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Abstract. This paper develops the notion of fuzzy ideal and generalized fuzzy ideal on double Boolean algebra
(dBa). According to Rudolf Wille, a double Boolean algebra D := (D,M,U,—, 1, L, T) is an algebra of type
(2,2,1,1,0,0), which satisfies a set of properties. This algebraic structure aimed to capture the equational theory
of the algebra of protoconcepts. We show that collections of fuzzy ideals and generalized fuzzy ideals are endowed
with lattice structures. We further prove that (by isomorphism) lattice structures obtained from fuzzy ideals and
generalized fuzzy ideals of a double Boolean algebra D can entirely be determined by sets of fuzzy ideals and
generalized fuzzy ideals of the Boolean algebra D\;.
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1 Introduction

Nowadays, fuzzy logic is used in numerous applications such as facial pattern recognition, air conditioners,
washing machines, vacuum cleaners, anti-skid braking systems, transmission systems and unmanned heli-
copters knowledge-based systems for multi-objective optimization of power systems. In Machine Learning,
fuzzy logic can be applied in some models such as MLP (Multi Layers Perceptron) model which is a fully
connected class of feed-forward artificial neural network (ANN). In forecasting, fuzzification is incorporated
at the input layers by considering the degree of participation of each of the features in the prediction model
[2]. Fuzzy layers can also be seen as a circuit design as it is an application of Boolean algebra and therefore,
we strongly believe that the way of connecting layers can be related to a lattice structure. Lattices can also
appear in analysis of cellular traffic for finding anomalies in the performance and provisioning of demand
resources [3]. Another application of double Boolean algebra is in multi-layer neural networks, in fact consid-
ering multilayer neural network design. Different blocks made between layers represent ordered structures of
dBas. So with a specific dBa, we can easily design a multilayer neural network based on connection between
layers. This task can therefore be added to artificial intelligence purpose on designing circuits that are used
in digital computers.

So far, fuzzification of ideals has been studied on bounded lattices [I, 7, 10]. Mezzomo et al, based on
Chon’s approach [1], has defined the notion of fuzzy ideals and fuzzy filters on the product operators of
bounded lattices. They have also proved some properties that are analogous to the classical theory of fuzzy
ideals and fuzzy filters such as, the class of fuzzy ideals being closed under fuzzy union and fuzzy intersection.
Thus this leads to the study of fuzzy topology on bounded lattices. Attalah has studied complete fuzzy prime
ideals on distributive lattices. Fuzzification of ideals has been tackled in other algebraic structures such as, 1L

+Corresponding Author: Fernand Kuiebove Pefireko, Email: fkuiebove@yahoo.fr, ORCID: 0000-0002-9908-9708
Received: 12 February 2023; Revised: 29 June 2023; Accepted: 16 July 2023; Available Online: 16 July 2023; Published
Online: 7 November 2023.

How to cite: Kuiebove F. Lattices of (Generalized) Fuzzy Ideals in Double Boolean algebras. Trans. Fuzzy Sets Syst. 2023; 2(2):
137-154. DOI: http://doi.org/10.30495 /tfss.2023.1980002.1065

137


https://tfss.journals.iau.ir/
http://doi.org/10.30495/tfss.2023.1980002.1065
https://orcid.org/0000-0002-9908-9708

138 Kuiebove F. Trans. Fuzzy Sets Syst. 2023; 2(2)

algebras [0], in that structure the concept of fuzzy ideal generalizes the notion of fuzzy ideals in BL-algebra
and MTL-algebra. Kuanyum et al [12] have tackled the question of fuzzy ideals in residuated lattices. They
first defined the generalized fuzzy ideals and they showed that the set of generalized fuzzy ideals is endowed
with a lattice structure. As it is known that a double Boolean algebra is a more general structure than a
residuated lattice and does not necessarily have a subjacent structure of lattice and Tatuéné [5] has shown
that transfer of structure from that algebra to the fuzzy structure does not holds. The question that captures
our interest is whether for the case of a double Boolean algebra, we still have a lattice structure by endowing
the set of fuzzy ideals with some operators. From the best of our knowledge, this direction has not yet been
tackled. So our goal in this paper is mainly focused on the study of fuzzy ideals of a double Boolean algebra.
We fuzzify the notion of ideals on double Boolean algebra. Moreover we prove that the collection of fuzzy
ideals of a double Boolean algebra D is endowed with a lattice structure which is an extension of the work
done by Kuanyun et al [12].

The paper is organized as follows: in section 2, we present a background which contains definitions
and related properties of ideals and filters in the double Boolean algebra for a better understanding of the
structure. In section 3, we introduce the concept of fuzzy ideals and fuzzy filters on double Boolean algebras
and then we characterize them. In section 4, we study the lattice structure of the set of all fuzzy ideals of a
double Boolean algebra D. In section 5, we draw a generalization of the concept of fuzzy ideal and then we
study the bounded lattice structure of the set of generalized fuzzy ideals of a double Boolean algebra.

