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Abstract:

In this paper, first the available single charting methods, which have been proposed to detect simultaneous shifts in a single process mean
and variance, are reviewed. Then, by designing proper simulation studies these methods are evaluated in terms of in-control and out-of-
control average run length criteria (ARL). The results of these simulation experiments show that the EWMA and EWMS methods are quite
capable to detect large shifts in the means and variances. However, while the two EWMYV procedures under study do not perform well, the
Max-Min EWMA and Max-EWMA perform very well in all scenarios of mean and variance shifts.
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1. Introduction

Based upon a Shewhart control chart Hotelling (1947)
proposed the first multivariate quality control chart. Alt
(1984) and Lowry and Montgomery (1995) also proposed
multivariate control schemes with similar basis.

Since in situations where the changes are small, EWMA
and CUSUM based control charts have more efficiencies
than the Shewhart control charts, the multivariate cases of
these methods have been investigated by many
researchers. Woodall and Ncube (1985) and Runger
(2004) are some of the authors who have studied the
MCUSUM and Lowry et al. (1992) and Reynolds and
Kim (2005) are some of the authors who have developed
the MEWMA. All of these researchers considered the
cases in which only the mean vector is monitored.
However, Reynolds and Cho (2006) proposed a MEWMA
based control chart on combination of sample means and
on the sum of squared regression adjusted deviation from
target to simultaneously monitor mean vector and
covariance matrix.

The multivariate quality control schemes mentioned
above are extensions of one-variable ones. One way to
obtain a multivariate quality control scheme is to extend a
high performance one-variable quality control scheme to
multivariate situations.

In a transmission phase from one-variable to multivariate
control schemes, some Univariate control charts focus on
controlling the mean and the variance by only one control
chart. In this research, some of these methods are studied
in detail. In section two, we review the existing Univariate
control charting methods that monitor both mean and
variance simultaneously. Then in section three, we
compare their performances through different simulation
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studies by ARL criteria. The conclusion comes in section
four.

2. Some Methods in Univariate Simultaneous
Monitoring

In this section, we review some statistical process control
methods, which simultaneously control the mean and
variance of a single quality characteristic. All of these
procedures are based on the EWMA method.

Macgregor and Harris (1993) proposed EWMS and
EWMYV control charts. The former only monitor the shifts
in variance and is not a simultaneous monitoring method.
However, the latter is sensitive to shifts in both mean and
variance. Another method was proposed by Amin et al.
(1999) and named Max-Min EWMA. The last reviewed
method is Max EWMA and proposed by Chen et al. at
2001. The performances of all studied method are
calculated in term of ARL.

2.1 Assumptions and Notations

I. The sequence of random variables X i i=12,..., n;,
j=1, 2,... is an independent normal distribution with
mean / and covariance O ? Ifall n; are equal, then the
index ] will drop from n Iz Moreover, if n i =1 for

all j, then the index i will drop from X i -

II. The sample mean and the sample variance are
estimated by equations (1) and (2) respectively.
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1 <
X;=— Xij (1)
I’lj i=l1

S} = (2)

III. The standardized values of the random variables in I.

1 < _
DX, —x,)
i=1

nj—l =

are denoted by Y.
2.2. EWMS Method

The basis of this method is similar to the EWMA method

except that instead of X ;, the square deviation of X

from the mean is used. In this procedure, the statistic to
monitor the variance is given in equation (3).
(3)

Si=(1-DS_ +AX, -’ , S;=0

It can be shown that:

E[$*]=0" (4)
The approximate distribution of this statistic is given in
equation (5).

2
2 2 I(V) _ 2-1
S’ f2 | y="22
1% A
So that the control limits are:

2.3. EWMV Method

The control statistic of this method is a combination of the
control statistic in EWMA and EWMS methods as in

equation (7).
V=(1-HV, +AX,-Z) ,V;=0" (1)

Where Zj is given in equation (8).
Z=(10-nNZ_+rX, , Z,=u (8)
It can be proven that the approximate distribution of Vi is
obtained by equation (9).
Va 2EV
S:Uo'gx, 8= Wl 2EVE )
20° HV] Var{V]
Where E[V] and Var[V] are calculated according to
Sweet (1986). So the control limits will be:
(10)

LA=0(1- 84, 4,)} ad UL=011+, ;]

2.4. Max-Min EWMA Method

The control statistic in this method is based on applying
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the EWMA method on the maximum and minimum of the
observations in the sample. If we define
(11)

M, :miax Y;,1 ., m, :miin [Y;]

Then we’ll have:

12
L=(-A)L  +Aim, (12)

H,=(1-)H, +AM, (13)
In (12) and (13) L, and H, are selected as the expected

values of m ; and M ; Where process is in control.

