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1. Introduction

Many phenomena in the world, whose parameters have ambiguity and inaccuracy, will be modelled as fuzzy
differential equations (see [ ] for example). The use of a suitable concept of the derivative in
the fuzzy environment in order to solve a fuzzy differential equation has always been researched [

]. The generalized Hukuhara differentiability (GH-differentiability) concept proposed in [4, 5] is a
powerful tool for interpreting fuzzy differential equations, so that usually two solutions with different behaviour
of a fuzzy differential equation are sought [ ].

In this paper, we study the following fuzzy linear differential equations system:

X'(t) = Ax(t) + b(t), t>0,
{X(O) = X, @)

where Alis a real N x N matrix, Xq is a vector containing fuzzy numbers and b(t) is a vector containing
fuzzy-valued functions. The system (1) in case N =1 has been studied by many authors [ ]
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In the present paper, first, we present a result of the effect of the GH-differentiability of the function b(t)

on the GH-differentiability of unknown function X(t) . Next, we introduce a method to solve system (1) based

on the GH-differentiability concept. In the proposed method, we first introduce two operators that are called the
midpoint and haft-length functions defined on the set of fuzzy numbers and next by using these operators, we
convert system (1) into two systems of ordinary differential equations, considering two cases 1. The components

of vector x(t) are (1)-differentiable fuzzy-valued functions and 2. The components of vectors X(t) are (2)-

differentiable fuzzy-valued functions. Also, we present the necessary and sufficient conditions for the results of
the proposed method to lead to the solution of the main system (1). Based on solutions obtained from the
designed ordinary differential equations systems, we can form the structure of the solution as a vector of fuzzy-
valued functions which is illustrated by solving two numerical examples.

2. Preliminaries

In this section, we recall some basic definitions of fuzzy arithmetic and some necessary results of generalized
differentiability of fuzzy-valued functions.

Definition 1. [24] A fuzzy number U is an ordered pair of functions U = (U_,U_) on interval [0], as
parametric form such that u, is bounded, non-decreasing left continuous function in (0,1]and right continuous

at 0, u, is bounded, non-increasing left continuous function in(0,1] and right continuous at 0and u, <u_ for
all a €[0]].

The set of all fuzzy numbers is denoted by Rr. For u,ve R and 2R, the operations addition and
multiplication are defined [24] by u+v=(u, +v_,u; +v') and Au=(Au,,Au;) if 1>0 , and
Au=(Au,,Au,)if 1<0.

Definition 2. [24]. Let U,V € Rg . If there exists W € R such that, U =V + W , then W is called the
Hukuhara difference (H-difference) of U,V and it is denoted as W =U®V .
Definition 3. [24] The Hausdorff metric in R is defined as D : Rg x R — [0,+0) | by
D(u,v) = sup max{] u, -, |,|u —v; [}.
0<a<l

A fuzzy-valued function f is denoted by f (t)=(f, (t), f, (t)) for eacht in the domain of f .
Definition 4. [5] Let1 be an open interval inRand let f:1 — R . We say that f is GH-differentiable at point
tel,if
(1) There exists an element f'(t) € R¢ such that for all h >0 sufficiently close to 0, the H-differences
f(t+h)of (t), f(t)Of (t—h) exist and the limits (in the metric D),
lim f(t+h)of (t) i f (t)of (t —h) —£1(0)
h—0" h h—0" h
(2) There exists an element f'(t) € Rr such that for all h > 0 sufficiently close to 0, the H-differences
f()Of (t +h), f(t—h)of(t) exist and the limits (in the metric D),
m f(t)Of (t+h) _jim f(t—h)of (t) _£100)
h—0* —h h—0* —h

We fixed | =(0,T)and for simplicity, we say that f is (j)-differentiable at t <1, if it is GH-differentiable in
the sense of (j) of Definition 4, for je{1,2}.
Theorem 1. [ ]Let f:1 > Rg.Then,

(1) If f is (1)-differentiable on 1, then the functions f_ (t)and f, (t)are differentiable at t I and

') = ((f,)'®). (f,)' M), Vae[0l].
(2) If f is (2)-differentiable on 1, then the functions f, (t)and f, (t)are differentiable at t < I and
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f'@®) =((f,)'®.(f,)'®). Vae[0l].