2 Background

In this section, we present double Boolean algebras, ideals of double Boolean algebras and related properties.
We then give some results obtained by Tenkeu et al [11] for this structure. These notions will be useful for
the rest of the paper.

2.1 Double Boolean algebras and related properties

Definition 2.1. [9] A double Boolean algebra is an algebra D = (D, M, U, —, 5, L, T) of type (2,2,1,1,0,0)
that satisfies (1a) to (11a) and (1b) to (11b).
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(1b) (zUz)Uy=zUy
(2b) zUy=yUz

(3b) U (yU2) = (zUy) Uz

(4b) s(zUz) =_z

(5b) zU(zMy) =z Uz

(6b) zU(yA2) = (zUy)A(zlz)
(7b) zU(zAy) =z Uz

(8b) su(zUy) =z Uy

(9b) zloz =T

(10b) T =_LuUL

(11b) oL =T

(12) (zNz)U(zNzx) = (zUx)N(zUz)

Where the supremum (join) is defined by =z V y := —(—z M —y), and the infimum (meet) is defined by:
x Ay :=a(szUay), 1 := -1 and 0 :=_T. The relation defined by x Ty <= zMNy=zMNz and zUy=yUy
is a quasi-order.

A double Boolean algebra is called pure if it satisfies: x M2z =2 or x U ax = x. This relation also holds
in algebra of semiconcepts.

The following notations are adopted zn := Mz, Dn = {zn: z€ D} and xy, = Uz, Dy =
{zy: = € D}. The algebras (Dn,M,V,—, L, 1) and (D, A,L, 5,0, T) are Boolean algebras.

rm<yn<—=zLy
< anNyn=(zNz)N(yMNy) =zMNz=2n

and in the same way, we have: x Uy, = yu. As M is the meet and LI is the join operator in the Boolean
algebra (Dpn,M,V,—, L, 1) and (Dy, AU, 3,0, T) respectively. We get * C y <= zn < yn and z, < y,
where < is the induced order in the corresponding Boolean algebra.

A double Boolean algebra is called regular if the relation C is an order relation.

Example 2.2. Let D = {a,b,c,d,e =aMNb=clUd, L, T} with the diagram given by the following:
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-
With the following table:
b Ulal|b|lc|d|L|T]e
ala|T|lala|lal|lT]|a
alb=cUd b|T|b|b|b|b|T|Db
clalble|lelel|Tle
dla|blele|le|T|e
€ d elal|lble|lel|le|T|e
T T|T|T|T|T|T|T
llelble|le|L|T]|e
L
Figure 1: dBa pure
Mlal|b|lc|d|L]T]|e
alelelcld|L]ele
z |a|b|c 1|1 Tle
blelblec|d|L|b]|b
-z | L|L|d 1| L
v cle clclecl|lceclL|L]ec]e
dld|d|L]d|L]|d]e
vlajbleld]|l © Tlal|b|cld|L|T|T
x| bla | T|T|T|le|T N T T T T T T
elal|lblelelel|T]|e

D = D, U Dn, with Dy ={a,b,amb, T}and Dn = {¢,d,cUd, L} alda=a, bUb=0b, ,TUT =T.
Hence D is a pure double Boolean algebra.

Example 2.3. Let D = {«, 3,7, A, L, T} with the diagram and tables given by the following:

H|2 ||>[= [H|D
I
> > | ] >
WR R [>R |

QIR [R|FH[R |2
R[> ||

SIS ] I Y

1

Figure 2: Hasse diagram of D
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UlL|~y | A]|B8|lal|T
Ly || BB |a|T
Yyl ly | BB |al|T z | L]y | Al B|lal|lT
A BB BB T|T x| Bl Ay | LA L
6181 B8|B|B|T|T x| T Tla|lal|B |y
ala|la | T|T|la|T
T T | T | T | T|T|T

The dBa D is pure and we have Dn = {L,v, A, 5} and D, = {«, 5,7, T}

2.2 Ideals on double Boolean algebras and their properties

Definition 2.4. (see [3]) Let D be a double Boolean algebra. A non empty subset F of D is called a filter if
it satisfies:

(i) x,ye F=zNye€F,;

(i) xre F,bye D,x Cy=—y € F.

Dually, ideals of double Boolean algebras is defined.

Definition 2.5. (see [3]) Let D be a double Boolean algebra. A filter F is called proper if F # D, and
primary if it is proper and satisfies x € F' or -z € F; for all x € D.
Dually are defined primary ideals.

Tenkeu et al. [11] showed that primary ideals are exactly maximal ideals in the framework of double
Boolean algebras.

