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Considering the essential role of inverse matrices in engineering
sciences and considering the class of matrices inverses. Now, We
introduce a new class of generalized inverse which is called n-strongly
Drazin inverse and some elementary properties of the n-strongly
Drazin inverse are obtained. Certain multiplicative and additive results
for the n—strongly Drazin inverse in a Banach algebra are presented.
We then apply some conditions under which a 2 X 2 block operator
matrix has n-strongly Drazin inverse over Banach spaces.

Introduction

Matrix
mathematical methods used in engineering sciences. In

analysis is one of the appropriate
methods based on matrix analysis special inverse matrix
, properties of matrices are used in linear algebra
problems. For the first time, the structure of matrix
converters was presented by gyagy and pully under the
purely theoretical concept with the motivation of
optimizing the fundamental performance of cyclo-
converters, in order to obtain output voltage with
unlimited frequency and direct conversion using
controllable two-way switches.

Considering the essential role of matrix inversion in
problems related to electrical energy systems, in this
article, a new method for the invariability of individual
block matrices, using the n-strongly Drazin inverse
definition, has been investigated and studied.

Let A be a Banach algebra with an identity. We
first recall the definitions of some generalized
inverses. As is well known, in 1958, Drazin [7]

defined, an element a € A has Drazin inverse if

Doi:

there is the element x € A which satisfies
x € Comm(a), xax = x, a — a’x € N'(A).
Here W' (A) is the set of all nilpotent elements in
A. The element b above is unige if it exists and is
denoted by a? and called the Drazin inverse of a.
The Drazin inverse has many applications in singular
differential equations and singular difference
equations [1, 2], Markov chains [10, 11] and
iterative methods [6]. Recently, several subclasses
of the Drazin inverse have been studied. In 2017,
Wang [14] gave the notion of the strongly Drazin
inverse in a ring. An element a € A has strongly
Drazin inverse if there is a unige common solution
to the equations
x € Comm(a), xax = x,a — ax € N (A)

and we denoted by a*¢ . We know that in a Banach
algebra A, a € AP if and only if it is the sum of an
idempotent and a nilpotent that commute, if and
onlyifa —a? € N (A) [4, Theorem 2-1]. Here, q €
A is an idempotent if g2 = q. In same year, Chen
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and Sheibani [5] definded, the Hirano inverse of
a € A is the unige element a € A satisfying

x € Comm(a), xax = x, a’> — ax € N(A)
and we denoted by a™ . They characterized the
Hirano inverse by tripotents. Here, q € A is a
tripotent if g3 = q. Also, they showed that, a € A
if and only if a — a® € A [5, Theorem 3-1], if and
only if it is the sum of a tripotenet and a nilpotent
that commute [3, Theorem 2-8].

In 2019, Mosic [13]
n-strongly Drazin inverse (or ns—Drazin inverse),

gave the notion of the

which is a new class of Drazin inverse and the
ns-Drazin inverse a € A is the unige element x €
A if such element exists, and if it satisfies
x € Comm(a), xax = x, a™ —ax € N'(A)

for some n € N and we denoted by a™¢. In [16],
Zou and Mosic et al. investigate the structure of a
ring in which every element satisfies the condition
a—a™**!' € A is nilpotent for a fixed n. We
observed these inverses form a subclass of Drazin
inverses which is related to periodic elements in a
A. We denote the set of all
ns-Drazin invertible elements in A by A™P.

Banach algebra

We present some ns-Drazin inverses for a
2 X 2 operator matrix M under a number of
different conditions, which generalize [16, Theorem
5-11]. If a € A has ns-Drazin inverse a™<. The

element a™ =1 — aa™¢

is called the spectral
idempotent of a. In this Section, we consider the
ns-Drazin inverse of a 2 X 2 operator matrix M
under the perturbations on spectral idempotents.

These also extends [8, Theorem 4-1] to wider cases.

