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Abstract

In this paper, the free vibration of sandwich plates with power-law FGM face sheets in various thermal
environments is performed by high-order sandwich plate theory. The material properties of the core, such as
Young’s modulus, density, thermal expansion coefficient and Poisson’s ratio, are assumed to be temperature
dependent by nonlinear function of temperature [1]. The material properties of the FGM face sheets are assumed
to vary continuously through the thickness according to a power law distribution in terms of volume fractions of
the constituents [2]. The governing equations of motion in free natural vibration are derived using Hamilton’s
principle [3]. A new approach is used to reduce the equations of motion from twenty three equations to eleven
equations and then solve them. The new solution approach consists of isolating six of the unknowns in the
displacements of the face sheets using the compatibility equations, followed by isolating the additional six
Lagrange multipliers using the equations of the face sheets, finally, the isolated unknowns are substituted into the
eleven equations of the core. Both un-symmetric and symmetric sandwich plates are considered in this analysis.
Good agreement is found between theoretical predictions of the fundamental frequency parameters and the results
obtained from other references for simply supported sandwich plates with functionally graded face sheets. The
results show that the fundamental frequency parameters (o [] ) increases by increasing the volume fraction index
(). Also, the effect of temperature on the value of fundamental frequency parameters decreases with increases in
the FGM face sheets thickness. The results also revealed that as the side-to-thickness ratio (b/h), the core-to-face
sheet thickness ratio (h_c/h_t ) and temperature changes, have a significant effect on the fundamental frequency
parameters.
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1. Introduction
A typical advanced construction of a sandwich plate consists of two FGM face sheets, not necessarily identical, bonded to

the compressible core through adhesive layers. The separation of FGM face sheets by a soft core increases the bending
rigidity of the plate at a expenses of small weight. Also, the functionally graded materials (FGMSs) are multi-functional
materials which contain spatial variations in composition and microstructure for the specific purpose of controlling
variations in thermal, structural or functional properties. These materials are presently in the forefront of material research
receiving worldwide attention [1]. Such materials have a broad range of applications including for example, biomechanical,
automotive, aerospace, mechanical, civil, nuclear, and naval engineering. FGMs are microscopically inhomogeneous
composites usually made from a mixture of metals and ceramics. The considerable advantages offered by FGMs over
conventional materials and the need of overcoming the technical challenges involving high temperature environments have
prompted an increased use of sandwich structures, and incorporation in their construction are the FGMs as face sheets [1,2].

The classical linear and non-linear analytical approaches, see for example Allen [3], Plantema [4], Zenkert [5], Vinson [6]
and some recent comprehensive reviews, Noor [7] and Librescue [8], emphasize on traditional sandwich panels, made of
metallic, anti-plane, incompressible honeycomb cores and fully bonded face-core interfaces. These models assumed that the
face sheets have only bending rigidity, while the core has only shear rigidity. For the prediction of the overall load response
of sandwich plates subjected to bending, shear and buckling loads, as well as undergoing free or forced vibrations, most
analyses adopt the so-called “equivalent single layer” approach based on the first-order shear deformable model, see Mindlin
[9], or based on a high-order approach, see Reddy [10]. Most of the aforementioned models ignore the effects of the

transversely flexible core, such as changes of the height of the sandwich plate, non-linearity of the section plane after
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deformation, and different boundary conditions at the upper and the lower face sheets.

Recently, Carrera and Demasi [11], Carrera and Ciuffreda [12] and Carrea [13] have presented ESL and layer-wise models
with various plate theories for the analysis of sandwich panels with and without vertical normal strain. The classical and the
ESL models, in general, usually disregard the changes in the height of the core (i.e. the vertical compressibility) when the
panel is deformed. Hence, when using these approaches, for the free vibration response, the throughthickness modes of the
core cannot be detected. Examples of research works following these approaches include Kant and Mallikarjuna [14] and
Kant and Swaminathan [15] who used a highorder model but with an incompressible core, and Meunier and Shenoi [16],
Bardell et al. [17] and Lee and Fan [18] who used different finite elements analysis approaches adopting various pre-
assumed displacement distributions.

An extensive literature search reveals that only a limited number of research works are available in open literature that take
into account the temperature-dependent both face sheets and core material properties in their analyses.