Proposition 2.6. (see [5]) Let I an ideal of D, then I, = {x, : x € I} is an ideal of D,,.
We call double Boolean algebra trivial iff TN T =1 1 L .

Proposition 2.7. (see [11]) Let D be a dBa and X C D a non empty subset of D. Fy, Fy two filters of D
and I, Is two ideals of D.

1. I(a) ={z € D: z C ala}, where I(a) stand for the ideal generated by a and F'(a) = {x € D : alMa C z},
where F(a) stand for the filter generated by a.

Ideal(0) =1(L)={xreD: xC LUL1} and Filter()) = F(T)={zxeD: TNTELCz}
Ideal(X)={x € D:xCbUbyU---Uby, for some by,ba, - b, € X,n>1}
Filter(X)={z € D:x 3byMbyM---MNby, for some by,ba,--- b, € X,n>1}

Ideal (ZUl) ={x € D: xCij Uiy i1 € I1,ig € Is} =11 V Iy

Filter (LU Fy))={ze€D: xC fiM fo,fi € F1,fo € Fo} = F1 V F

S G e

The following proposition gives the distributivity-like property of dBa.
Proposition 2.8. (see [11]) Let D = (D,MN,U, L, T) be a dBa and a,b,c € D. We have:

(1) aVv (bMc)=(aVb)MN(aVe) (iv) aA(aUb)=ala
(1) aN(bUc)=(aANb)U(aAc) (v) (@Ma) Vv (bMb)=aVb
(#i7) aV (aT1b) =ala (vi) (aUa)A(bUDb) =aAb.

(vit) alUb, cUd=aMcCbNd, alcCbUd, aVcCbVdandaNhcCbAd.

In the next section we are going to introduce fuzzy ideals and fuzzy filters on double Boolean algebras
and give some related properties.
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3 Fuzzy ideals and fuzzy filters on double Boolean algebras

In this section we introduce the notion of fuzzy ideals and fuzzy filters in the context of double Boolean
algebras. Namely, we characterized these concepts. A fuzzy set on D is a function p : D — [0,1]. Let
a € [0,1], the a-cut of u is defined by py = {z € D: u(x) > a}.

Definition 3.1. Let D = (D,M,U,—, 5, L, T) be a double Boolean algebra and u, v two fuzzy subsets of D.
The fuzzy subset p of D is a fuzzy filter if for all z,y € D

(i) pleNy) = ple) A p(y);

(i) = €y = p(x) < u(y)-
Dually the fuzzy subset v of D is a fuzzy ideal if for all z,y € D, the following inequalities hold:

(i) v(zUy) 2 v(z) Av(y);

(ii) 2 Ty = v(z) 2 v(y).

The above two relations on Definition 3.1 are equivalent to say that : p is fuzzy ideal of D iff u(x Uy) =

w(x) A p(y), for all z,y € D. And p is fuzzy filter of D iff pu(z Ny) = p(x) A p(y), for all z,y € D.

Proposition 3.2. Let p be a fuzzy ideal of D, and v the fuzzy filter of D, then we have the following:
plexUx) = p(x) and v(zNz) = v(z), for all x € D.

Proof. Since p is a fuzzy ideal then we have: p(zUz) > p(x) Ap(z) = p(x) this implies that p(zUz) > p(z).
In addition, we have  C x Uz, then p(x) > p(zUx). Hence p(xUz) = p(x). Similarly, the cases of the fuzzy
filter can be shown. U

The previous proposition shows that the fuzzy ideals of the Boolean algebra D, can be extended as fuzzy
ideals of the double Boolean D.

Let denote by FI(Dy) and FI(D) the collection of fuzzy ideals of D\, and D respectively. We have the
following proposition which is a characterization of fuzzy ideals and fuzzy filters with their a-cuts.

Proposition 3.3. Let u,v be two fuzzy subsets of D.
(i) w is a fuzzy ideal iff for all o € [0,1], po =0 or pg is an ideal of D.
(it) v is a fuzzy filter iff for all a € [0,1], vo = 0 or vy is an filter of D.

Proof.
Case of (1)
Let u be a fuzzy subset of D.

=) Let us assume that u is a fuzzy ideal of D. Let « € [0, 1], such that p, # (). we need to show that p, is
an ideal of D.

Suppose x,y € p, then we have u(x) > « and p(y) > «, hence u(x) A p(y) > «. But by hypothesis, u
is a fuzzy ideal of D. So we have p(z Uy) > p(x) A u(y). Thus p(x Uy) > a. Hence 2 Uy € .

Now suppose that = C y then p(y) < u(x) since u is a fuzzy ideal of D. And since y € 4, this means
that u(y) > a, so p(x) > a, by transitivity of <, therefore = € p,. Hence p, is an ideal of D.
<=) Let us assume that for any a € [0, 1], po is an ideal of D.

