hh










 

 

    We fixed ),0( TI  and for simplicity, we say that f is (j)-differentiable at It , if it is GH-differentiable in 

the sense of (j) of Definition 4, for }2,1{j . 

Theorem 1. [12, 14] Let FRIf : . Then, 

(1) If f is (1)-differentiable on I , then the functions )(tf 
 and )(tf 

 are differentiable at It and 

]1,0[)),()(),()(()(    tftftf . 

      (2) If f is (2)-differentiable on I , then the functions )(tf 
 and )(tf 

 are differentiable at It and  
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]1,0[)),()(),()(()(    tftftf . 

 

Theorem 2. [4, 7] Let }2,1{j be fixed and R . If FRIgf :, are (j)-differentiable on I , then gf  is 

(j)-differentiable and we have 

Ittgtftgf  ),()()()(  . 

 

Definition 5. Let }2,1{j be fixed. Let FRIf : be the fuzzy-valued vector function 

))(),...,(),(()( 21 tftftftf n . We say that f is (j)-differentiable on I if each one of functions )(tf i is (j)-

differentiable on I , for },...,2,1{ ni . And, we define 

))(),...,(),(()( 21 tftftftf n
 . 

 

      We now give a result of the effect of the GH-differentiability of function )(tb on the GH-differentiability of 

the solution function )(tx of system (1). 

 

Theorem 3. Let }2,1{j be fixed. Let )(tx be (j)-differentiable solution of system (1). If )(tb is (j)-differentiable 

on I of arbitrary integer order 1n , then )(tx is (j)-differentiable on I of order n . 

Proof: 

Since )(tx and )(tb are both (j)-differentiable on I , then, by Definition 5 and Theorem 2, we get )()( tbtAx  is 

(j)-differentiable and further 

)()())()(( tbtxAtbtAx  . 

Since )(tx satisfies the system (1), then )(tx is (j)-differentiable on I and we get 

)()()( tbtxAtx  , 

which follows that 

)()()()( 2 tbtAbtxAtx  . 

Similarly, since, for integer number 2n , )(tb is (j)-differentiable of order 1n , we infer that the (j)-

derivative of )(tx of order n , exists and it is as follows: 





n

k

kknnn tbAtxAtx
1

)1()()( )()()( , 

 

 

Remark 1. As a conclusion of Theorem 3, if the GH-derivative type of )(tb is the same as the GH-derivative 

type of the solution function )(tx in the interval under study, then the system (1) will have more flexibility in the 

sense that it allows us to take derivatives from sides of equality in system (1). 

 

3. Solution Method to Solve the Linear System of Fuzzy Differential Equations 

     We are going to detail the method to solve system (1).  

Definition 6. Let FRu be a fuzzy number. We define the midpoint function RuM  ]1,0[:)( and the half-

length function ),0[]1,0[:)(  uL as follows:  

.
2

))((:)(,
2

))((:)(
 




 



 

uu
LuuL

uu
MuuM  

 

Moreover, if f be a fuzzy-valued function then, for simplicity, we put ))(())(( tfMtfM   and 

))(())(( tfLtfL   . 
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       As an immediate result of above definition, for FRu , we have  

 )()(),()( uLuMuLuMu   . 

 

Proposition 1. Consider the fuzzy number 



n

i

iiuu
1

 where Fn Ruuu ,...,, 21  and Rn  ,...,, 21 . The 

following properties hold  





n

i

ii

n

i

ii uLuLuMuM
11

)(||)(,)()(    

Proof: By direct calculation we obtain 

 

.)(

)
2

(

2

1

2

1

2
)(

1

1

11

0
1

0
1

0
1

0
1






















































































n

i

ii

n

i

ii
i

n

i

ii

n

i

ii

n

i

ii

n

i

ii

n

i

ii

n

i

ii

uM

uu

uu

uuuu

uu
uM

iiii


































 

