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1 Introduction

Stochastic differential equations (SDEs) are widely used in various real-world systems, including
economics and finance. Fuzzy stochastic differential equations (FSDEs) are particularly useful in
addressing problems involving dual uncertainties of fuzziness and randomness concurrently (see [2, 8, 9,
21]). Several papers have explored FSDEs using different approaches. In this study, we focus on the
application of fuzzy stochastic integrals of both 1t6 and Lebesgue-Aumann types.

The definition of the fuzzy 1t6 integral was introduced by Kim [10], while Malinowski presented novel
approaches to define the fuzzy stochastic Itd integral in [13, 15, 16]. The method involves transforming the
fuzzy It6 integral into a fuzzy set space, resembling classical d-dimensional Ité integrals. The fuzzy
stochastic integral in [13, 15, 16] is driven by a combination of the Wiener process and fuzzy
non-anticipating stochastic processes. To provide an overview of different approaches to studying FSDEs,
Michta [20] presents three methods. There are also papers similar to the setup in [17], considering a class of
FSDEs driven by a continuous local martingale. Fei in [6] introduces the fuzzy stochastic integral for the
continuous local martingale class, incorporating non-Lipschitzian conditions to establish the existence and
uniqueness of solutions. In [7], a class of FSDEs with a Lipschitzian condition driven by a continuous local
martingale is explored. Additionally, [8] examines FSDEs driven by fractional Brownian motion. Recent
progress has been made in SDEs with anticipating integrands, which find applications in finance. The
Malliavin calculus plays a pivotal role in the analysis of stochastic differential equations with non-adapted
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processes and in sensitivity analysis of price functions in finance. The Skorohod integral, or anticipating
integral, extends the It0 integral to accommodate non-adapted integrands. However, the existence and
uniqueness of solutions for anticipating SDEs are still unknown. In the Skorohod integral, the boundedness
of the Malliavin derivative of the process is required, but closed-form formulas are generally not available,
and the conventional Picard iteration method cannot be applied. Some results exist only for specific cases of
crisp SDEs (see [4]). In [9], the Gaussian Malliavin derivative in fuzzy space was defined to investigate the
existence and uniqueness of solutions to linear Skorohod fuzzy stochastic differential equations involving
non-adapted fuzzy processes.

This paper proposes a class of FSDEs with non-adapted process integrands. By utilizing the
correspondence between Skorohod integrals and It6-Skorohod integrals established in [26], we introduce a
class of anticipating equations that can be solved using standard iterative techniques. The Black-Scholes
model, commonly employed in option pricing (see [3]), assumes the absence of arbitrage opportunities in
the market and describes the price movements of financial instruments through geometric Brownian
motion. However, the model parameters may be imprecisely estimated as fuzzy numbers. The structure of
the paper is as follows: Section 2 provides preliminaries and definitions of fuzzy random variables,
measurable multi-functions, anticipating fuzzy stochastic integrals, fuzzy stochastic processes, and
Gaussian Malliavin calculus results. In Section 3, we propose a class of 1t6-Skorohod FSDEs and present
their solutions using iterative methods, along with an example in finance. The conclusion is presented in the
final section.

2 Preliminaries
2.1 Gaussian Malliavin Calculus

The purpose of this section is to recall some definitions and results on Malliavin calculus operators defined
on Gaussian space. We can also refer the reader to [21] for more details. Consider a centered Gaussian
process W on [0, T] defined on its canonical complete probability space (€, 4, P). Denote by S a family
of smooth functionals

F=fW,,..W), ti,...t, €[0,T], 1)

where n > 1, and the function f is an infinitely differentiable on R™ such that all its partial derivatives
have polynomial growth property. The Malliavin derivative DF that belongs to L?([0,T] x Q) is defined
by

n
DeF = ) 0uf Wey, s We D024 (0 @
i=1

The Malliavin derivative is a dense and closed operator in L?((), that its domain Dom D is the closure
of smooth random variables with respect to the following norm

T
E|F|? + [Ef |D,F|?dt. 3)
0

The iterated derivative D*F belongs to the space L2 (TX" X Q), forevery k > 0. Forevery p > 1 and
k > 0, D*P denotes the closure of S with respect to the norm
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k
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1P, = IF W2y + > 1D o e (4)
j=1