Let z,y € D, for « = p(z) A p(y), ©,y € pa, since p, is an ideal of D, we have z Ly € u,. Thus
pwlxUy) > plx) Ap(y). Alsox Cy = Uy =y Uy (Prop.3). For a = u(y), y € pa, but z C y and
o ideal implies © € pio. Thus p(z) > a = p(y).
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The proof of (ii) is similar.
O

Example 3.4. Let us consider the double Boolean algebra defined in the example 2.2 with it diagram in
Figure 1. Then we have the following:

) = §

is a fuzzy ideal of the double Boolean algebra D, defined in example 1 of the paper. In fact, let o € [0, 1], if
a < %, to = {a,b,c,d,e, T} which is an ideal of D. If a > %, then po = {L}, which is an ideal of D.

if x€{a,byede T}
if =1

— Nl

3 if wzefabe}
viz)=<¢ 1 if x€{c,d T}
0 if z=1

is a fuzzy filter of the double Boolean algebra D, defined in example 2.2

Definition 3.5. Let D a double Boolean algebra. A fuzzy filter p is called proper if p is a non constant
function.

Definition 3.6. Let p be a fuzzy subset of D, p is a fuzzy primary filter of D if it is proper and satisfies

w(z) V p(—x) =1, for all € D. Dually, a fuzzy subset v is a fuzzy primary ideal of D if v(z) V v(uz) = 1,
for all z € D.

Example 3.7. Let us consider the double Boolean algebra of the example 2.3, where D = {L, o, 5,7, A, T}
with it diagram in Figure 2.

T

1 ifze{l,ap,~}
ifz=2X\ (1) “ A
fe=T

g o

1
Then p is a fuzzy primary ideal of D. In fact, p is a fuzzy ideal of D, since it is a decreasing function.
And it is primary: let z € D ={L,a, 8,7, A, T}

If x = L, then since pu(L) = 1, we directly have u(z) V u(uz) = 1;
If x = o, then since p(a) = 1, we directly have pu(a) V p(ua) =1
If x = 3, then since p(5) = 1, we directly have u(8) V u(up) = 1;
If x = =, then since u(y) = 1, we directly have p(vy) V p(uy) = 1;
If x = A, then since u(u\) = 1, we directly have p(X\) V p(ud) = 1;

If x = T, then since u(uT) = 1, we directly have pu(T) V p(uT) = 1.
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Proposition 3.8. Let v and pu be two fuzzy subsets of D,

(i) v is a fuzzy primary ideal of D if and only if for all a € [0,1], such that O # vo # D, v, is a primary
ideal of D;

(ii) p is a fuzzy primary filter of D if and only if for all a € [0,1], O # po # D, pa is a primary filter of D.

Proof. Case of (i)

=) Suppose v is a fuzzy primary ideal of D, let a € [0, 1] and € D. We have v(x) V v(ux) = 1 this implies
v(z) Vv(usx) > a. Thus we have: v(x) > «a or v(ux) > . Hence x € v, or 1z € vy,

<) Conversely, let’s assume that for any « € [0,1], v, is a primary ideal of D. let us show that v is a fuzzy
primary ideal of D. Let « € D, since v, is a primary ideal of D, either x € v, or _z € v, this implies v(z) > «
or v(uz) > a, thus v(z) V v(ux) > «a by taking on both side the sup on «, we get v(z) V v(uz) > 1. Hence
v(z) V v(ux) = 1. The proof of (ii) is similar to the one of (7). O

Definition 3.9. Let p be a fuzzy subset of D. Then p is a fuzzy maximal ideal if i # 1 and for any fuzzy
ideal v, y<v=—wv=1orpu=v.
Dually, fuzzy maximal filter of D is defined.

Example 3.10. Let us consider the double Boolean algebra illustrated in example 2.2, with it diagram in
Figure 1. Then we have the following:

) = §

is a maximal fuzzy ideal. In fact by taking « € [0, 1], we have u, = D, if o > % and po = {a,b,c,d,e, T} if
a< % So 1o is a maximal ideal of D.

if x€{a,byede T}
if =1

— Nl

Proposition 3.11. Let p,v be two fuzzy subsets of D.
(i) If p is fuzzy primary ideal iff p is fuzzy mazimal ideal.
(ii) If v is fuzzy primary filter iff v is fuzzy mazimal filter.