Theorem 2. [4, 7] Let je{1,2}be fixedand A1 eR. If f,g:1 — Ry are (j)-differentiable on |, then f + Ag is
(j)-differentiable and we have
(f+29)t)=f'(t)+g'(t), Vvtel.

Definition 5. Let je{1,2} be fixed. Let f:1 >R be the fuzzy-valued vector function
f(t)=(f, (), f,(t)..., f,(t)) . We say that f is (j)-differentiable on | if each one of functions f;(t) is (j)-
differentiable on | , for i e{1,2,...,n}. And, we define

F'(t) = (£,(©), f2(0),..., fa (1) .

We now give a result of the effect of the GH-differentiability of functionb(t) on the GH-differentiability of
the solution function x(t) of system (1).

Theorem 3. Let j e{1,2}be fixed. Let x(t) be (j)-differentiable solution of system (1). If b(t) is (j)-differentiable
on | of arbitrary integer ordern >1, then x(t) is (j)-differentiable on | of ordern.

Proof:
Since x(t) and b(t) are both (j)-differentiable on |, then, by Definition 5 and Theorem 2, we get Ax(t) + b(t) is

(j)-differentiable and further

(AX(t) +b(t)) = AX'(t) + b'(t).

Since x(t) satisfies the system (1), then x'(t) is (j)-differentiable on I and we get

x"(t) = AX'(t) + b'(t) ,

which follows that

X"(t) = A%x(t) + Ab(t) + b'(t) .

Similarly, since, for integer number n>2, b(t) is (j)-differentiable of order n—-1, we infer that the (j)-
derivative of x(t) of order n, exists and it is as follows:

n

xO )= AVx(t)+ D A I (1),
k=1

which ends the proof. [

Remark 1. As a conclusion of Theorem 3, if the GH-derivative type of b(t) is the same as the GH-derivative
type of the solution function x(t) in the interval under study, then the system (1) will have more flexibility in the
sense that it allows us to take derivatives from sides of equality in system (1).

3. Solution Method to Solve the Linear System of Fuzzy Differential Equations

We are going to detail the method to solve system (1).
Definition 6. Let u € R be a fuzzy number. We define the midpoint function M _(u):[0,1] - R and the half-

length function L (u):[0,1] — [0,+x) as follows:
M, ()= (Mu)(@) =222, L () = (L)) =2

N
us —u
2

a

Moreover, if f be a fuzzy-valued function then, for simplicity, we put (M, f)(t)=M_(f(t)) and
(L, )0 =L, (f(1).
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As an immediate result of above definition, for u € R, we have
=M, (u) - L, (u),M, (u) + L, ().

n
Proposition 1. Consider the fuzzy number u:Z‘&iui where u,u,,...,u, eRg and 4;,4,.,..,4, €eR. The
i=1
following properties hold

M@= AM, W), LW=Y4L,0)

Proof: By direct calculation we obtain
u’+u,
2

= Zﬂ'l Ia+z//i’l |a+z/1| Ia+i/1iui-;

/1>o /1<0 z>0 %<0

:% 2,1, ; +i/1iui;J

:Zi(u +U|a)

M, (u) =

N |-

Similarly, we obtain

+ —

u

L, (u) _Us —Uy

N~

n

2,1, DA

i=
A >0

n

i=1
;<0

n

i=1
420

n
- Z/liufa _Zﬂ’iuitz

i
;<0

1( .
:E ZMi lu;, —ZMi |U|aJ

|ﬂ,|( la_ Ia)

i-1

Proposition 2. Let u=(u,,U,,..,u,)eR¢, then
M, ) =M, ()M, Uz)... Mg (Uy)), L, (U) = (L, (uy),
Proof: We have u, =(u,,U,,,..,U,,)and u; =(u’ ,u,, ..,

+ - + - + -
1(U++U_)= ula+ula u2a+u2a una+una
2 a a ’ IEEEY) ’

Lo (Uz)e Ly (Ug))-

u,,). Then, based on vector arithmetic we get

2 2 2
and
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l(u+ _U_)z u1+a _ul_a u;a _UZ_a uf:ra —U;a
2 a a 2 ! 2 men 2

So the results are presented.