Similarly, we obtain 

.)(

)
2

(||

||||
2

1

2

1

2
)(

1

1

11

0
1

0
1

0
1

0
1






















































































n

i

ii

n

i

ii
i

n

i

ii

n

i

ii

n

i

ii

n

i

ii

n

i

ii

n

i

ii

uL

uu

uu

uuuu

uu
uL

iiii


































 

 

 

Proposition 2. Let 
n
Fn Ruuuu  ),...,,( 21 , then  

)).(),...,(),(()()),(),...,(),(()( 2121 nn uLuLuLuLuMuMuMuM    

Proof: We have ),...,,( 21
   nuuuu and ),...,,( 21

   nuuuu . Then, based on vector arithmetic we get 

,
2

,...,
2

,
2

)(
2

1 2211













 



 


nn uuuuuu
uu  

and 
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











 





2
,...,

2
,

2
)(

2

1 2211 


nn uuuuuu
uu . 

So the results are presented.  

 

Theorem 4. Let }2,1{j be fixed and FRIf : be (j)-differentiable on I . Then,  

),()())(( tfMtfM 
      and      ).()()1())(( 1 tfLtfL j  

  

 

Proof: We take 2j . The proof is similar to one for case 1j . By Propositions 1 and 2, we directly obtain  

 

).()(

)()(),...,()(),()(

)()
2

(),...,()
2

(),()
2

(

2

)()()()(
,...,

2

)()()()(
,

2

)()()()(

)))(()),...,(()),((())(())((

21

2211

2211

21

tfL

tfLtfLtfL

t
ff

t
ff

t
ff

tftftftftftf

tfLtfLtfLtfLtfL

n

nn

nn

n









































 


















 

Similarly, we obtain  

 

).()(

)()(),...,()(),()(

)()
2

(),...,()
2

(),()
2

(

)))(()),...,(()),((())(())((

21

2211

21

tfM

tfMtfMtfM

t
ff

t
ff

t
ff

tfMtfMtfMtfMtfM

n

nn

n









































 

 

 

 

     We now study system (1) by using of the properties of the midpoint and half-length functions. For this end, 

we consider the problem for two cases of the GH-differentiability of solution function. 

 

Case 1. Using (1)-differentiability  

       Consider the fuzzy differential equations nn  system 









n
FRxx

IttbtAxtx

0)0(

,),()()(
         (2) 

where
n
FRIx : and

n
FRIb : are (1)-differentiable. By applying the half-length function on both sides of this 

system, by Proposition 1, we get 









)())0((

,)),(())((||))((

0xLxL

IttbLtxLAtxL




 

for each ]1,0[ . Here |)(||| ijaA  is the absolute of matrix A . Since )(tx  is (1)-differentiable, so, by Theorem 

4, the last system can be written as follows: 

 

     








)()0)((

,),)(())((||)()(

0xLxL

IttbLtxLAtxL




      (3) 

 

       Again, this time, by applying the midpoint function on both sides of system (2), by Proposition 1, we get 
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







)())0((

,)),(())(())((

0xMxM

IttbMtxAMtxM




 

for each ]1,0[ . This system, by Theorem 4, can be written as follows: 









)()0)((

,),)(())(()()(

0xMxM

IttbMtxMAtxM




      (4) 

So that, to solve system (2), it is enough to solve two systems (3) and (4). We now present the following result. 

 

Theorem 5. (a) If system (1) has (1)-differentiable unique solution )(tx , then ))(( txL  and ))(( txM are the 

unique solutions of systems (3) and (4), respectively.  

(b) Suppose that )(tp  and )(tq  are respectively unique solutions of (3) and (4), such that 

 )()(),()()( tptqtptqtx    defines a (1)-differentiable fuzzy-valued function on I . Then )(tx  is the 

unique solution of (1).  