In this method, the control limits are considered as:

ICL=y,—-Ko, . UCL=u,+Ko, 14)

Where

Hy, == My, = Elmax[Y;]] (15)

and
A : 16
0, =07 Sarmiy o= a-a-2) ¢
So that So that the shifts in the mean and increases in the
variance are detectable, simultaneously.

2.5. Max EWMA Method

This method is based on the transformation of the usual
control space (sample mean and sample variance) to a
special space in which each of transformed control
parameters have the same PDF, e.g. standard normal
distribution. The transformed values of the sample mean
and the sample variance are denoted by U and V as
follow:

Uj:J;j(Xj_ﬂ)
(o}

(n; =S}
2

L (n, = D)]

(17)

—P! 18
V. =®"'[H( (18)
In (18), H is CDF of a chi square random variable with
(n; —1) degrees of freedom and ®' is the inverse
function of CDF of a standard normal random variable. It

is clear that U ; has standard normal distribution. If we

variable A.

define random ; as
(n; =S}
A =H(———,(n,—1)), it is easy to show
J 0.2 J
that A ; has continues uniform distribution. So

Vj =d'[A j] follows standard normal distribution, the

same distribution as U ;- We note that by these

transformations the effects of different rational subgroups
are omitted. To detect smaller shifts in the mean and
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variance, a EWMA method is setup on each of U and V

variables and new variables are named Y and Z,
respectively as:
(19)

V==Y, +AU; , ¥,=0
(20)

Z,=(1-MZ_+AV, , Z,=0

In the Max EWMA method, we then combine the
EWMAs given in equations (19) and (20) into one chart

by defining variable M as:
M, =max(|Y,].|Z, ] 1)

Since M ;is positive, only upper control limit is required

and it is considered as:

UCL;=E[M ]+ K \Var[M ]

The moments of M i is obtained by using its probability

(22)

distribution as follows:
f(m)y=4r, p(rm)[2P(r;m) —1]
Where

(23)

2-1
TN AN-A-AY)
See Chen et al. (2001) for more details.

(24)

3. Performance Evaluations of the Existing Methods

To compare the performances of the existing methods in
simultaneous monitoring of the mean and variance, we

have set their input parameters so that their ARL for a

specific value of smoothing parameter (i.e. A ), are

equal. Knowing that in EWMYV method there are two
smoothing parameters, A and r, in this research for a
specific amount of A, two values of

r were considered (# =0.05,0.10). The comparison is

done  for ARL, =185,250,370,500,  and

A1=0.05,0.10.

To calculate sets of parameters which lead to desired
values of ARL, with a specific A, 100,000 runs were

done (Table 1). To compute ARL, s of each method for

different scenarios of mean and variance shifts, 10,000
replications were made in each of the above four in-control
average run lengths. The results are shown in Tables 2 to
5. In these tables the "-" sign indicates cases in which

their ARL, are too large, i.e., their corresponding mean

shifts could not be detected. Moreover, each ARL is given
along with its estimated standard error

The results of Tables two to five show that the EWMA and
EWMS methods, as expected, can only detect the shifts in
the mean and changes in variance with relatively large
magnitudes. The performance of the two EWMYV methods
is not as well as expected. However, the last two methods,
namely Max-Min EWMA and Max EWMA, work well. In
some cases the former is the best and in others the latter is
the best. Hence these two methods were selected to be
generalized to the multivariate case.

Table 1
Parameter estimation of the existing Methods
Parameters Methods -
EWMA EWMS EWMV (r=0.05) EWMV(r=0.10) Max-Min EWMA Max EWMA
ARL, A L (74 (74 (74 K K
185 0.05 2.17829 0.03382 0.0300000 0.0192090 2.18436 2.23051
0.10 2.42047 0.01910 0.0221194 0.0157558 2.48318 2.59557
250 0.05 2.31984 0.02363 0.021666 0.012613 2.33985 2.44787
0.10 2.54428 0.01336 0.016141 0.011328 2.62476 2.78646
370 0.05 2.48804 0.01476 0.013637 0.007430 2.53128 2.70893
0.10 2.70001 0.00083 0.010826 0.007453 2.79967 3.02235
500 0.05 2.61368 0.01027 0.009593 0.005000 2.66976 2.90146
0.10 2.81400 0.00573 0.007992 0.005462 2.92450 3.19703