The adjoint of the operator D is denoted by &, and is called the Skorohod integral. The domain of &,
denoted by Domé, is the set of square-integrable random variables u € L2([0,T] x ) such that
T
|1Ef0 u(t)DeFdt| < CIIF|l 2(q).
Then, the duality relationship is
T

E(F§(u)) = E f u.D.Fdt,u € Domé,F € S. (5)
0

The variance of the Skorohod integral is

T T T
E(5%(w)) = IEf u?dt + IEf f Dgu,D,ugdtds. (6)
0 0o Yo

The space L*P: = D*?(L%([0,T])), coincides with the class of processes u € L?([0,T] x Q) such that
u, € D*P for almost all t.

Let u € Domé and F € D2 such that E (F2 fOT u%dt) < oo, then

T T T
f Futth = Ff utthdt + f (DtF)utdt, (7)
0 0 0

such that Fu € DomS§ if and only if the right-hand side of (7) is square-integrable.
We can consider the following processes

J5 u(s)dw (s),

t
Jo [E(v(s)|A[S,t]c)dW(s),
where u,v € L*P, for k > 1, p > 2; as Skorohod and Itd-Skorohod integral processes respectively
(see [26]). It can be shown that (see [27]) the two classes coincide for regular integrands.

2.2 Fuzzy Background

This section includes some preliminaries and definitions on fuzzy numbers and fuzzy stochastic integrals
which are taken from [15], [17], [12], [18], [24] and references therein. Let us denote by K(R) the family
of all convex, compact and nonempty subsets of R. We define the Hausdorff metric dy by

dy(A,B) = max {ilelglgggla — bl,zlégérelgla — bl}.

The metric space K (R) with respect to dj; is separable and complete. If A4,B,C € K(R), then dy (A +
C,B+C)=dy(AB).

Definition 2.1 Consider the probability space (£, 4, P). The mapping F: 2 — K(R) issaidtobe A —
measurable if it satisfies:
{w e QF(w)NC +# ¢} EA,
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for any closed set C c R.
Denote by M, a family of A — measurable multifunctions with values in K(R).

Definition 2.2 A multifunction F € M is LP — integrably bounded, for p = 1, if thereis h €
LP(2,A,P,R,) suchthat |||F]|| < h a.s., and
HWHP:QAR{®)=§%ﬂfw for F € K(R), R, = [0, o).
€

F € M is L? —integrably bounded if and only if |||F||| € LP(©, 4, P, R,). Define
LP(Q, A P;K(R)) ={F € M:|||F|l| € LP(Q, A, P,R})}.

A fuzzy set u € R is determined by its membership function, u: R — [0,1] and u(x), for x € R. is the
membership degree of x in fuzzy set u. Let us denote by F(R) the fuzzy sets u: R — [0,1] such that
[u]* € K(R) forevery a € [0.1], where [u]® = {x € R:u(x) = a}.

For scalar multiplication and addition in fuzzy set space F(R) one can write

[Au]® = ALu]?,

[u+v]* = [u]” + [v]%
where u,v € F(R), A € R, and a € [0,1]. The metric d: F(R) X F(R) — [0, o) is defined by
doo(u,v) = sup dy([u]® [v]?),
a€l0,1]
then it is famous that (F(R), d,) is a complete metric space with metric d, in F(R). For every fuzzy
elements u,v,w,z € F(R), A1 € R, we have the following properties (see [17] and [22]):

cdo(u+w,v+w) =dy(uv),
cdeo(U+w,v+w)=deo(u,w)+de,z),
e doo(Au, Av) = |A|de (U, v).

Define (-): R = F(R) as an embedding of R into F(R),
1 fora=r,

{ri(a) = {0 fora e R\{r}’

Definition 2.3 A function X: 2 — F(R) on the probability space (12, 4, P) is a fuzzy random variable if
for all @ € [0,1] the mapping [X]*:2 — K(R) is A —measurable multifunction.