Moreover, the available research works are based on the assumption of an incompressible core, and they adopt the
equivalent single layer (SL) approach along with various finite element analysis formulations. Examples of such research
works include Vangipuram and Ganesan [19] who assumed a viscoelastic core and used a finite element formulation, Shiau
and Kuo [20], who used the splitted rigidity approach (Allen [3] and Plantema [4], lbrahim [21]) to discuss the case of a
sandwich panel made of a functionally graded material (FGM), Kim [22] dealt with an FGM panel, Hao and Rao [23]
assumed a core made of a pressure sensitive adhesive (PSA), and Duan et al. [24] dealt with a sandwich panel utilizing
shape memory alloys (SMA) at elevated temperatures. Generally, the classical sandwich theories, based on the ESL and
high-order models, mentioned above, are unable to detect the high-order modes that are associated with deformations
through the thickness of the core. Because they ignore vertical compressibility of the core, or in the other words the changes
in the height of the core, during the deformation of the sandwich structure.

The non-planar deformed cross-section of the sandwich plate, observed experimentally by Petras and Sutcliffe [25],
suggested the need for a model which allows non-linear variations of in-plane and vertical displacement field through the
core. Frostig and Baruch [26,27] used variational principles to develop a high-order sandwich panel theory, which includes
the transverse flexibility of the core. In contrast, the simple beam theory where the core in-plane displacements are assumed
to vary in a linear way through the depth, and the out-of-plane displacements are assumed to be constant. The High-Order
Sandwich Panel Theory (HSAPT) model takes into account the effects of the vertical flexibility of the core and its shear
resistance on the linear and the non-linear responses, see Frostig et al. [26] for the general linear response, see Frostig and
Baruch [28] and Frostig [29] for the non-linear response due to inplane compressive loading of unidirectional sandwich
structures, and Sokolinsky and Frostig [30-32] for the non-linear response of various sandwich beams and panels.

This theory has been successfully used by the authors and for the analysis of various linear and non-linear applications, such
as, Frostig and Baruch [33] for high-order vibration of sandwich panels; Bozhevolnaya and Frostig [34] dealt with the
vibration of curved sandwich panels; Frostig and Thomsen [35] treated the vibration of sandwich plates; Yang and Qiao [36]
and Qiao and Yang [37] used the HSAPT model and its modification for impact problems; Schwarts-Givli et al. [38-41]
dealt with free and forced vibrations of delaminated sandwich panels; Malekzadeh, Khalili and Mittal [42] analysis the local
and global damped vibrations of sandwich plates by an improved HSAPT; and recently Frostig and Thomsen [43r,44]
treated the non-linear response of sandwich panel with temperature-dependent properties. But in use of HSAPT model, they
always disregarded the in-plane stresses of the core. Because, the core of their sandwich structures has only out of plane
resistance.

The improved model used in present paper considers the both in-plane and out of plane resistances of the core and assumes

that the distribution of the in-plane and vertical core displacements can be represented as cubic and quadratic polynomials,
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respectively [45]. The variational principle of minimum of the total potential energy is used to derive the field equations
along with the appropriate boundary conditions. The unknowns in this model consist of the displacements of the face sheets
and the coefficients of the polynomials in the core. In this formulation, the effects of the non-uniform stiffness of the core are
implemented following a straight forward approach. Here, the high-order stress resultants of the non-uniform core are
determined using a direct integration process, and because the core in-plane stresses considered in this improved model, we
have twelve in-plane high-order stress resultants, as well as, eight out of plane high-order stress resultants. It should be
noticed that this improved model involves higher-order core stress resultants that have no physical interpretation, and the
model yields higher-order modes that involve vibrations through the depth of the core that the HSAPT model cannot detect.
So, “displacements formulation” model extended to the case of free vibration of sandwich plates with power-law FGM face
sheets and temperature dependent both the core and the face sheets material properties with considering the core in-plane
stresses in this paper. Also, it should be noticed that both un-symmetric and symmetric sandwich plates are considered in
here.

Since FGMs are used in high-temperature environments, the constituents of FGM face sheets possess temperature-
dependent properties. Therefore, the material properties of the FGM face sheets must be temperature dependent and position
dependent. When the material properties are assumed to be functions of temperature and position, and the temperature is
also assumed to be a function of position, the problem becomes very complicated.

Another novel contribution of the present work is use of the new approach to reduce the equations of motion from twenty
three equations that are functions of core constants, face sheets constants and Lagrange constants to eleven equations that are
just functions of eleven core constants, this approach illustrated clearly in section 3. The material properties of FGM face
sheets are assumed to be graded in the thickness direction according to a simple power-law distribution in terms of the
volume fractions of the constituents, and the material properties of both FGM face sheets and the homogeneous core are
assumed to be temperature dependent by a third order function of temperature.