4. Conclusion

In order to simultaneously monitor the mean and
the variance of a quality characteristic in quality
control environments, in this research first we
reviewed and summarized the existing methods.
Then, by proper and extensive simulation
experiments we compared their performances by in-
control and out-of-control average run length in
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different scenarios of mean and variance changes.
The results of these simulation experiments showed
that the EWMA and EWMS methods are quite
capable to detect large shifts in the mean and
variances. However, while the two EWMV
Procedures did not perform well, the Max-
MinEWMA and Max-EWMA performed very well
in all scenarios.
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Table 2
Out-of-control Average Run Length for ARL 0= 185

A lul o EWMA EWMS EWMV(r = 0.05) EWMV(r =0.10) Max-Min EWMA Max EWMA
ARL error ARL | error ARL error ARL error ARL error ARL | error

0.5 - 0.00 16.43 | 0.03 15.01 0.02 15.96 0.02 - 0.00 6.49 0.01

0.75 | 1054.7 10.49 3793 | 0.19 30.14 0.14 30.28 0.13 - 0.00 16.67 | 0.07

0.0 1 186.63 1.77 184.6 | 1.76 184.2 1.71 184.56 1.65 184.4 1.78 183.1| 1.71
1.5 43.69 0.39 13.29 0.1 17.89 0.13 25.32 0.19 7.36 0.03 8.16 0.03

2 21.69 0.19 6.06 0.04 7.35 0.05 9.26 0.06 3.8 0.01 4.21 0.01

0.5 23.38 0.08 31.47 | 0.13 18.14 0.03 17.54 0.03 - 0.00 6.42 0.01

0.75 | 22.67 0.11 1365 | 1.17 35.73 0.15 32.69 0.13 47.37 0.31 8.98 0.02

0.5 1 21.39 0.12 73.44 | 0.67 188.9 1.69 186.61 1.61 13.09 0.06 9.34 0.03
1.5 18.98 0.14 10.9 0.08 15.75 0.12 23.87 0.18 5.51 0.02 6.66 0.02

2 15.22 0.12 5.69 0.04 7.02 0.05 8.88 0.06 3.49 0.01 4.03 0.01

0.5 9.03 0.02 164.1 | 1.46 27.41 0.04 21.85 0.03 16.69 0.05 4.3 0.01

0.75 9.09 0.03 3249 | 0.24 48.33 0.16 38.64 0.13 8.55 0.02 4.35 0.01

0.05 ] 1.0 1 9.22 0.04 16.2 0.11 172.2 1.71 197.0 1.66 5.94 0.02 4.42 0.01
1.5 9.24 0.05 7.44 0.05 11.6 0.1 20.46 0.18 3.84 0.01 4.34 0.01

2 9.06 0.06 4.77 0.03 5.9 0.04 7.76 0.06 2.89 0.01 3.49 0.01

0.5 5.71 0.01 9.58 0.04 38.34 0.04 27.59 0.03 6.31 0.01 3.00 0.00

0.75 5.8 0.01 8.2 0.04 50.71 0.25 45.55 0.13 4.81 0.01 3.00 0.00

1.5 1 5.88 0.02 6.84 0.04 80.75 1.39 191.54 1.7 3.92 0.01 3.01 0.01
1.5 5.97 0.03 4.87 0.03 7.18 0.06 14.46 0.15 2.93 0.01 3.03 0.01

2 6.15 0.03 3.83 0.03 4.74 0.03 6.31 0.05 2.42 0.01 2.87 0.01

0.5 4.28 0.01 4.28 0.01 19.26 0.19 33.44 0.03 4.05 0.01 2.12 0.00

0.75 4.31 0.01 4.1 0.02 13.23 0.2 47.25 0.19 342 0.01 2.22 0.00

2.0 1 4.37 0.01 3.88 0.02 9.98 0.36 127.55 1.64 2.99 0.01 2.28 0.00
1.5 4.52 0.02 3.51 0.02 4.65 0.03 8.88 0.10 2.44 0.01 2.37 0.01

2 4.58 0.02 3.01 0.02 3.61 0.02 4.75 0.04 2.09 0.01 2.34 0.01

0.5 - 0.00 15.49 | 0.04 13.56 0.03 13.32 0.03 - 0.00 5.61 0.01

0.75 | 1696.1 17.01 4745 | 0.33 33.34 0.21 29.55 0.17 - 0.00 16.65| 0.09

0.0 1 182.6 1.76 187.1 | 1.81 185.3 1.77 183.87 1.71 186.82 1.83 188.5| 1.80
1.5 34.22 0.3 12.65 0.1 15.75 0.13 22.98 0.19 6.4 0.03 6.9 0.03