Proof. Case of (i)

Let p a fuzzy primary ideal of D, let us show that p is a fuzzy maximal ideal of D. Since p is a fuzzy primary
ideal, p is proper, then p # 1. Let v be a fuzzy ideal of D such that p < v and let us assume that v # 1 and
show that necessarily we have u = v. If u # v then there exists a € D, such that u(a) < v(a). According to
Proposition 3.8, for a =1, uyy = {x € D : p(x) = 1}, since p # 1, and L € py then O # py # D is a primary
ideal of D. But p < v implies that p; C v and using the fact that any primary ideal of D is maximal, we
therefore have p; = v1 or v1 = D. Having p < v implies that p1 # v1. Hence by maximality of p1, we have
v1 = D and this implies that ¥ = 1 which is absurd (v # 1 by hypothesis). Conversely, let assume that p is
a maximal fuzzy ideal and let us show that u is a fuzzy primary ideal.

Suppose that there exists x € D such that p(x) V pu(uz) < 1, then we have p(x) < 1 and p(ux) < 1. Then
there exists x € D, x ¢ py and ux ¢ py. Since p is maximal fuzzy ideal, then i is a maximal ideal. But = ¢ 4
implies that Ideal < x > Upy strictly contains p and by maximality of u;, we have Ideal < z > Uu; = D.
Thus sz € pq, which is absurd.

The case of (ii) is the dual version. O

Proposition 3.12. Let p be a fuzzy subset of D.

(i) wis a fuzzy ideal of D iff p(L) > pu(x) and p(y) > p(z) A p(oz Ay),Ya,y € D
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(it) p is a fuzzy filter of D iff u(T) = p(x) and p(x) = p(y) A p(z vV -y).

Proof. Case (7)
=) Let us assume that p is a fuzzy ideal of D. Then it is obvious that u(L) > u(x). Since p is a fuzzy ideal
of D, we have: p(xU (uxAy)) = p(x) Ap(szAy) but y C z U (uz Ay), since zU (ux Ay) = (zUox) A(zUy) =
TA(xUy) =z Uy. Thus pu(y) > u(x) A p(ox Ay).

<) Now let us assume that p(L) > p(z) and u(y) > p(z) Ap(sxAy),Ve,y € D. Then we have p(xUy) <
p(x) and p(x Uy) < p(y). Thus p(eUy) < p(e) A p(y) and p(zUy) > p(@) A p(ae U (@Uy)) 2 p(y) A py).
Thus p(z Uy) = p(x) A p(y)-

Let x,y such that  C y, then we have

Y

(y) A p(ay A x)
w(y U (uy Ax)) By definition
> u(yUy) = p(y) Proposition 3.3

()

Finally, we have the equivalence. The case (i7) is similar. [

4 Lattices of fuzzy ideals in double Boolean algebras

Kaunyun et al. in [12] have introduced the concept of tip-extended. In the context of double Boolean algebra,
having p and v to be two fuzzy ideals, it is not always true that p V v is a fuzzy ideal too. So to solve this
problem we need to introduce the concept of tip-extended in double Boolean algebra.

Definition 4.1. Let p and v be two fuzzy sets of D. Then the tip-extended pair of p and v of D can be
defined as follows:

. p(x) ifx# L
W)= W vul) ite=1

and
viz) ifx#L

@) =9 L vp) ifr= L

Lemma 4.2. Let p be a fuzzy ideal of D and t € [0,1]. Then
. p(x) ifw# L
W)=Y vt ife=1
is a fuzzy ideal of D.
Proof. Let z,y € D, and t € [0, 1]

wely) fzUy# L

t -
wizly) = p(L)vt ifzly=_1

o If x Uy # L, then we have p'(z Uy) = u(z Uy) = u(z) A py)
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e fxr=1andy# L

xUy)

z) A pu(y)

L)V A pt(y)
z) At (y)

peUy) = p

1l
~ 7;
+ ~—~

Il
==

e If x # 1 and y # L, then

pl(xzUy) = p(zUy)
m(@) A p(y)
pt () At (y)

Let x,y € D such that x C y we need to show that uf(z) > p!(y).
If y = L, then p'(z) = p'(y).
) )
x # 1 we have p'(y) = u(y) > pu(z) = p'(x). Thus in any case, u(y) > p(x). Thus for all z,y € D,
ph(x Uy) = ph(z) A pt(y).

[ In general, when v is a non constant function, the tip-extended pair p” is a fuzzy ideal. Here we
defined the join of two fuzzy ideals.

Definition 4.3. Let p and v be two fuzzy sets of D. Then the operation LU* is defined as follows:

vy (@) = \/ (uly)Vu(z), VaeD. (2)

zCyllz
The following theorem characterizes the fuzzy ideal of D generated by a fuzzy subset.

Lemma 4.4. Let u be a fuzzy set of D. Define a fuzzy set v of D as follows:

v(z) = V ((zr) A @) A= A p(n)) (3)

zCx Uzl Uy
for some x1,x9--- ,xn, € D. Then v is the smallest fuzzy ideal of D that contains .