The numerical results show the effect of temperature changes, volume fraction distribution of FGM face sheets, side-to-
thickness ratio and core-to-face sheet thickness ratio on the free vibration characteristics of defined sandwich plate.

2.Formulation

The displacement formulation (model I1) of Frostig and Thomsen [45] is improved and then is used in this paper. The
equations of motions of the free vibration response are derived through the Hamilton principle which extremizes the

Lagragian that consists of the kinetic and the internal potential energy as follows:

ST + 6U) dt = 0 @

Where T and U are kinetic energy and internal potential energy, respectively; t is the time coordinate that varies
between the times t;and t,; and 6 denotes the variation operator.

Consider a sandwich plate of length a and width b, consisting of a core with thickness h., Young's and shear modulus
E.and G, respectively, and two FGM face sheets with the thicknesses of h.and h, for the top and bottom faces,
respectively, Young's modulus E; (i = t, b)and Poisson's ratio v;(i = t, b), as depicted in Fig. 1f.

The first variation of the kinetic energy for the FGM sandwich plate with temperature dependent properties reads:

fttlz 6T dt = — fttlz {foa fob f_h,tlffz pe(ze, Tp) (g Suy + V.6, + W dw,) dz dydx + foa fob f_h;?:/zz Pu(zp, Tp) (lip 0y +

he/2

Pp vy, + Wy 0wp) dzpdydx + foa fob f—hc/z pc(T) (i Su, + U.6v, + Ww.0w,) dzcdydx} dt )
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Where z,,z, and z, are the vertical coordinates of the top and bottom face sheets and the core, respectively, and are
measured downward from the mid-plane of each them; u;, v; and w;(i = t, b, ¢) are the displacements in the x,y and
vertical directions, respectively, of the sandwich plate constituents (see Fig. 1f); i; , ¥; and w;(i = t, b, c)are the
accelerations in the x,y and vertical directions, respectively, of the sandwich plate constituents; Subscripts t, b and ¢
correspond to the upper face sheet, lower face sheet and the core, respectively;T;, T, and T, are the temperature
variation of the top and bottom face sheets and the core, respectively; p;(z;, T;) and p,(zp, T,) are the density of the
upper and lower FGM face sheets, respectively, that varies in the thickness with z, and z, by power low function of
FGMs (see Appendix A) and varies with temperature variation in each them, too; and p.(T,) is the density of the core
that varies with temperature in it.

The material properties of both faces and the core P, such as Young’s modulus, density, thermal expansion coefficient
and even Poisson’s ratio, can be expressed as a nonlinear third-order function of temperature as [46]

P=Co(C,T P+ 1+CT+C,T?+C3T?) (2.5
Where C,,C_4,C;,C, and C; are unique to the constituent materials; and T =T, + AT that T, = 300K is the
temperature.

Considering small deformations and rotations, the kinematic relations for the faces, based on Bernoulli assumptions, are

w (%, 3,2, t) = ug; (%, ¥, ) = Zjw; . (x, 3, 1) @)
v; (x,y, zj, t) = vo;(x,y,t) — Zjw;, (x,y,t),(j = t,b) 4
wi(x,7,2,t) = wj(x,y,0) Q)

Where u,;(x,y, t)and vy;(x,y,t), (j = t,b) are the in-plane deformations of the mid-plane of each face sheet in the x

andy directions, respectively; and w;(x,y,t), (j = t, b) are the transverse deflections of each face sheet (see Fig. 1f).
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Fig.1. Geometry of FGM sandwich plate: (a) Geometry of x-z plane view; (b) Geometry of y-z plane view.

In this model, the displacement fields of the core are assumed a priori, using the quadratic and cubic polynomial
distributions [45]. Here, the coefficients of these polynomials are the unknowns, and they are determined through the
variational principle.

The pre-assumed displacement fields of the core read:
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uc(x, y' ZC' t) = uO(x' y1 t) + ul (x' yv t)ZC + u2 (x' y! t)ZCZ + u3 (X, y! t)ZCS (6)
V(X Y, 2e, t) = vo(x, 3, 1) + v1(x, y, )z + v, (x, ¥, )z, + v3(x,y, )z > (7
w.(x,V, 2, t) = wo(x,y,t) + wy (x, v, )z, + wy(x,y,t)z.2 (8)

Where u;, and v, (k = 0,1,2,3) are the unknowns of the in-plane displacements of the core, and w;(l = 0,1,2) are the
unknowns of the core vertical displacements.
The compatibility conditions, assuming perfect bonding between the core and the face sheets, at the upper and the lower

face—core interfaces, (z, = 0, h,), read

u(ze = he/2) = uc(zc = —he/2) 9)
ve(ze = he/2) = ve(zc = —he/2) (10)
we = We(ze = —he/2) (11)
uc(ze = he/2) = wy(zp = —hy/2) (12)
Ve(ze = he/2) = vp(2p = —hy/2) (13)
we(ze = he/2) = wy (14)