1- Additive results

In this section we are concern on additive
property of the n- strongly Drazin inverse of the
sum in a Banach algebra A. We introduce two
known Lemmas which are related to the nilpotency.

Lemma 1-1. [17] Let a, b € A with ab = ba.
(1) faeN(A)orb € N(A),then
ab € N(A).
(2)Ifa,b € N (A), thena + b € N (A).

Lemma 2-1. [17] Let a, b € A be such that ab = 0.
Then
a,b€eEN(A) = a+ beN(A).

Proposition 3-1. [17] Every ns—Drazin invertible
element in a Banach algebra is Drazin invertible
element.

Theorem 4-1. [17] Let n € N. Then a € A™P if
and only if a — a™*1 € W (A).

Theorem 5-1 [17] Let a, b, c € A. If aba = aca,
then ac has ns-Drazin inverse if and only if ba has
ns—Drazin inverse.

Corollary 6-1. Let a,b € A. If ab has ns-Drazin
inverse, then so has ba.

Corollary 7-1. [17] Let a € A and m € N. Then
a € A™P ifand only if a™ € A™P.

Lemma 8-1.[17] Leta,b € A and ab = 0. Then
a,be AP @ a+ b e A™PD,

Theorem 9-1. Let a,b € A™P. If a®bh = 0, ba’h =
0, abab = 0 and b%ab = 0, thena + b € A™?P.

Proof. Let
M
:[ab2+a2b+bab+b3 a2+ab+ba+b2]
ab® + a’b? a3+ab? + a’b + aba
=F+G
Where
F= [b3 a2+ab+ba+b2]
0 a3
and
G = [ab2+a2b+bab 0 ]
ab® + a®b? ab? + a®b + aba

Obviously, we have FG = 0 and G? = 0. Further,
we see that

F=[b3 a2+ab+ba+b2]
0

a3

0 a’+ ba] [b3 b? + ab]
= + =K+1L
0 a3 0 0



It is easy to verify that

2
K = [g a ;ba] _ [a;-zb][o al.
Since

[0 a] [a;b] = a3 € A™P
by Corollary 6-1, we have K has ns—Drazin inverse.
Similarly, L has ns-Drazin inverse. Obviously,
KL = 0. In light of Lemma 2-1, F has ns-Drazin

inverse and so M is ns-Drazin invertible. Also we

w= (e )

By using Corollary 6-1,
1
b 11| ]

a
has ns-Drazin inverse, which implies that a+b has

compute that
3

ns-Drazin inverse, as required.

Corollary 10-1. [17] Let a+ b € A™P. If a’b =0
and bab = 0,thena+ b € A™P.

Proof. This is
O

immediate by Theorem 2-9.

We are now ready to prove:

Theorem 11-1. let a,b € A™P. If a?h=0,
bab? = 0 and (ab)? = 0,thena + b € A™P,

Proof. let p=a®?+ab and q = b? + ba. Since
(ab)?=0 and we have ab— (ab)>? €A is
nilpotent. Hence, by using Theorem 4-1, we see
that ab € A™P. By using Corollary 6-1, ba €
A™P. In view of Corollary 7-1, a? b? € A™P.
Since a?(ab) = 0, it follows by Lemma 8-1, that
p € A™P. As (ba)b? = 0, we see that g € A™P.
Clearly,

p%q = (a® + ab)(ab® + ab?a) =0,

qpq = (b% + ba)(ab3 + ab?a) = 0.
According to Corollary 9-1,
(a+b)2=p+q€A™P.
a+beA™?,

Therefore 10-1.