 

Proof: The statement (a) is a straightforward. For (b), it is enough to show that )(tx satisfies the system (1). Let 

))(),...,(),(()( 21 txtxtxtx n . For },...,2,1{ ni , we obtain 

 

.)()(

)()()(

)())()(())()((

))(()(||))(()(

))(())((

)()())((

1

0
1

0
1

0
1

0
1

11










































































tbtxa

tbtxatxa

tbtptqatptqa

tbLtpatbMtqa

tptq

txtx

i

n

j

jij

i

n

a
j

jij

n

a
j

jij

i

n

a
j

jjij

n

a
j

jjij

i

n

j

jiji

n

j

jij

ii

ii

ijij

ijij

 

 

    Similarly, we obtain 

 

.)()())((
1




















 



 tbtxatx i

n

j

jiji  

 

 

 

Case 2. Using (2)-differentiability 

         Now, we consider the system (2) under (2)-differentiability. Similar to the previous case, by using 

Theorem 4 for 2j  and Propositions 1 and 2, we obtain two ordinary differential equations systems, one as (4) 

and other as follows: 

 









)())0((

,)),(())((||))((

0xLxL

IttbLtxLAtxL




      (5) 
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Theorem 6. (a) If system (1) has (2)-differentiable unique solution )(tx , then ))(( txL  and ))(( txM are 

unique solutions of systems (5) and (4), respectively.  

(b) Suppose that )(tp  and )(tq  are respectively unique solutions of (5) and (4), such that 

 )()(),()()( tptqtptqtx    defines a (2)-differentiable fuzzy-valued function on I . Then )(tx  is the 

unique solution of (1).  

 

Proof: Part (a) is a straightforward result. For part (b), similar to the proof of Theorem 5, we obtain  

.)()(

)())()(())()((

))(()(||))(()(

))(())((

)()())((

1

0
1

0
1

11
























































tbtxa

tbtptqatptqa

tbLtpatbMtqa

tptq

txtx

i

n

j

jij

i

n

a
j

jjij

n

a
j

jjij

i

n

j

jiji

n

j

jij

ii

ii

ijij

 

 

      Similarly, we obtain  

.)()())((
1




















 



 tbtxatx i

n

j

jiji  

 

 

Remark 2. We note that all components of function ))(( txL  obtained of systems (3) or (5) must be non-

negative. Then, if there exits It , and },...,2,1{ ni  such that 0))(( txL i , for some ]1,0[ , then system (1) 

does not solution. 

 

Remark 3. In particular cases 0A and under (1)-differentiability, system (1) becomes the following two 

separate systems:  



















0)0(

,),()()()(

xx

IttbtAxtx
        (6) 



















0)0(

,),()()()(

xx

IttbtAxtx
        (7) 

Consequently, in this case, it is better to solve systems (6) and (7) instead of systems (3) and (4). Moreover, in 

particular case 0A and under (2)-differentiability, system (1) becomes the following two separate systems: 

 


















0)0(

,),()()()(

xx

IttbtAxtx
        (8) 



















0)0(

,),()()()(

xx

IttbtAxtx
        (9) 

 

Consequently, in this case, it is better to solve systems (8) and (9) instead of systems (4) and (5). 
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4. Examples 

To clarify the process of the proposed method, in this section, we solve two numerical examples.  

Example 1: Consider the following system  























).32,5.15.6()0(

),4,21()0(

),5.05.2,1(4)(2)(

,),()()(

2

1

3
12

211







x

x

etxtx

Ittxtxtx

t

       (10) 

Here ))(),(()( 21 tbtbtb   with 0)(1 tb and )5.05.2,1(4)( 3
2    tetb . According to theorem 5, (b) in [7], 

these functions are (2)-differentiable. So, based on Theorem 3 and Remark 1, we consider the problem (10) 

under (2)-differentiability. We first solve system (5) related to (10), that is as follows: 

 























).1(5.4)0)((

),1(3)0)((

),1(3))((2)()(

,),)(())(()()(

2

1

3
12

211















xL

xL

etxLtxL

IttxLtxLtxL

t

 

 