The compatibility conditions at the upper and the lower face—core interfaces, Eqs. (9-e14), are enforced through the use

of six Lagrange multipliers. Thus the first variation of the internal potential energy reads:

U = [, (0xbeix + 0y 8e5y + Thy8¥iy )aV + [, (028l + 03,8y, + 2, 8v0 )V + [, (15,87, + 75,675, +
b

05,085, + 05,068, + 05,665, + 15,075, )dV + 6 foa fo [Aee(ue(ze = he/2) —uc(ze = —he/2)) + Aye(ve (2, =

ht/z) - vc(Zc = _hc/z)) + Azt(Wt - Wc(zc = _hc/z)) + /1xb (uc(zc = hc/z) - ub(Zb = _hb/z)) + Ayb(vc(zc =

he/2) = vp (2 = —hp/2)) + A (We (2 = he/2) — wy)]dxdy (15)

where o/, and g}, (j = t,b,C) are the in-plane stresses and e/, and &,, (j = t,b,c) are the in-plane strains of the upper and

the lower face sheets and the core, r,{yand y,{y (j = t,b,c) are the in-plane shear stresses and strains in faces and core; ¢,
and &5, are the normal stress and strain in the vertical direction of the core; 75, and yS, are the vertical shear stressand
shear strain in the core; V;, V,and V,,,..are the volumes of the upper and lower face sheets and the core, respectively; A,;
, Ay; and 4,; (i =t,b) are the Lagrange multipliers at the upper and the lower face—core interfaces; and & is the
variation operator. Notice that the effects of core in-plane stresses are considered in this formulation.

The kinematic relations used, assuming small deformations, take the following form for the face sheets:

el:(%,7,2),t) = ) (6,7, 8) = W) (x,7,0) (16)
s;y(x,y, zj, t) =9y (X, ¥, 1) — Zjw; , (x, ¥, 1), = t, b) a7

Yy (6,7, t) = Ugj, (0,7, 6) + V06,7, 8) = 22;Wj 0, (x,, 1) (18)
Where () ; denotes a partial derivative with respect to i. The kinematic relations for the core:

Exx = Ugyx + U pZc + uz,ch2 + u3,ch3 (19)
&5y = Voy + Vi yZe + Uy 2.0 + V32,3 (20)
&S, =wy +2w,z, (21)
vS = (ug + wor) + (2uy + wyy)ze + (Bus + wyy )z, (22)
Ve = (vy + woy) + (2v, + wyy )z, + (3vs + wy )z, (23)
¥Viy = (toy +vox) + (Ury + 1)z + (uay + v20) 2 + (usy + V3,23 (24)

Using the Hamilton’s principle, Eq. (1); the expression ofthe kinetic energy and internal potential energy, Eq. (2) and

(15), along with the acceleration distribution,based on Egs.(6-e8); the displacements distributions of the face sheets,
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Egs.(3-e5); the kinematic relations of the faces andthe core, see Egs. (16-e24); the compatibility conditions
correspondingto perfect bonding at the face—core interfaces, Eqs. (9-e14); the stress resultants of the face sheets,
Appendix A, andthe high-order stress resultants of the core, Appendix C. Hence, after some algebraic manipulation the
twenty three equations of motionread:

Three equations for the top FGM face sheet:

Nagx,x + N)Ey,y = Ayt — loglior + Iltwt,x =0 (25)
N;:y‘y + N)Ey,x - Ayt - IOtﬁOt + Iltl}\‘/t‘y = 0 (26)

h h
t t t t t . . . . .o
Mxx,xx + Myy,yy + 21V[xy,xy - ?ﬂ-xt,x - )'zt - 7ﬂ-yt,y - [1tu0t,x + IZtWt,xx - Iltvot,y + IZtWt,yy - IOtWt =0 (27)

Three equations for the bottom FGM face sheet:

N)?x,x + N)?y,y + Ay — lopiiop + Ilbwb,x =0 (28)
Nsl/’y,y + nylx + /1yb - I()bij(]b + Ilbwb‘y =0 (29)
b b b hb hb . . . . .
Mxx,xx + Myy,yy + 2Mxy,xy - 7’1xb,x + Azb - 7’1yb,y - Ilbuob,x + IZbWb,xx - Ilbvob,y + IZbWb,yy - IObWb =0
h h he? he3
uOt_?tWt,x_uO+u1?c_u2f+u3%=0 (42)
ht hc h'C2 h'C3
UOt—?Wt‘y—v0+v1?—v27+v3?=0 (43)
he he?
Wt_W0+W17_WZT:0 (44)
he he? he3 hp _
u0+u17+u27+u3T—u0b—7wb‘x—0 (45)
he he? hel hp
U0+U1?+U27+U3?_U0b_7wb‘y=0 (46)
he h’
W0+W17+WZT—Wb=O (47)
Where N, , N, , N}, , M1, M}, MJ, (j =t,b) are the stress resultants and the moment resultants of the upper and

lower face sheets (see Appendix A); I , Iy, (k = 0,1,2) are the inertia terms of the top and bottom face sheets,
respectively (see Appendix B); I, (I = 0,1,2,3,4,5,6) are the inertia terms of the core (see Appendix B).

Where, all stress components of the core are temperature dependent, see Appendix C. Thus, the number of equations
including the compatibility equations is twenty three. The set of governing equations consists of six equilibrium
equations for the face sheets, Eqgs. (25-€30), eleven equations for the core, Eqgs.(31-e41), and six compatibility
equations, Eqgs.(42-e47).

In order to determine the governing equations of motion the high-order stress resultant terms of the core must be
defined first in terms of the displacements. The stress fields and the high-order terms are derived assuming that the core
is isotropic, using the pre-assumed displacements patterns, Eqgs. (6-e8), and the high-order terms, Eqs.(48-e53). Hence,
the core stresses and the core stress resultants are expressed in Appendix C for the sake of brevity.

Finally, the governing equations of motion are derived by substituting the stress resultants of the face sheets, Appendix
C, into the governing equations for the face sheets, Eqs. (25-e30), and the high-order stress resultants of the core into
the core equations, Egs.(31-e41). These equations are formulated in terms of the following twenty three unknowns: the

in-plane and vertical displacements of the face sheets, the six Lagrange multipliers and the eleven polynomial
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coefficients of the core. Notice that the solution of the set equations can be achieved numerically for general type of
boundary conditions but does not have a general closed-form analytical solution. However, for the particular case of a

simply-supported sandwich plate a closed-form solution exists.

3. Simply supported plate

An analytical solution exists in the case of a simply supported sandwich plate where the upper and the lower face sheets
are simply supported and the vertical displacements through the depth of the core at the edges of the plate are prevented.
Furthermore, the face sheets are assumed to be functionally graded and the core is assumed to be isotropic. For this case
an analytical closed-form solution in the form of an infinite series of trigonometric functions, which satisfies the

boundary conditions exist. The solution can be expressed as:

uo;(x, ¥, t) = [ZN=1 Tm=1 Cujcos(@mx)sin(Bay)]e’t,  (j =t,b) (64

voj (6, ¥, t) = [Eh=1 X1 Cyjsin(amx)cos Buy) e, (j=t,b) (55)

w;(x,y,t) = [Zn=1 Xih=1 Cujsin(amx)sin(Byy)]e’* , (=tb) (56)

W (6, y,t) = [En=1 Zm=1 Curcos (@mx)sin(Bpy)]e’*, (k= 0,1,2,3) (57)

v (6, ¥, 1) = [Xn=1 Zm=1 CoreSin(@mx)cos (B y) e’ » (k=01.23) (58)

wi(x, ¥, 1) = [Xn=1 Xin=1 Cuisin(amx)sin(Bry)]e’ , (1=012) (59)
WhereCy; , Cyj, Cwj s Cuk » Coks Gt » Caxjy Cayjand G, are the twenty three unknown constants of the series solution, in

the other words C,; , C,,; and C,,; are the six face sheets constants, C,,, C;,;and C,,; are the six Lagrange constants, and
Cur » Cyi @nd C,,; are the eleven core constants; a,, = % and B, = "7" where m and n are the wave numbers; M and N

are the number of terms in the truncated series; w is the eigenfrequency of the plate; and | is the imaginary unit.

After substitution of a general term of the series, see Egs. (54-e62), into the equations of motion, see Eqgs. (25-€47),
along with the stress resultants of functionally graded face sheets, see Appendix A, and the high-order stress resultants
of the core, see Appendix C, the solution is determined by use a new approach to solve these twenty three equations of
motion.