O

by Corollary
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2- Operator Matrices

To illustrate the preceding results, we are
concerned with the ns-Drazin inverse for an
operator matrix. Throughout this section, the

operator matrix
A B
M=1l¢c b
where A € L(X)™P, Be L(X,Y), C € L(Y,X) and
D € L(Y)™P. Using different splitting approach
and Theorem 11-1,
conditions for the ns—Drazin inverse of M.

we will obtain various

Lemma 1-2. Let A € L(X)™Pand D € L(Y)™P.
Then

1A 0 10 0 1A 0
K‘[o 0]'L_[0 D a”dH_[o D]
have ns-Drazin inverse.
Proof. Consider the splitting of,
10 01_T7060 .
L=1lo b _[1][0 D] =PQ.

Since QP = D has ns-Drazin inverse, by using
Corollary 6-1, L =PQ has ns-Drazin inverse.
Simillary, K has ns—Drazin inverse.

For H, write

R i

Since pq=0, by Lemma 8-1, H=p+q has

ns-Drazin inverse.

O

Lemma 2-2. [4] Let B € L(X,Y) and C € L(Y,X). If
CB € L(Y)™P, then

k=[0 ®

c 0
has ns-Drazin inverse.

Lemma 3-2. Let D,CB € L(Y)™P.I1f CBD = 0, then
_ [0 B
N= [c D
has ns-Drazin inverse.

Proof. Consider the splitting of,
_ [0 B1_10 B 0 07_
v=[c pl=le ol+lo pl=rP+e
By Lemmas 1-2 and 2-2, P and Q have ns—-Drazin
inverse. According to the assumptions, we have,
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Pa=[) cppl vt =0
and

[0 BDy?
(PO =1, 0]

Therefore P2Q =0, QPQ? =0 and (PQ)?=0.
Applying Theorem 11-1, M = P + Q € L(X®Y)™P,

as asserted. O
Theorem 4-2.let A€L(X)"Pand D,CBE€
L(Y)nSD,
If CBD = 0, A>B = 0 and CAB = 0, then
_[A B
M=z pl
has ns-Drazin inverse.
Proof. Write
A Bl _[A O 0 By _
M_[C pl 1o o]+[c D]_P+Q

By Lemmas 1-2 and 3-2, P and Q have ns—-Drazin
inverse. We check that

ra-[p 7] oo
And

0 0 ]
CABC CABD

, [0 AB7?
Hence, we have

P?Q =0,QPQ* =0and (PQ)* = 0.

Then by Theorem 11-1, we complete the proof and
M =P+ Q € L(X®Y)™P,
O

Corollary 5-2. Let A € L(X)™P and, CB € L(Y)™P
.IfCBD = 0and AB = 0, then M € L(X®Y)"™P.

Proof. If AB = 0 then A2B =0 and CAB = 0. So

we get the result by Theorem 4-2.

O

Proposition 6-2. let A € L(X)™Pand D,CB €
L(Y)™P I1f CBD = 0, BCA = 0 and DCA = 0, then
M € L(X®Y)™P.

Proof. Write

m=[c pl=le bl+[o o=r+e

Simillary Theorem 4-2, we have P2Q = 0, QPQ? =
0 and (PQ)? = 0. By Theorem 11-1, we complete
the proof and M =P+ Q€LX®Y)™P.

O

Corollary 7-2. let A€L(X)™? and D,CBE€

L(Y)™P. If CBD=0 and CA=0, then M€
L(X@Y)™sP.
Proof. We get the result by Peropsition6-2. O

3- Perturbation

Now let M be an operator matrix that

A B
M = .

c D
It is of interest to consider the n-strongly Drazin
inverse of M under generalized Schur condition
D =CA™PB (see [11, Theorem 2-1]). Let
W = AA™Y + A™2BCA™Y, We now derive

Theorem 1-3. Let A € L(X)™P and D € L(Y)™P. If
AATBC =0, A™BCA™ =0, ABCA™=0, D=
CA™%B and AW has ns-Drazin inverse, then M €
L(X@Y)™sP.