Proof. Let us first show that v is a fuzzy ideal of D. Let x,y € D. By definition of v(z Lly), we have

v(zUy) = \V ((1) A plma) A+ A paln) -

zUyCx Uzl Uxy,

By definition of v(z) and v(y), we have

vie) =\  (ula) Aplaz) Ao A p(an))

zCaiUagl---Uay

vi) =\ (b)) Ap(b2) A A (b)) -

yCb1UbgU---Ubp,
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We know from [I1] that if x C aj UasU---Uay, and y T by Ubg U+ -+ Ubyy, then x Uy C (aq Uag -+ Uay) U
(by Ubg U+ Uby,) thus we have the following:

v(x) Av(y) = Vo wlan) Aplaz) A A p(an) | A

\ o ldn) Ap(bo) A A pa(bm)
yCbyUbaU---Liby,
= \/ (ular) A plag) A= A plan) A p(br) A pu(ba) A< A (b))
=v(zUy).
Thus v is a fuzzy ideal of D.

Let x € D, then we have that v(z) > p(z), this shows that v contains p.
Let 1 be a fuzzy ideal of L that contains u (n(x) > pu(x)) and let x € D,

vie)= \/ () Ap) A A p(an)
xCxqUxoll---Uxy,
< \V (1) An(wa) A--- An(a,)
zUyCxyUzol---Uzy,
<n(x).
O
Notation:

Let o be a fuzzy set of D. We denote by < u >, the fuzzy ideal generated by p. That is the smallest fuzzy
ideal containing pu.

Lemma 4.5. Let D be a double Boolean algebra, i and v two fuzzy ideals of D. Then p’ U* v =< uVuv > .
That is: the fuzzy ideal generated by p and v is exactly the supremum between the tip-extended pair of p and
V.

Proof. We need first to show that u” LU* v* is a fuzzy ideal.
Let x,y € D,

(WU @iy =\ (e A )
zUyCallb

\V/  wpur)Avt(qus)
zEqUp,yErls

\V ) At (r) Avt(g) Avi(s)
xCqlp,yCrus

v

v

=V worvt@ || w@) Avk(s)

zCpllg yCrus
= (0" U vH) (z) A (" U ) ().

Let x,y € D such that z C y, we need to show that (u” LU* v#) (x) > (p” U* v#) (y)
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If y = L then it is obvious that x = 1 and the result holds.

Ify#£1
(" o) (@) = \/ () Avk(z) (4)
zCtlz
() () =\ @) Avi(s) (5)

since « C y so by transitivity of =, x C r LI s.

Thus V1) A VE(8) < Ve, 0(8) A0 (2). That is (4 U* v (2) < (4 U* o) (a)

Thus p” U* v#* is a fuzzy ideal of D. Now let us show that we have p” LI* v* > p V v to conclude with
Lemma 4.2 and Lemma 4.4.

Let x € D,

(wur vy (@) =\ w(y) Avk(z)

> (@) A (L)
> (@) A (1)
= p(z).

Thus p” U* v# contains p. Similarly,

(vt @)=\ wy rvi(z)

zCyllz
> () A (L)
>v(z) Av(l)
= v(x).

Let n be a fuzzy ideal of D containing p V v. We need to show that n(x) > (u” U* v*) (x)
Let z € D, if x = L, then (p” U* v*) (L) = p(L) V(L) <n(l).

Ifx£ 1
() (@) =\ " (y) Avi(z)

= Vo owwave) | vV ew | vV e
cCylzy#L z#1 zCy zCz

= Vo w@ave) | vV e | vV ve)
cCylzy#£ Ll z# 1 zCy zCz

< Vo oawAnG) | v\ aw | vV k)
zCylz,y#L,z# 1 zCy zCz

= \/ 1) An)

< ().

Thus p” U* vt =<puVvr>. O
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Theorem 4.6. If we consider FI1(D) to be the collection of all fuzzy ideals of D, then (FI(D),1*,1* 0,1)
is a bounded lattice, where M* is defined as follows: pM* v =puAv,0 : D [0,1], 0(x) =0, for all x € D.
1 : Dw—0,1], and 1(z) =1, for all x € D.

Proof. From the previous proposition, any pair of elements of F'I(D) has a supremum (Lemma 4.5) and the
upper bound is 1, the lower bound is 0. [l

Theorem 4.7. The map
p: FI(D,) — FI(D)
P> [
Where
a: D —[0,1]
x+— p(rUx)
is an isomorphism of lattices.