Theorem 4. Let j e {1,2} be fixed and f : | — R be (j)-differentiable on | . Then,
M, YO =M,f)t), and (L, F)O) =D)L, ).

Proof: We take j=2. The proof is similar to one for case j=1. By Propositions 1 and 2, we directly obtain
(L, 90 =L, (£'®) = (L, (f,1))., L, (£, V)., L, (£1(1)))

_ (f)' (O = (f)M) (f,)®)—(f,) 1)  (f,.) O —-(f.,) ()
2 ’ 2 2

( (flo: 10:) (t) ( Za — 2a) (t), ’_( na - na) (t)J

=—((L, fl)'(t), (L, fz)'(t),---, (L, f,)'(®)
= (L, f)().

Similarly, we obtain

(M, £ = M., (£/@) = (M, (£/0) M, () M, (£ (1)
=[(f < Doy, (- 2“ 2 ) (), (0 ““)(t)}

=((M, £,)'(t), (M, f,)’ <t>,..., M, ,)@®)
=(M, f)(t).

Then, the statement of theorem is concluded. [

We now study system (1) by using of the properties of the midpoint and half-length functions. For this end,
we consider the problem for two cases of the GH-differentiability of solution function.

Case 1. Using (1)-differentiability
Consider the fuzzy differential equations n x n system

x'(t) = Ax(t) +b(t), tel,
x(0) = x, € Rf

where x: 1 — R andb: 1 — R} are (1)-differentiable. By applying the half-length function on both sides of this

system, by Proposition 1, we get

{'—a(x’(t)) = AlL, (x(®) + L, (b(®)), tel,

)

L, (x(0)) = L, (%)
for each o [0,1]. Here | A= (] a;; |) is the absolute of matrix A. Since x(t) is (1)-differentiable, so, by Theorem
4, the last system can be written as follows:

{(Lax)'(t) = Al (L)) + (L,b)(D), tel,

(L, x)(0) = L, (Xo) ®)

Again, this time, by applying the midpoint function on both sides of system (2), by Proposition 1, we get
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{Ma X'(t)) = AM _,(x(®)) + M (b(t)), tel,
M, (x(0)) = M, (X;)
for each « €[0,1]. This system, by Theorem 4, can be written as follows:
{(M «X)'(1) = A(M X)) + (M b)(t), tel,
4
(M, X)(0) = M, (%) “
So that, to solve system (2), it is enough to solve two systems (3) and (4). We now present the following result.

Theorem 5. (a) If system (1) has (1)-differentiable unique solution x(t) , then (L, x)(t) and (M ,x)(t) are the
unique solutions of systems (3) and (4), respectively.

(b) Suppose that p,(t) and q,(t) are respectively unique solutions of (3) and (4), such that

x(t):(qa(t) -p,(t),q, )+ pa(t)) defines a (1)-differentiable fuzzy-valued function on | . Then x(t) is the
unique solution of (1).