The new solution approach consists of isolating six unknown constants of the face sheets as a function of eleven core
constants using the six compatibility equations, Eqs. (42-e47), followed by isolating the additional six Lagrange
constants as a function of face sheets constants using the six equations of the face sheets, Eqs. (25-e30). Then, the
isolated unknown constants are substituted into the eleven equations of the core, Egs. (31-e41). Finally, we have eleven
equations just functions of eleven core constants. This approach illustrated clearly in Fig. 2f.

Thus, although the full set of the governing equations consist of twenty three equations, see Eqgs. (25)—(47), the actual
number of eigenfrequencies is only eleven. And so, the mass and the stiffness matrices are dimension eleven. This
yields a set of homogeneous algebraic equations for each wave numbers m and n that may be described by a mass and a
stiffness matrix, where the eigenfrequency equals to the eigenvalue and the series constants for each wave numbers m
and n are the corresponding eigenvectors as follows:

(Kmn — ©2nM ) Crpp = 0 (63)
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Where K, and M,,,, are the stiffness and the mass matrices that correspond to the m’th and n’th harmonic term in the
series and are not presented for the sake of brevity; w,,, is the eigenfrequency that corresponds to the m’th and n’th
term; 0 is a null vector; and C,,, is the eigenvector that its components are equal to eleven core constants:

Conn = [Cu0Cu1 Cua CuzCo €1 Cra €3 Ciyo Gyt Gl (64)

4. Verification

The numerical results of rectangular simply supported sandwich plates with power-law FGM face sheets are verified in
this section.

Considering an FGM sandwich plate as shown in Fig. 3f, the Young’s modulus and mass density of bottom face sheet at
z =h./2 and top face sheet at z = —h./2 are 380Gpaand 3800 kg/m3, respectively (the properties of alumina). In
the bottom face sheet at z = (h./2 + hy) and in the top face sheet at z = —(h./2 + h;) the Young’s modulus and mass
density are 70Gpaand 2707 kg/m3, respectively (the properties of aluminum). And the Young’s modulus and mass
density in each face sheet vary according to the power-law function. Poisson’s ratio is equal to 0.3 throughout the

analyses. For simplicity, the non-dimensional natural frequency parameter is defined as [47]

o=@ [po _ 3 g o_
w= hb+hc+ht\/:0 » (po =1kg/m*,Ey = 1Gpa) (65)
'l:r
; X
h./2
y he/2 o
hs

a

top FGM face sheet

Core

bottom FGM face sheet

Z

Fig. 3f. Geometry of simply supported sandwich plate with FGM face sheets

Table 1t shows the comparison of flexural vibration frequency parameter @ of present study and [47] for square 2-1-2
sandwich plates with power-law functionally graded face sheets and homogeneous hard core with volume fraction index
k values (k = 1,10) and two thickness ratios (h/b = 0.01,0.1). Where 2-1-2 sandwich plate is an symmetric sandwich

that the face sheet thickness is two times of core thickness.

Table 1t: Comparisons of flexural vibration frequency parameters @ of
present study for 2-1-2 sandwich FGM plate with [47], (% =1)

=1 k=10

h/b [47] present [47] present
0.01 1.32974 1.32748 0.95937 1.00676
0.1 1.30186 1.31011 0.94283 0.99656

The results of simply supported square sandwich plates with functionally graded faces and homogeneous hard core are

compared in Table 2t with the results from [47] for five different face and core thicknesses. Young’s modulus and mass
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density in the faces are based on the power-law distribution, see Appendix A. Table 2t shows a good agreement by

comparisons of FGM sandwich plates of four different volume fraction indices x=0.5,1,5,10 with [47].

Table 2t: verifying of natural fundamental frequency parameters @ of square hard core sandwich plates with FGM faces, (% =0.1)

2-1-2 2-1-1 1-1-1 2-2-1 1-2-1
K [47] present [47] present [47] present [47] present [47] present
0.5 148608 1.45617 | 1.50841 1.47199 | 1.52131 1.49097 | 1.54926 150896 | 1.57668  1.53528
1 1.30181 1.31011 | 1.33511 1.33479 | 1.35523 1.35165 | 1.39763 1.38092 | 1.44137 1.41319
5 0.98103 1.05333 | 1.02942 1.08934 | 1.04532 1.08652 | 1.10983 1.13234 | 1.17567 1.16613

10 0.94078 0.99656 | 0.98929 1.03426 | 0.99523 1.02398 | 1.06104 1.07273 | 1.12466  1.10578

The two types of square power-law FGM sandwich plates with homogeneous soft core and homogeneous hard core are
investigated. Four-layer thickness ratios (2-1-2, 1-1-1, 2-2-1, 1-2-1) are selected for the comparison with [47]. Tables 3t
and 4t give the fundamental frequency parameters «w of these selected plates, that are verified with similar results of
[47].