Proof. The map ¥ is well defined, in fact for p € FI(D,), i € FI(D) according to Proposition 3.2. @
preserve the order <. Suppose p; < po then let x € D, pi1(x) = pi(z Ux) < po(z U z). Thus () < pa(x).
Hence /iy < jip. Conversely, if i1 < fiz, then (i1 ,p, = piz;p,, i-e p1 < po. Thus py < po <= (1) < P(u2).
¥ is surjective since for any u € FI(D), p/p, € FI(Dy) and @(M/Du) = u. P is injective, in fact let
w1, 2 € FI(Dyy) such that g7 = fi2 Let us show that p; = po. Let x € Dy,

pa ()

pi(zUx) by (i) of Proposition 3.2

(
pr(z) by definition of ©
tia(z) by hypothesis (1 = i)
pz(z U )

pi2 ().

Thus @1 = pue. (|

5 Lattices of generalized fuzzy ideals in dbas

In this section, we introduce the notion of generalized fuzzy ideal which is a more general definition of fuzzy
ideal on dBas. Namely we show that the collection of generalized fuzzy ideals of a dBa is endowed with a
lattice structure.

Let us first define the concept of generalized fuzzy ideal.

Let m,n € [0,1] and m < n, then a fuzzy set p of D is called a generalized fuzzy ideal of D if:

(1) ploUy)Vm = p(x) Aply) An
(I2) 2 Ey = p(x) Vm = p(y) An.

Here generalized fuzzy ideals are defined with respect to a fixed pair (m,n). We denote by GFI(D) the
set of all generalized fuzzy ideals.
Let m,n € [0,1] and m < n. Then the fuzzy set p of D is called generalized fuzzy ideal if :

(Is) p(L)Vm = p(x) An
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(I1) p(y) Vm = p(z) A p(azUy) An.

Proof. Let p be a generalized fuzzy ideal of D. Since L C z, for any x € D, it follows that u(L)vm > p(z)An.
On other hand, since y C = U (uz Uy), we have u(y) Vm > p(zU (—z Uy)) An.
Thus one can write:

p(y) vVmVm = p(y) Vm
>(p(zU(uzUy)) An)Vm

(w(z U (sxUy)) Vm)A(nVm)
() Ap(xUy) AnAn

> e
= p(z) A p(uz Uy) An.

I
I

Conversely, let us now assume that Is and I4 hold. Let x,y € L and z C y. Then uy E_z and ALy C xA_y
by compatibility. So p(L) = u(—y A z) and from (I3) we have that

(y)
(y)

Y

p(-y Ax) An
w(L) An.

p(@) Vom = p(y) A
uly) A
Thus

p(@) vVmVm = ((u(y) An)Vm)A(u(L)Vm)
(1(y) Am)vm) A (u(y) An)

w(y) An.

(AVANAY]

This implies that Iy holds. On the other hand, since uz A (x Uy) C v,
we have p (ux A (xUy))Vm > pu(y) An and from Iy we have that p(zUy)Vm > p(z) Ap(szA(zUy)) An.
Thus

plzlUy)VvmyVm>

Therefore I; is satisfied and this shows that u is a generalized fuzzy ideal of D.  [J

Theorem 5.1. Let m,n € [0,1] and m < n, Then a fuzzy set p of D is a generalized fuzzy ideal if and only
if for all x,y,z € D,

rCylz= pulx)Vm>puly) Au(z) An.

Proof. Let u be a generalized fuzzy ideal of D and x C y U 2z, then p(x) Vm > pu(y U z) An.
Hence one can write

p(z) vm > (p(yUz) Vm) A (nVm)
> p(y) Apu(z) AnAn
= p(y) A p(z) An.
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Thus p(z) Vm > u(y) A p(z) A n, conversely, since we know that we have (L) Vm > u(z) A pu(z) A n.
Thus p(L) Vm > p(x) An.
On the other side, since we know that y C = U (ux A y) we have:

u(y) Vm = p(x) A p(az Ay) An

Hence p is a generalized fuzzy ideal of D.
O

Example 5.2. By considering the dBa of example 2.2, we can easily show that the following is a generalized
fuzzy dBa:

% if z€{a,b,c,de T}
1 af =1

In fact, let m,n € [0,1] such that m < n. Then the following property is verify:
rCylUz= p(z)vm > u(z) An.

Corollary 5.3. Let m,n € [0,1] and m < n. Then a fuzzy set u of D is called a generalized fuzzy ideal if
and only if for all z,y1,--- ,yn € D, x Cyy Uya U --- Uy, implies that p(x) Vm > u(yr) A A p(yn) A n.

Let p be a fuzzy set of D, m,n € [0,1] and m < n. Then the intersection of all generalized fuzzy ideals
containing p is called the generated generalized fuzzy ideal by p, denoted < p >(mm)

Theorem 5.4. Let D be a double Boolean algebra u be a fuzzy set of L, m,n € [0,1] and m < n then

()™ (z) = m v \V  wa) A Ap(an) An

zCailagll---Uay

= \/ (w(ar)) vm) A+ A (u(an) Vm) An, for all x € D.

zCaiUagl---Uanp

Proof. Let

O(x) =mV \/ wlar) A A plan) An
zCaiUagl---Uay,

Let us show that 6 is a generalized fuzzy ideal which contains .