Proof: The statement (a) is a straightforward. For (b), it is enough to show that x(t) satisfies the system (1). Let
X(t) = (%, (1), X, (1),..., X, (1)) . For i e{1,2,...,n}, we obtain

(i (1) = (X))

= (qi’a )(t) - (pi’a )(t)

=30, (1) + (M,b)(A) = "l | pj, (1) = (Lb)()
j=t j=1

= > a;(q, (1) = pj, ©)+ D3, (d;, ©) + Py, (1) + by, (1)
i=1 j=1

;=0 ;<0

= Zaij X, (1) + Zaijx}-a (t) +b;, (V)
j-1 j=1

3;;20 ;<0

{Zaijxj (t) +b, (t)j .
j=1

o

Similarly, we obtain

(i (®);, = [Z a;x; (1) +by (t)} :
=1 «

Therefore, the proof is completed. I

Case 2. Using (2)-differentiability

Now, we consider the system (2) under (2)-differentiability. Similar to the previous case, by using
Theorem 4 for j =2 and Propositions 1 and 2, we obtain two ordinary differential equations systems, one as (4)
and other as follows:

{La(x'a» = | A L (x() - L, (b(), tel, 5
L, (x(0)) = L, (Xo) ©)
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Theorem 6. (a) If system (1) has (2)-differentiable unique solution x(t) , then (L, x)(t) and (M ,x)(t) are

unique solutions of systems (5) and (4), respectively.
(b) Suppose that p,(t) and q,(t) are respectively unique solutions of (5) and (4), such that

x(t) :(qa(t)— p,t),q,®) + p, (t)) defines a (2)-differentiable fuzzy-valued function on | . Then x(t) is the
unique solution of (1).

Proof: Part (a) is a straightforward result. For part (b), similar to the proof of Theorem 5, we obtain
(xi (1) = (xi,)'(®)
= (07 (1) + (pi, (1)

=30, (1) + (M,b)(A) = "l | pj, (1) = (L))
j=t j=1

= Zaij (4, O —pj, (1) + Zaij (A, (1) + pj, (1) + by, (1)
=1 j=1

a;;20 8;;<0

=(Za”xj (t) + b, (t)} :
j=1

a

Similarly, we obtain

n +
X ), = (Zau X; () +b, (t)) :

=L B
This ends the proof.

Remark 2. We note that all components of function (L, x)(t) obtained of systems (3) or (5) must be non-
negative. Then, if there exits te | , and i €{1,2,...,n} such that (L, x;)(t) <0, for some « [0,1], then system (1)
does not solution.

Remark 3. In particular cases A>0and under (1)-differentiability, system (1) becomes the following two
separate systems:

{(xa)’(t) = A () +b (), tel,

X2 (0) = x5, ©
(x2)(t) = AX (1) + b (1), tel,
X2 (0) = x5, )

Consequently, in this case, it is better to solve systems (6) and (7) instead of systems (3) and (4). Moreover, in
particular case A < 0and under (2)-differentiability, system (1) becomes the following two separate systems:

{(x;)'(t) = AX (t)+b (), tel,

x:(0) = x2, ©
0CY() = A (O +bi (1), tel,
X2 (0) = x5, ©)

Consequently, in this case, it is better to solve systems (8) and (9) instead of systems (4) and (5).
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4. Examples

To clarify the process of the proposed method, in this section, we solve two numerical examples.
Example 1: Consider the following system

X (1) =—x @)+ x,(t), tel,

X5 (1) = 2% (t) + 4 (1 + «,2.5 - 0.5a),

%, (0) = 1+ 2a,4 — @), (10)
X, (0) = (-6.5+1.5¢,—2 — 3a).

Here b(t) = (b, (t),b, (t)) with b, (t)=0andb, (t) = 4e > (1+ «,2.5-0.5¢) . According to theorem 5, (b) in [7],
these functions are (2)-differentiable. So, based on Theorem 3 and Remark 1, we consider the problem (10)
under (2)-differentiability. We first solve system (5) related to (10), that is as follows:

((L,%)'(1) = —(L,x)(®) — (L, x,)(), tel,
(L, Xz)' (1) = —2(L,x)(t) + 3> (1-a),
(L,x)(0) =31 - ),

(L, %,)(0) = 45(1— ).