Tables 3t consider the case of homogeneous hard core in which the Young’s modulus and mass density at z = + h./2
are 380 Gpaand 3800kg/m3, respectively, and at z=—(h./2+h,) and z=(h./2+h,) are 70 Gpa and
2707 kg/m3, respectively. Tables 4t consider the case of homogeneous soft core in which the Young’s modulus and
mass density at z = +h./2 are 70 Gpaand 2707 kg/m?3, respectively, and at z = —(h./2 + h,) and z = (h./2 + hy,)
are 380 Gpa and 3800 kg/m3, respectively. Thickness-side ratio is h/b = 0.01 and three volume fraction indices x
(1,5,10) are considered. Tables 3t and 4t indicate the results of fundamental frequency calculated with present analysis

are in good agreement with results of [47].

Table 3t: Comparison of fundamental frequency parameters @ with [47], for square hard core sandwich plates, (% =0.01)

2-1-2 1-1-1 2-2-1 1-2-1
K [47] present [47] present [47] present [47] present
1.32974 132748 | 1.38511 1.37485 | 1.42992 1.40626 | 1.47558  1.44351
5 0.99903 1.06465 | 1.06309 1.10095 | 1.13020 1.14883 | 1.19699  1.18585

10 0.95934 1.00676 | 1.01237 1.03671 | 1.08065 1.08746 | 1.14408 1.12336

Table 4t: Comparison of fundamental frequency parameters @ with [47], for square soft core sandwich plates, (% =0.01)

2-1-2 1-1-1 2-2-1 1-2-1
K [47] present [47] present [47] present [47] present
1.79163 1.79185 | 1.75379 1.75252 | 1.68184 1.67323 | 1.67490 1.66900
5 1.94313 191014 | 1.93623 1.90684 | 1.86207 1.83289 | 1.88530  1.85992

10 1.94687 1.92450 | 1.95044 1.92970 | 1.88042  1.85849 | 1.91162  1.89235

4. Numerical results

Square sandwich plate with side-to-thickness ratio a/h = 10 is considered. Note that the core of the plate is fully
Stainless Steel while the top and bottom face sheets of the plate are Silicon Nitride/Stainless Steel functionally graded
materials and properties distribution in thickness of the face sheets is by Power-law function, see Fig. 4f. Table 5t

shows the Temperature dependent properties of constituent materials of the FGM face sheets [46]. Fig. 5f, 6f and 7f
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depict the fundamental frequency parameters @ versus temperatures of 1-8-1, 1-1-1 and 2-1-2 simply supported FGM
sandwich plates, respectively, for five values of power-law index (x = 0,0.2,1, 5, =).

It is seen that the fundamental frequency parameters @ increase with increases the face sheet thickness than core
thickness in 1-8-1(Fig. 5f), 1-1-1(Fig. 6f) and 2-1-2(Fig. 7f) FGM sandwich plates, respectively. Because the amount of
ceramic and so structural stiffness increase with increases the face sheet thickness. It is also shown in Fig. 5f, 6f and 7f

that for lower temperatures and for higher power-law indices, the amounts of fundamental frequency parameters are

Silicon nitride
}Z //_—‘ Stainless steel
i

bigger as expected.

he FGM /

; x
ke |- Core(Stainless steel)——-———-—-—f——»
hy, FGM

\
\—»\ Stainless steel
Silicon nitride
Fig. 4f: Tow dimensional view of simply supported sandwich plate with (Silicon Nitride/Stainless Steel) FGM faces and Stainless

Steel core.

Table 5t:Temperature dependent properties of constituent materials of the FGM face sheets [46]

Silicon nitride(Si;N,) Stainless steel(SUS304)
E v p E v p
Co 348.4323 x 10° 0.24 2370 201.03547 x 10° 0.32622351 8166
C_1 0 0 0 0 0 0
Cy —3.0697386 x 10~* 0 0 3.079296 x 10~ —2.001822 x 10™* 0
C, 2.160186 x 1077 0 0 —6.533871 x 1077 3.7973578 x 1077 0
C3 —8.946165 x 10~1? 0 0 0 0 0

[=]
@

Fundamental frequency parameters

(=]
n

04 1 1 1 1 1 1 1 1 Il
300 400 500 600 700 8OO 900 1000 1100 1200 1300
Temperature

Fig. 5f. Variation of fundamental frequency parameter & with temperature, for 1-8-1 and (Silicon Nitride/Stainless Steel/ Silicon