Proof. We easily see that

_JA B _
M_[C CA“SdB]_P+Q
Where
_ [0 A™B _ [A AA™4B
P=ly "o land @=]g Cansap):

It is not hard to see that

P3Q =0,QP?Q =0,PQPQ = 0 and Q*PQ = 0.
In view of Theorem 2-9, P is nilpotent and it has
ns—-Drazin inverse. Moreover, we have

Q=0:+0Q;
Where
_ AAT 0 _ AZATLSd AATLSdB
Q= {cym 0] and @z = [CAA”Sd CA™?B

that Q,Q; = 0 and Q; is nilpotent. We easily check
that

nsd
Q= [‘gjnsd] [A  AA™s4B].

By hypothesis, we see that



AAnSd
CAnSd]
— AZAnSd + AAnSdBCAnSd

[A AA™S9B] [
=AW

has ns-Drazin inverse. Obviously, @, has ns-Drazin
Therefore @ has

According to Theorem 9-1,
O

ns-Drazin inverse.
M € L(X®Y)™P,

inverse.

Corollary 2-3. Let A € L(X)™P? and D € L(Y)™P. If
ABC =0, A"BC =0, D = CA™?B and AW has
ns—Drazin inverse, then M € L(X®Y)™P,

Proof. This is obvious
O

by Theorem 1-3.

Regarding a complex matrix as the operator
matrix on C X --- X C, we now present a numerical

example to demonstrate Theorem 1-3.

Example 3-3. Let

1 0 0 O 1 0 ]
|0 0 0 O 11 -1
4=1o 0 o of B -1 1
01 1 0 1 -1
_mnm 1 11 M
c=[y 5 5 qledn=[;
be complex matrices and set
_[A B
M=1c D]'
Then
1 0 0 O 0 0 0O
nsa _ 10 0 0 O z_10 1 0 O
A 10 0 0 O'A 10 0 1 0
0 0 0 O 0 0 0 1

We easily check that
AATBC = 0, A"BCA™ =0,
ABCA™ = 0,D = CA™4B.

In this case, A and D have ns-Drazin inverses.

Theorem 4-3. Let A € L(X)™P, D € L(Y)™P. If
BCAA™ =0, ATBCA =0 and D = CA™B, then
M € L(X®Y)"sP.

Proof. Clearly, we have

Paper Title

_[A B _
M_[C CA”SdB]_P+Q
Where
_ AZAnsd B _ AA” 0
P_[ C CA"SdB]'Q_[ 0 0]'

By assumption, we verify that P2Q = 0, QPQ%? =0
and (PQ)? = 0. In view of in Theorem 11-1, Q is
nilpotent, and then it has ns-Drazin inverse.
Moreover, we have

P=P +P
AAnsdB

ATB A2 Ansd
] C'AnSdB

= [CA” CAAnsd
and PP, = 0. Since P,3 =0, therefore P, has
ns—-Drazin inverse. Moreover, we have

nsd
P2 I:Ainsd:l [A AAnSdB]
By hypothesis, we see that

AAnSd
CAnSd]

= AZA™? + AA™STBCA™? = AW
is ns—Drazin invertible. Therefore P, has ns-Drazin
inverse. By virtue of Theorem 11-1, M€

L(X®Y)™P, as required. O

[A AA™9B]

Corollary 5-3. let A € L(X)™P, D e L(Y)™P. If
BCA =0and D = CA™%B, then M € L(X@®Y)"™P.

Example 6-3. Let

1 0 0 O 1 1]
10 0 0 O |1 -1
4=lo 0 1 of 8% 0 1}
01 00 0 0 |
1110 _[—1 07
¢= [1110 dD_[—l 04
be complex matrices and set
_[A B
M_C Dl
Then
1 0 0 O 0 0 0O
nsa _ [0 0 0 O #_10 1 0 0
A 0 0 1 O’A 0 0 0 of
0 0 0O 0 0 0 1

We easily check that
BCAA™ = 0, ATBCA =0 and D = CA™“B.
In this case, A and D have ns-Drazin inverses.
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