Forn=1and a1 =z, mV (n A p(z)) < 6(z). Hence n A u(x) < 0(x) V. m. We can easy check that 6 is a
generalized fuzzy ideal. Now let us focus on how to show that 6 is the smallest generalized fuzzy ideal which
contains y.

Let us assume that there is a generalized fuzzy ideal 7 such that Vz € D, n(x) Vm > n A p(z).

Then we need to show that 1 contains 6 too.

nAfx)=nA|mV \/ wlar) A plag) A+ A p(an) An
zCaiUagl---Uay,
<mV \/ n@)A---An(z) An
zCaiUagl---Uanp
<mVn(x).

Thus 6 is the smallest generalized fuzzy ideal which contains p. O



152 Kuiebove F. Trans. Fuzzy Sets Syst. 2023; 2(2)

Definition 5.5. Let p and v be two fuzzy sets of L, m,n € [0,1] and m < n the operation (™) 55 defined
by:

p™ Wy = \/ ((u(y) v m) A (v(z) Vi) An).

Let GFI(D) the set of generalized fuzzy ideals of D.

Remark 5.6. Let p be a generalized fuzzy ideal of D and t € [0, 1]. Then ! is also a generalized fuzzy ideal
of D.

Theorem 5.7. Let D be a double Boolean algebra, m,n € [0,1] such that m < n. Then u”l_l(m M —

(Vv V)(m’") . More over, (GFI(D),N,1,0,1) is a bounded lattice, where GFI(D) the set of generalized fuzzy
ideals of D.

Proof.

mV (u”lll(m’n)y“> (xANy) = (,ul’lll(m’n)l/“) (x ANy)

= /() Vim) A (v(0) V ) An)

zUyCullv

>/ Weur)vm)A@Et(g) Avi(p) An)

= (wra™u) @) (™) ()
= (,u”lil(m’")y“) (z) A <,u”|:|(m’n)l/“> (y) A n.

Let ,y € D and x C y. Then it is easy to see that m \V (u”CivH) (z) > n A (u’Cv?) (y).

So uY O™ p s 8 generalized fuzzy ideal of D.
Let z € D,

=\ (W (y)vm) A @W*(z) vV m)An)
zCylz

> (0 (z) vm) A (H(L)V )

> (0 (z) vm) A (p” (L) vm) An)

= (1 (x) An) Vm)

Zu()An

> plz) A

Hence m V p’Uv* > p A n. In a similar way, we have m V p?Uv* > v A n.
Hence p¥Cvt > p v vmm),
Last, let us verify that is the smallest. Let A € GFI(D) such that n A (u(z) V v(z)) < Az) An.
Consider the following cases:
If z =0 then n A <u”|:1(m’n)1/“> (L) = (u”[l(m’n)u“> (0) = (w(L)Vr(L)vm)An < A(L)Vm.



Lattices of (Generalized) Fuzzy Ideals in Double Boolean Algebras. Trans. Fuzzy Sets Syst. 2023; 2(2) 153

Else:
nA (u”u(m’")u“> (z) = <u"u(m’”)y“> (z)
= E\/UZ (" (y) vm)) A (H(y) v m) Am)
< nji/ \V (A AAz) An)
v @),
Thus

We can conclude that p” L) i — (Vv u)(m’") . Thus we have just proved that any pair of elements of
FI(D) has a supremum. The upper bound is 1, the lower bound is 0.
O

6 Conclusion

In this paper fuzzy ideals on double Boolean algebras have been studied. Various properties and character-
izations of fuzzy ideals have been proved. Based on the notion of tip-extended pair inspired by Kuanyun
[12], it was proved that the set of fuzzy ideals on double Boolean algebra is endowed with a structure of the
bounded lattice. This is a new type of lattice structure constructed from fuzzy ideals. This lattice structure
has the particularity that it is isomorphic to the collection of fuzzy ideals of the Boolean algebra D,. Thus
we can conclude that the collection of fuzzy ideals of the dBa D can fully be determined by knowing just
fuzzy ideals of the Boolean algebra Dy ;. We have also introduced the concept of fuzzy primary ideals and
fuzzy primary filters and have established that the set of generalized fuzzy ideals of a double Boolean algebra
has the structure of a bounded lattice. Generalized fuzzy ideals of D can also be entirely determined by
generalized fuzzy ideals of Dy,. In the future, it will be interesting to investigate L-fuzzy ideals (where L is a
bounded lattice) and generalized L-fuzzy ideals in the framework of double Boolean algebras.
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