Consider a metric p in the set F(R), and o —algebra B, that is derived by p. A fuzzy random variable
is defined as a mapping between two spaces (2, 4) and (F(R),B,). Thatis, X is A|B, —measurable. The
following metric is also used

ds(u.v): = infmax{ sup |A(t) —t|, sup dH(Xu(t),Xu(A(t))}.
AeA te[0,1] tef0,1]

where A is the set of strictly increasing continuous functions A:[0,1] = [0,1] such that 4(0) = 0,

A(1) =1, and X, X,:[0,1] = F(R) are cadlag representations for the fuzzy sets u, v € F(R) (see [5]).

Proposition 2.4 [14] Consider X: 2 — F(R) on the probability space (2, 4, P), then
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- X'is a fuzzy random variable if and only if X is measurable with respect to A|Bg_.

- If X'is measurable with respect to A|B,_, then it is a fuzzy random variable; the opposite implication is
not true.

Therefore, the measurability on F(R) with respect to the metric d, iS not equivalent to the
measurability of the a —level mappings.

Definition 2.5 A fuzzy random variable X, is LP —integrably bounded, for p > 1, if [X]* €
LP(0,A,P,K(R)), forevery a € [0,1].

Let us denote by L? (Q, A, P; F(]R)), the set of all LP —integrably bounded fuzzy random variables. The
random variables X,Y € LP(Q, A, P; F(R)) are identical if P(d,(X,Y) =0) = 1.

It is easy to see that for X: Q — F(R) being a fuzzy random variable and p > 1, the following conditions
are equivalent:

a) X € LP(Q, A, P; F(R)),

b) [X]° € LP(Q, 4, P,K(R)),

c) IIX1°Mll € LP(Q, A, P, Ry).

Let I:=[0,T], and (Q, A, P) be complete with a filtration {A;}:¢; satisfying an increasing and right
continuous family of sub ¢ —algebras of A, and contains null sets.

Definition 2.6 If X(t): 2 - EP(R), forevery t € I, is a fuzzy random variable, then X:I1 x 2 - EP(R)
is a fuzzy stochastic process.

Definition 2.7 If almost all trajectories of a fuzzy process X(-, w): I X 2 — F(R) are d. —continuous
then the process is d,, —continuous.

Definition 2.8 If [X]%:1 x 2 — K(R) is B(I) ® A — measurable function for all « € [0,1], where
B(I) is Borel o —algebra of subsets of I. Then, the process X is measurable.

Definition 2.9 A fuzzy process X is LP —integrably bounded (p > 1), if there exists a real-valued
process h € LP(I x 2,B(I) ® A; R,) such that
Xt )]l < h(t, w),
for almost all (t,w) €1 x Q.

Denote by LP(I x Q,B(I) ® A; F(R)) the set of LP —integrably bounded fuzzy stochastic processes.
Consider X € LP(I x Q, B(I) ® A; F(R)), according to the Fubini’s theorem, the fuzzy integral is defined
by

fOT X(s,w)ds.
where w € Q\N, N € A and P(N) = 0. The level sets of this fuzzy integral are the set-valued Aumann
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integrals of level sets of X(:,w). For every a € [0,1], and every w € Q\N, the Aumann integral
fOT [X(s,w)]*ds belongsto K(R) (see [11]), so we have a fuzzy random variable fOT X(s,w)ds € F(R)
for every w € Q\N ( see [16]).

Definition 2.10 The fuzzy stochastic Lebesgue-Aumann integral of X € L*(I x 2,B(I) ® A; F(R)) is
defined as:

110,/ ()X (s, w)ds forevery w € Q\ N

T
Ly(t.w) = fo (8)

(0) for every w € N
Proposition 2.11 [14] For the stochastic integral L,, we have the following properties:
)Forp=>1,if X e LP(I x Q,BU) ® 4; F(R)), then L, (-,) € LP(I X Q,B(I) ® A; F(R)).
2)If X € L*(I x Q,B(I) ® A; F(R)), then {L,(t)}se; is do, —continuous.