By solving this system, we obtain  

),1)((
4

3
))(( 32

1    tt eetxL          (11) 

and 

).1)(2(
4

3
))(( 32

2    tt eetxL          (12) 

It is clear that 0))(( 1 txL and 0))(( 1 txL for all It and ]1,0[ . We now solve system (4) related to (10), 

that is 

 























.75.025.4)0)((

,5.05.2)0)((

),7())((2)()(

,),)(())(()()(

2

1

3
12

211















xM

xM

etxMtxM

IttxMtxMtxM

t

 

 

By solving this system, we obtain  

),7(
4

1
)3(

4

1
))(( 32

1    tt eetxM         (13) 

and 

).7(
2

1
)3(

4

1
))(( 32

2    tt eetxM         (14) 

Therefore, by (11) and (13), it follows that  

 

 
],1,0[,0),5(

2

1
)3(

2

1
)(

),1()(

32
1

32
1

















teetx

eetx

tt

tt

      (15) 

       

and by (12) and (14), it follows that  
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],1,0[,0),1(2)(

),5()3(
2

1
)(

32
2

32
2

















teetx

eetx

tt

tt

       (16) 

       

Finally, from (15) and (16), we infer that  

,)( 0
3

0
2

1 veuetx tt    

and  

,2)( 0
3

0
2

2 veuetx tt    

where )5.05.1,(0  u and )5.05.2,1(0  v are fuzzy numbers. These functions are shown in figure 1, 

for .1,5.0,0  

 

Example 2: Consider the following system 

 





















).47,3()0(

),35,2()0(

),2,(2)(2)(

,),()()(

2

1

3
22

211







x

x

etxtx

Ittxtxtx

t

        (17) 

 

Here ))(),(()( 21 tbtbtb  with 0)(1 tb  and )2,(2)( 3
2   tetb . According to theorem 5, (a) in [7], these 

functions are (1)-differentiable. We so consider the problem (17) under (1)-differentiability. We also note that 

since 









20

11
A  is a non-negative matrix, then, we deal with a particular case described in Remark 3. 

Therefore, problem (17) can be considered as two separate problems as follows: 

 





























,3)0(

,2)0(

,2)(2)()(

),()()()(

2

1

3
22

211















x

x

etxtx

txtxtx

t

 

 





























.47)0(

,35)0(

),2(2)(2)()(

),()()()(

2

1

3
22

211















x

x

etxtx

txtxtx

t

 

           

We thus obtain 

],1,0[,0),2()23()(

,)()(

32
1

32
1

















teetx

eetx

tt

tt

       (18) 

and 

].1,0[,0),2(2)23()(

,)2()(

32
2

32
2

















teetx

eetx

tt

tt

      (19) 
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Finally, from (18) and (19), we infer that 

,)( 1
3

1
2

1 veuetx tt   

and 

,2)( 1
3

1
2

2 veuetx tt   

with the fuzzy numbers )23,(1  u  and )2,(1  v . These functions are shown in figure 2, for 

0,0.5,1. 

 

Figure 1. The Graphics of solutions from Example 1. 

 

Figure 2. The Graphics of solutions from Example 2. 

5. Conclusion and Further Research 

      In this paper, a linear system nn consisting of first-order fuzzy differential equations is investigated under 
the concept of the GH-derivative of fuzzy-valued functions and a method to solve it is proposed. The direct 
transformation of the fuzzy main system under GH-derivative leads to an ordinary system nn 22  while our 
method reduces this work by solving two ordinary systems nn as a result, the calculation volume of the 
proposed method is less (see [18] for more details). Also, the necessary and sufficient conditions for the results 
of the proposed method to lead to the solution of the main system (1) as a fuzzy-valued vector function are 
given. For further research, we suggest studying the problem under other concepts of derivative, such as the 
principle of expansion and the fuzzy inclusion derivative. 

Conflict of interest: The authors declare that they have no known competing financial interests or personal 

relationships that could have appeared to influence the work reported in this paper. 
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