By solving this system, we obtain

(Lx)O = € +e*)i-a) (1)
and
(L, %,)(t) =%(e-2t +2e ) 1-a). (12)

Itis clear that (L, x,)(t)>0and(L,X,)(t)>0forall tel and « €[0,1]. We now solve system (4) related to (10),
that is

(M, %) (1) =—(M x))(t) + (M, x;)(1), tel,
J (M, %,)(0) = 2(M, x)(®) + ™ (7 + ),
(M_%)(0) = 2.5+ 0.5¢,

(M _X,)(0) = —4.25 —0.75¢.

By solving this system, we obtain

(M, x,)(t) =%e*2t B+a)+ %e*‘ (7 +a), (13)
and
(M, x,)(t) = —%e*t B+a) —%e*“‘ (7 +a). (14)

Therefore, by (11) and (13), it follows that

X, () =e?a+e 1+ a),

(15)
xfa(t):%e2‘(3—a)+%e3t(5—a), V20, Ve e[0d],

and by (12) and (14), it follows that
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Xy, (t) = 1o (-3+a)+e ' (-5+a),
2 (16)

x5, () =-e"a-21+a), Vt>0, Vae[0]],

Finally, from (15) and (16), we infer that

X, (t) =e*'u, +e7 v,

and

X, (t) = —e2'u, — 2e v,

where u, =(,1.5-0.5«) andv, = (1+ «, 2.5 - 0.5) are fuzzy numbers. These functions are shown in figure 1,
for ¢ =0,0.5,1.

Example 2: Consider the following system

(X[ (1) = X, () + %, (1), tel,

X, (t) = 2x, (t) + 2% (,2 — ),
x,(0) = (2,5 — 3ax),

%, (0) = (3,7 — 4av).

(17)

Here b(t) = (b, (t),b, (t)) with b, (t)=0 and b, (t) = 2¢*(«,2— ) . According to theorem 5, (a) in [7], these
functions are (1)-differentiable. We so consider the problem (17) under (1)-differentiability. We also note that

11 . . . .
since A:( Zj is a non-negative matrix, then, we deal with a particular case described in Remark 3.

Therefore, problem (17) can be considered as two separate problems as follows:

() (1) = X1, (©) + X5, (1),
(X5,,) (1) = 2x,,, (t) + 2e*«,
X1, (0) = 2,

X5, (0) = 3,

[(%,)'(1) = %4, (£) + X3, (1),
(X3,)' (1) = 2x3,, (1) + 2e* (2 - @),
X1, (0) =5— 3¢,

X5, (0) =7 —4a.

We thus obtain
Xy, () =" +e*)a,

(18)
X, (t)=e*(3-2a)+e*(2-a), Vt=0, Vae[0]],
and
- _(p2t 3t
X5, () =(e" +2e7)e, (19)

X5, () =e*(3-2a)+2e*(2-a), Vt=0, Vae<[0]].
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Finally, from (18) and (19), we infer that

X, (t) =e?u, +e¥v,,

and

X, (t) =e*u; +2e%v,,

with the fuzzy numbers u, =(«,3-2a) and v, =(a,2—-«) . These functions are shown in figure 2, for
a=0,0.51.

4

3.5¢%

3

X0

Figure 1. The Graphics of solutions from Example 1.

70 T T T T T T T T T 120

x®

Figure 2. The Graphics of solutions from Example 2.

5. Conclusion and Further Research

In this paper, a linear system N x n consisting of first-order fuzzy differential equations is investigated under
the concept of the GH-derivative of fuzzy-valued functions and a method to solve it is proposed. The direct
transformation of the fuzzy main system under GH-derivative leads to an ordinary system 2nx 2nwhile our
method reduces this work by solving two ordinary systems N xn as a result, the calculation volume of the
proposed method is less (see [18] for more details). Also, the necessary and sufficient conditions for the results
of the proposed method to lead to the solution of the main system (1) as a fuzzy-valued vector function are
given. For further research, we suggest studying the problem under other concepts of derivative, such as the
principle of expansion and the fuzzy inclusion derivative.

Conflict of interest: The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.
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