2 15.73 0.14 5.59 0.04 6.42 0.05 8.17 0.06 3.2 0.01 3.46 0.01

0.5 33.39 0.2 40.29 | 0.25 17.15 0.04 15.03 0.03 - 0.00 5.50 0.01

0.75 | 26.37 0.17 208.3 | 1.91 39.97 0.22 32.7 0.18 77.06 0.65 8.00 0.02

0.5 1 21.97 0.15 72.96 | 0.68 183.9 1.72 190.27 1.75 12.88 0.07 8.31 0.03
1.5 16.99 0.13 10.62 | 0.08 14.26 0.12 22.02 0.19 491 0.02 5.57 0.02

2 12.11 0.1 5.32 0.04 6.13 0.05 7.84 0.06 2.98 0.01 3.31 0.01

0.5 8.38 0.02 355.6 | 3.47 27.04 0.05 19.56 0.03 20.35 0.09 3.57 0.01

0.75 8.44 0.03 37.53 | 0.31 51.91 0.23 38.35 0.17 8.12 0.03 3.67 0.01

0.10 | 1.0 1 8.35 0.04 16.19 | 0.13 154.2 1.73 191.11 1.75 5.32 0.02 3.71 0.01
1.5 8.16 0.05 7 0.05 10.1 0.1 18.29 0.18 3.33 0.01 3.59 0.01

2 7.61 0.05 4.43 0.03 5.17 0.04 6.75 0.05 2.49 0.01 2.84 0.01

0.5 4.97 0.01 9.64 0.05 35.85 0.06 24.67 0.03 5.70 0.01 2.38 0.00

0.75 5.08 0.01 7.9 0.05 47.34 0.31 43.39 0.18 423 0.01 243 0.01

1.5 1 5.14 0.02 6.44 0.04 67.38 1.34 170.89 1.72 343 0.01 2.48 0.01
1.5 5.22 0.03 4.59 0.03 6.3 0.06 12.74 0.15 2.56 0.01 2.55 0.01

2 5.25 0.03 3.57 0.03 4.12 0.03 5.51 0.05 2.10 0.01 2.34 0.01

0.5 3.64 0.01 3.91 0.01 15.32 0.17 28.52 0.05 3.50 0.01 2.00 0.00

0.75 3.68 0.01 3.72 0.02 11.07 0.2 39.26 0.24 2.95 0.01 2.00 0.00

2.0 1 3.74 0.01 3.59 0.02 9.52 0.4 102.03 1.56 2.57 0.01 2.00 0.00
1.5 3.87 0.02 3.21 0.02 3.99 0.03 7.46 0.1 2.11 0.01 2.00 0.01

2 3.95 0.02 2.87 0.02 3.27 0.02 4.29 0.04 1.82 0.01 1.95 0.01
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Out-of-control Average Run Lengths for ARLO =250