Nitride) FGM sandwich plates at different power-law indices k. (a/b = 1,a/h = 10)
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Fig. 6f. Variation of fundamental frequency parameter @ with temperature, for 1-1-1 and (Silicon Nitride/Stainless Steel/ Silicon
Nitride) FGM sandwich plates at different power-law indices . (a/b = 1,a/h = 10)

2 T T T T T T T T T
181 B
Ceramic
1.6\
x=>5
141 —

Fundamental frequency parameters

=
oo

=
@

[]_4 1 1 1 1 1 1 1 1 1
300 400 500 GO0 OO 8OO 900 1000 1100 1200 1300
Temperature

Fig. 7f. Variation of fundamental frequency parameter @ with temperature, for 2-1-2 and (Silicon Nitride/Stainless Steel/ Silicon
Nitride) FGM sandwich plates at different power-law indices k. (a/b = 1,a/h = 10)

Figs. 8f, 9f and 10f display the fundamental frequency parameters in different temperatures versus power-law index for
1-8-1, 1-1-1 and 2-1-2 FGM sandwich plates, respectively. It is shown that the effect of temperature on the value of
fundamental frequency parameters decrease with increases the FGM face sheets thickness. Because, the effect of

temperature on the metal properties is more important than the effect of temperature on the ceramic properties.
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Fig. 8f. Variation of fundamental frequency parameter @ with power-law index «, for 1-8-1 and (Silicon Nitride/Stainless Steel/

Silicon Nitride) FGM sandwich plates at different temperatures. (a/b = 1,a/h = 10)
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Fig. 9f. Variation of fundamental frequency parameter @ with power-law index «, for 1-1-1 and (Silicon Nitride/Stainless Steel/

Silicon Nitride) FGM sandwich plates at different temperatures. (a/b = 1,a/h = 10)
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Fig. 10f. Variation of fundamental frequency parameter @ with power-law index «, for 2-1-2 and (Silicon Nitride/Stainless Steel/
Silicon Nitride) FGM sandwich plates at different temperatures. (a/b = 1,a/h = 10)

The fundamental frequency parameters (@) versus side-to-thickness ratio (b/h) for square sandwich plates are plotted
in Figs. 11f, 12f and 13f. These figures are plotted for 1-8-1, 1-1-1, and 2-1-2 sandwiches and for different temperatures
and power law indices. In this figures, the fundamental frequency parameters increase with increasing the side-to-
thickness ratio. It should be notice that for side-to-thickness ratio greater than about ten (b/h > 10), the variation of
fundamental frequency parameters are very small. This result indicates that @ is almost constant for high aspect ratio
FGM sandwich plates. Furthermore, increase in the face sheet thickness, decrease in temperature, and increase in the
power law index are cause to increase in the fundamental frequency parameters.

Figs. 14f and 15f show the Fundamental frequency parameters for various core-to-face sheet thickness ratios. Results
related to different temperatures and different power law indices are shown in Figs. 14f and 15f, respectively. From
these two Figures, it is observed that the Fundamental frequency parameters decrease with increasing the core-to-face
sheet thickness ratios. This is due to the fact that core is softer than face sheets. This Result was reverse if we had a hard
core sandwich plate. From Figs. 14f and 15f, one could also observe that the Fundamental frequency parameters

increase with increasing the power law index and decreasing the temperature, as expected.

05 2 s 6 8 10 12 14 16 18 20
h./h;
Fig. 14f. Fundamental frequency parameters (@) as a function of h./h,, for (Silicon Nitride/Stainless Steel/ Silicon Nitride) FGM

symmetric sandwich plates at different temperatures.(a/b = 1,a/h = 10,k = 1)
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Fig. 15f. Fundamental frequency parameters (@) as a function of h./h,, for (Silicon Nitride/Stainless Steel/ Silicon Nitride) FGM
symmetrical sandwich plates at different power-law index k.(a/b = 1,a/h = 10,T = 300K)

7. Conclusions

An improved high-order sandwich plate theory is used to analyze the free vibration of sandwich plates with FGM face
sheets and temperature dependent properties. The second model of Frostig that assumes the through-the thickness
displacements distributions of the core are quadratic and cubic for the vertical and horizontal displacements and
accelerations, respectively, is used in present paper. Hence, the unknowns in this model consist of the coefficients of these
polynomial together with the face sheet displacements. This model implicates the existence of higher-order stress resultants
in the core, which cannot be associated with any meaningful physical interpretation. This model is improved by considering

the in-plane stresses of the core and equations of motion are solved by use a new approach.
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