y) ,U o EWMA EWMS EWMV(r = 0.05) EWMV(r =0.10) Max-Min EWMA Max EWMA
ARL error ARL | error ARL error ARL error ARL error ARL error
0.5 - 0 17.8 0.03 16.27 0.03 17.36 0.03 - 0 6.88 0.01
0.75 | 1806.79 18.01 42.66 | 0.23 33.83 0.16 33.99 0.15 - 0 17.85 0.07
0.0 1 247.35 2.34 253.14 | 243 248.46 2.33 246.45 2.26 250.98 2.44 254.03| 2.43
1.5 52.03 0.46 14.48 | 0.11 19.37 0.14 27.87 0.2 8 0.04 8.62 0.04
2 24.74 0.21 6.36 0.04 7.75 0.05 9.83 0.07 4.07 0.02 4.43 0.02
0.5 26.14 0.09 35.2 0.15 19.47 0.03 18.93 0.03 - 0 6.8 0.01
0.75 | 25.02 0.12 177.51 | 1.55 39.5 0.17 36.56 0.15 56.04 0.38 9.54 0.02
0.5 1 23.4 0.13 85.41 | 0.78 255.26 2.33 25391 2.28 14.33 0.07 9.93 0.03
1.5 20.74 0.15 11.93 | 0.09 17.4 0.13 26.56 0.2 5.91 0.02 7.06 0.03
2 16.71 0.13 6 0.04 7.36 0.05 9.49 0.07 3.73 0.01 4.24 0.01
0.5 9.72 0.02 231.75 | 2.14 28.86 0.04 23.19 0.03 18.48 0.05 4.55 0.01
0.75 9.87 0.03 37.8 0.27 52.14 0.17 42.28 0.15 9.3 0.03 4.6 0.01
0.05 | 1.0 1 9.88 0.04 17.8 0.12 238.82 2.38 261.39 2.27 6.38 0.02 4.64 0.01
1.5 9.88 0.05 7.94 0.05 12.57 0.1 22.48 0.19 4.06 0.01 4.57 0.01
2 9.85 0.06 5.05 0.03 6.24 0.04 8.3 0.06 3.07 0.01 3.69 0.01
0.5 6.12 0.01 10.59 | 0.04 39.8 0.04 28.93 0.03 6.81 0.01 3.07 0
0.75 6.2 0.01 8.84 0.04 57.1 0.25 49.51 0.15 5.14 0.01 3.12 0
1.5 1 6.27 0.02 7.27 0.04 124.24 2.04 255.2 2.3 4.18 0.01 3.15 0.01
1.5 6.44 0.03 5.29 0.03 7.93 0.07 16.8 0.17 3.15 0.01 3.19 0.01
2 6.5 0.04 3.99 0.03 491 0.03 6.69 0.05 2.56 0.01 3 0.01
0.5 4.54 0.01 4.59 0.01 25 0.21 34.88 0.03 4.33 0.01 2.29 0
0.75 4.59 0.01 4.38 0.02 17.69 0.26 53.35 0.19 3.64 0.01 2.36 0
2.0 1 4.63 0.01 4.11 0.02 16.14 0.68 188.89 2.23 3.16 0.01 2.39 0
1.5 4.76 0.02 3.64 0.02 4.92 0.04 9.94 0.12 2.57 0.01 2.46 0.01
2 4.89 0.02 3.24 0.02 3.92 0.03 5.27 0.04 2.22 0.01 2.46 0.01
0.5 - 0 16.83 | 0.04 14.57 0.03 14.3 0.03 - 0 5.92 0.01
0.75 | 2821.17 28.46 57.77 | 0.42 38.43 0.25 33.89 0.2 - 0 18.39 0.1
0.0 1 252.56 2.45 252.51 | 2.47 251.72 2.39 251.09 2.41 251.74 2.46 248.71| 2.44
1.5 39.54 0.35 13.64 | 0.11 17.03 0.14 25.16 0.21 6.92 0.03 7.39 0.04
2 17.95 0.16 5.89 0.05 6.76 0.05 8.57 0.06 3.39 0.01 3.62 0.01
0.5 40.38 0.25 48.03 | 0.31 18.35 0.04 16.06 0.03 - 0 5.77 0.01
0.75 | 29.72 0.2 292.68 | 2.75 45.49 0.26 36.88 0.2 98.92 0.86 8.51 0.03
0.5 1 2431 0.17 85.55 | 0.81 251.42 243 253.45 2.35 14.19 0.08 8.84 0.04
1.5 17.97 0.14 11.17 | 0.09 15.09 0.13 23.79 0.21 5.15 0.02 5.83 0.02
2 13.28 0.11 5.45 0.04 6.32 0.05 8.16 0.06 3.11 0.01 343 0.01
0.5 9.02 0.02 573.69 | 5.62 28.41 0.05 20.64 0.04 23.54 0.11 3.73 0.01
0.75 9.04 0.03 43.65 | 0.38 57.47 0.26 42.76 0.2 8.74 0.03 3.82 0.01
0.10 | 1.0 1 9.02 0.04 17.82 | 0.14 217.37 243 252.03 2.36 5.67 0.02 3.87 0.01
1.5 8.78 0.05 7.35 0.06 10.95 0.11 20.13 0.2 3.52 0.01 3.75 0.01
2 8.15 0.06 4.69 0.03 5.45 0.04 7.25 0.06 2.61 0.01 2.97 0.01
0.5 5.27 0.01 10.75 | 0.05 37.28 0.06 25.68 0.03 6.11 0.01 2.54 0
0.75 5.33 0.01 8.4 0.05 53.55 0.34 47.82 0.2 4.47 0.01 2.54 0.01
1.5 1 541 0.02 6.73 0.04 98.49 1.85 235.63 2.34 3.58 0.01 2.56 0.01
1.5 5.53 0.03 4.85 0.03 6.73 0.06 14.53 0.17 2.7 0.01 2.63 0.01
2 5.53 0.03 3.72 0.03 4.35 0.03 5.82 0.05 2.19 0.01 245 0.01
0.5 3.83 0.01 4.17 0.01 19.19 0.19 29.81 0.04 3.71 0.01 2 0
0.75 3.87 0.01 3.97 0.02 14.17 0.24 45.62 0.26 3.12 0.01 2.02 0
2.0 1 3.9 0.01 3.73 0.02 12.44 0.54 151.38 2.25 2.7 0.01 2.04 0
1.5 4.05 0.02 3.34 0.02 4.19 0.03 8.32 0.11 2.21 0.01 2.07 0.01
2 4.13 0.02 2.95 0.02 3.39 0.02 4.46 0.04 1.89 0.01 2.03 0.01
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Table 4

Out-of-control Average Run Length for ARLO =370

1 lul o EWMA EWMS EWMV(r=0.05 | EWMV(r=0.100 | Max-MinEWMA | Max EWMA |

ARL error ARL | error ARL error | ARL | error | ARL | error | ARL | error |
0.5 - 0 1945 [ 0.03 | 17.78 0.03 | 19.02 0.03 - 0 732 | 001
0.75 | 3581.4 | 35.58 4998 | 028 | 38.68 0.19 39.07 0.17 - 0 19.58 | 0.08
00| 1 | 36583 3.56 37036 | 3.51 | 3663 3.43 366.42 3.42 366.46 35 368.49 | 3.53
15 | 65.07 0.58 15.57 | 0.12 20.9 0.15 30.7 0.23 8.82 0.04 92 | 0.04
2 | 2955 0.25 6.78 | 0.05 8.26 0.06 10.53 0.07 4.42 0.02 468 | 0.02
05 | 29.94 0.11 4064 | 0.18 | 21.14 0.03 20.59 0.03 - 0 724 | 001
0.75 | 28.05 0.14 24901 | 2.24 | 44.66 0.2 41.52 0.17 69.69 0.49 1027 | 0.03
05| 1 | 2642 0.15 106.85 | 0.99 | 374.66 3.5 374.58 3.41 15.82 0.07 10.58 | 0.04
15 | 2295 0.16 1297 | 0.09 | 19.23 0.15 30.03 0.23 6.44 0.03 759 | 0.03
2 18.83 0.15 637 | 004 | 785 0.05 10.13 0.07 3.98 0.01 447 | 001
05 | 1057 0.02 356.18 | 3.3 30.73 0.04 24.99 0.03 20.94 0.06 482 | 001
0.75 | 10.67 0.03 4434 | 033 | 57.68 0.2 4753 0.18 10.18 0.03 486 | 001
0.05[1.0] 1 10.7 0.04 19.66 | 0.14 | 354.33 3.54 384.79 3.44 6.95 0.02 493 | 001
15 | 10.83 0.06 8.64 | 0.06 | 14.25 0.12 26.17 0.22 4.4 0.01 488 | 001
2 10.51 0.07 532 | 004 | 6.65 0.05 8.99 0.06 3.27 0.01 3.88 | 0.01
05 | 661 0.01 11.84 | 0.05 41.6 0.04 30.6 0.03 7.43 0.01 32 0
075 | 6.68 0.01 974 | 005 | 6428 0.26 54.5 0.18 5.57 0.01 327 0
15| 1 6.77 0.02 797 | 004 | 207.51 3.14 379.3 3.49 4.51 0.01 331 | 001
15 | 686 0.03 559 | 0.04 8.7 0.07 19.16 0.2 3.35 0.01 336 | 0.01
2 6.97 0.04 424 | 0.03 5.25 0.04 7.36 0.06 2.73 0.01 3.17 | 0.01
05 | 487 0.01 497 001 | 3276 0.22 36.61 0.03 4.67 0.01 2.58 0
075 | 492 0.01 475 | 002 | 2413 0.32 59.4 0.2 3.93 0.01 2.55 0
20| 1 4.97 0.01 445 | 002 | 2827 1.19 301.71 3.48 3.4 0.01 255 | 001
1.5 5.1 0.02 3.88 | 0.02 5.32 0.04 11.7 0.14 2.74 0.01 258 | 0.01
2 5.19 0.02 3.37 | 0.02 4.12 0.03 5.65 0.04 2.34 0.01 258 | 0.01
0.5 - 0 186 | 005 | 1588 0.04 | 1554 0.03 - 0 627 | 0.02
0.75 | 5803.97 | 58.34 7425 | 0.55 | 46.46 0.32 40.05 0.24 - 0 2038 | 0.11
00| 1 | 37081 3.66 370.83 | 3.62 | 367.51 3.61 361.42 3.42 374.56 3.72 365.81| 3.53
1.5 | 4892 0.45 1505 | 0.12 | 18.78 0.15 28.19 0.23 7.61 0.04 7.89 | 0.04
2 | 2068 0.18 6.28 | 0.05 7.18 0.05 9.14 0.07 3.65 0.02 3.81 | 0.01
0.5 | 52.86 0.36 6098 | 042 [ 19.99 0.05 17.43 0.04 - 0 6.16 | 0.01
075 | 356 0.24 480.06 | 4.65 | 53.33 0.31 43.29 0.25 138.94 1.26 9.14 | 0.03
05| 1 | 2798 0.2 109.89 | 1.04 | 371.15 3.59 381.61 3.6 15.83 0.09 94 | 0.04
1.5 | 2032 0.16 1232 | 0.1 16.88 0.15 27.25 0.24 5.52 0.03 6.19 | 0.03
2 14.74 0.12 595 | 004 | 6.89 0.05 8.92 0.07 3.35 0.01 3.65 | 001
05 | 9.84 0.03 1066.5 | 10.6 | 30.13 0.05 22 0.04 28.62 0.15 393 | 0.01
075 | 9.81 0.04 53.83 | 046 | 6537 0.32 48.73 0.25 9.6 0.03 4 0.01
0.10 [1.0] 1 9.67 0.04 19.89 | 0.16 | 329.38 3.62 384.1 3.64 6.09 0.02 405 | 001
15 | 939 0.06 8.07 | 0.06 | 12.14 0.12 23.06 0.23 3.73 0.01 3.93 | 0.01
2 8.78 0.06 496 | 004 | 577 0.04 7.69 0.06 2.77 0.01 3.12 | 001
05 | 5.66 0.01 1221 | 0.06 | 39.16 0.06 27.01 0.04 6.62 0.01 2.73 0
075 | 5.74 0.02 941 | 005 | 6427 0.38 5474 0.26 4.81 0.01 267 | 001
15| 1 5.81 0.02 738 | 005 | 171.38 3.02 350.94 3.62 3.83 0.01 268 | 0.01
15 | 584 0.03 518 | 004 | 735 0.07 16.24 0.19 2.82 0.01 273 | 0.01
2 5.9 0.04 3.92 | 0.03 4.56 0.03 6.24 0.05 231 0.01 257 | 001
05 | 4.06 0.01 453 | 002 24.6 0.21 31.22 0.04 3.97 0.01 2 0
075 | 4.11 0.01 429 | 002 | 2039 0.33 53.24 0.29 3.31 0.01 2.04 0
20| 1 4.17 0.01 401 | 002 | 23.11 1.05 246.78 3.4 2.87 0.01 2.09 0
15 | 425 0.02 35 | 0.02 4.46 0.04 9.91 0.15 232 0.01 2.13 | 001
2 439 0.02 3.09 | 0.02 3.53 0.03 472 0.04 2 0.01 212 | 0.01
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Table 5

Out-of-control Average Run Length for ARLO =500

1 ,U o EWMA EWMS EWMV(r = 0.05) EWMV(r =0.10) Max-Min EWMA Max EWMA
ARL error ARL error ARL error ARL error ARL error ARL error
0.5 - 0 20.75 0.04 18.93 0.03 20.25 0.03 - 0 7.67 0.01
0.75 | 6160.44 60.37 56.1 0.31 429 0.21 43.34 0.2 - 0 20.69 0.08
0.0 1 495.88 4.82 500.16 | 4.82 497.85 4.76 497.93 4.67 500.92 4.83 505.5 4.78
1.5 75.44 0.69 16.83 0.12 22.51 0.16 33.28 0.24 9.39 0.04 9.63 0.04
2 33.53 0.29 7.12 0.05 8.63 0.06 11.02 0.07 4.7 0.02 4.87 0.02
0.5 33.33 0.13 449 0.2 22.43 0.04 21.89 0.03 - 0 7.59 0.01
0.75 | 30.79 0.15 319.41 | 2.89 48.7 0.22 45.6 0.2 83.56 0.61 10.82 0.03
0.5 1 28.65 0.17 123.28 | 1.11 510.8 4.81 510.82 4.77 17.02 0.08 11.08 0.04
1.5 25.04 0.18 13.68 0.1 20.44 0.15 32.17 0.25 6.71 0.03 7.94 0.03
2 20.39 0.16 6.67 0.05 8.22 0.06 10.64 0.07 4.23 0.02 4.67 0.01
0.5 11.26 0.02 513.95 | 4.79 32 0.04 26.21 0.03 23 0.07 5.02 0.01
0.75 11.32 0.03 49.64 | 0.37 61.89 0.22 51.52 0.2 10.85 0.03 5.07 0.01
0.05]1.0 1 11.31 0.04 21.22 | 0.15 487.57 4.92 515.68 4.73 7.33 0.02 5.1 0.01
1.5 11.4 0.06 9.07 0.06 15.12 0.13 28.03 0.23 4.61 0.01 5.08 0.02
2 11.18 0.07 5.61 0.04 7.02 0.05 9.49 0.07 3.45 0.01 4.06 0.01
0.5 6.96 0.01 12.73 0.05 42.88 0.04 31.91 0.03 7.86 0.01 3.34 0
0.75 7.02 0.02 10.22 | 0.05 69.89 0.27 58.81 0.2 5.85 0.01 3.39 0.01
1.5 1 7.09 0.02 8.36 0.05 293.87 43 506.77 4.66 4.73 0.01 343 0.01
1.5 7.26 0.03 5.83 0.04 9.3 0.08 21.65 0.22 3.5 0.01 3.49 0.01
2 7.34 0.04 4.43 0.03 5.55 0.04 7.81 0.06 2.87 0.01 3.31 0.01
0.5 5.13 0.01 5.28 0.02 37.75 0.21 37.92 0.03 4.93 0.01 2.76 0
0.75 5.18 0.01 5.04 0.02 30.86 0.37 64.38 0.22 4.13 0.01 2.69 0
2.0 1 5.24 0.01 4.73 0.02 50.22 2.04 430.28 4.76 3.58 0.01 2.66 0.01
1.5 5.34 0.02 4.03 0.02 5.69 0.04 13.23 0.16 2.87 0.01 2.68 0.01
2 5.46 0.02 3.51 0.02 4.35 0.03 6.09 0.05 2.46 0.01 2.68 0.01
0.5 - 0 20.15 0.06 16.86 0.04 16.47 0.04 - 0 6.54 0.02
0.75 - 0 92.15 0.72 53.63 0.37 45.89 0.29 - 0 22.17 0.12
0.0 1 496.93 4.89 501.66 | 5.01 500.7 4.83 503.88 4.79 510.13 5.05 508.77| 4.95
1.5 55.98 0.52 16.46 | 0.13 20.22 0.16 30.47 0.25 8.13 0.04 8.25 0.04
2 23.07 0.2 6.66 0.05 7.58 0.06 9.63 0.07 3.87 0.02 3.98 0.02
0.5 66.64 0.49 75.56 | 0.55 21.24 0.05 18.44 0.04 - 0 6.46 0.01
0.75 | 40.64 0.28 722.86 | 7.02 61.29 0.38 49.04 0.3 180.31 1.67 9.62 0.03
0.5 1 31.58 0.23 135.48 1.3 500.54 4.93 502.33 4.76 17.25 0.1 10.01 0.04
1.5 22.29 0.17 13.28 0.1 18.33 0.16 29.28 0.25 5.86 0.03 6.57 0.03
2 15.9 0.13 6.18 0.05 7.05 0.05 9.19 0.07 3.49 0.01 3.76 0.01
0.5 10.52 0.03 1829.48 | 18.24 31.41 0.06 23 0.04 33.25 0.18 4.09 0.01
0.75 10.53 0.04 64.71 0.57 73.13 0.38 54.43 0.29 10.26 0.04 4.15 0.01
0.10 | 1.0 1 10.46 0.05 2236 | 0.18 450.16 4.88 505.23 4.81 6.44 0.02 422 0.01
1.5 9.92 0.06 8.52 0.06 13.1 0.13 24.95 0.24 39 0.01 4.09 0.01
2 9.34 0.07 5.11 0.04 5.95 0.05 8.03 0.06 2.87 0.01 3.24 0.01
0.5 5.95 0.01 13.53 0.07 40.5 0.06 28.02 0.04 7.02 0.01 2.83 0
0.75 6.03 0.02 10.08 | 0.06 72.62 0.44 60.16 0.3 5.01 0.01 2.78 0.01
1.5 1 6.07 0.02 7.95 0.05 257.21 4.32 479.34 4.88 4.01 0.01 2.78 0.01
1.5 6.21 0.03 5.45 0.04 7.87 0.08 18.24 0.21 2.95 0.01 2.83 0.01
2 6.12 0.04 4.05 0.03 4.74 0.04 6.5 0.06 2.39 0.01 2.64 0.01
0.5 4.26 0.01 4.84 0.02 28.92 0.21 32.37 0.04 4.15 0.01 2.01 0
0.75 4.31 0.01 4.56 0.02 24.5 0.39 59.4 0.32 3.45 0.01 2.07 0
2.0 1 4.36 0.01 4.24 0.02 37.03 1.7 338.76 4.51 2.97 0.01 2.13 0
1.5 4.49 0.02 3.69 0.02 471 0.04 10.65 0.16 2.4 0.01 2.21 0.01
2 4.54 0.02 3.17 0.02 3.62 0.03 4.92 0.04 2.06 0.01 2.16 0.01
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