3)Let X,Y € LP(I x Q,B(I) ® A; F(R)), for p > 1, then
sup db, (Lx(u),Ly(u)) <tp1 fot db,(X(s),Y(s))ds a-e-

u€lo,t]
Let us denote by (-): R —» F(R) an embedding of R into F(R) i.e. for r € R,

1 for a=r,

(r)(a) = {0 for a € R\ {r}’
For a random variable X: Q — R on the probability space (Q, 4, P), the embedding (X): Q — F(R) isa
fuzzy random variable.
We consider fuzzy stochastic It6 integral by the fuzzy random variable as < fOT X (s)dW(s)), where W is
a Wiener process. The following properties will be useful.

Proposition 2.12 (Ref. 15) Let the process X € L2(I x 2, B(I) ® A; R). then {<f0t X(s)dW(s)>} is

tel
a fuzzy stochastic process and < fot X (s)dW(s)> belongsto L2(I x 2,B(I) ® 4; F(R)).

If the process X € L?(I x Q,B(I) ® A;R), then we can easily show that {<f0t X(s)dW(s)>} is
tel
d ., —continuous.

3 1td-Skorohod Fuzzy Stochastic Differential Equations
In this paper, we consider the following fuzzy stochastic differential equation
{dX(t) = f(t, X(©))de + g(t, X (£) )aw (v),

X(O) = xOI
on a complete probability space (€, A, P) with filtration (A(t))¢so , Where f:[0,) X F(R) = F(R)
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and g:[0,0) X F(R) —» F(R). Here F(R) is the family of all fuzzy sets of which level sets are nonempty
closed convex subsets of , the set of all real numbers R, and (W (t));»o iS a 1- dimennsional Brownian
motion. The solution of fuzzy stochastic differential equation is satisfying in

t t
Xt)=x +f f(s,X(s))ds +f g(s,X(s))dW(s), a.s.
0 0

In this section, we consider an example of the fuzzy stochastic differential equations under the
Lebesgue-Aumann integral, random coefficients, and Brownian motion. Using the Picard’s iterations
method, we state a theorem of existence and uniqueness for a class of anticipating stochastic differential
equations. We know that this iteration method cannot be implemented in anticipating stochastic calculus
since the mean square of the Skorohod integral formula includes the Malliavin derivative and a closed form
formula cannot be found. Here, we consider a class of anticipating FSDEs that can be solved by the iteration
method.

3.1 Picard lteration Method

The Picard’s iteration method is famous in SDEs and the differential equations theory. One can construct
a random processes sequence which converges to a solution of the equation (see [1] ). Define X™(t) by the
equation

t t
X)) =X, + j f(s,X™(s))ds + f 9(s,X™(s))dW (s), X, = X(0), (9)
0 0

where {W(t)};»o be a standard Brownian motion on a probability space (Q, 4, P), and functions f and
g satisfy these conditions for some constant k > 0

CH If(t,x) = fENIP+1gtx) =gt WI> <klx—y]*, x,y ER, t 20

C) Ift,0)*+ gt x> <k(1+x?%), xER, t =0.

All the processes X™(t) are well-defined with continuous paths. By induction and showing that the limit
process is a solution to the SDE and the sequence X™(t) uniformly converges on compact time intervals,
the existence of solutions for the equation (9) is proved. The sequence of random variables X™(t) for each
t > 0 converges in L? to a random variable X (t). The first term of the sequence X, and then for t in any
bounded interval [0,T], X (t) are bounded uniformly in L?. Then there exists C = C; < oo foreach T <
oo such that for all t < T we have E(X'(t) — X°(t))? < C. By hypotheses C1 and C2, the Itd isometry
property and application of the triangle inequality, one can obtain E(X™(t) — X" 1(t))? < «,. forall n €
N. Hence, the sequence of Picard’s iterations X™(t) has a limit X(t) in L? at all ¢ > 0. For the
uniqueness of the solution, consider that there exist two continuous solutions for some initial value x as
follows:

X)) =x+ fot f(s,X(s))ds + fot 9(s,X(s))aw (s),
and
Y(t) = x+ [, f(s,Y(s)ds + [] g(s,Y(s))dW ().
Then the difference is
Y(O) —X(@) = fot (f(s,X(s)) = f(s,Y(s)))ds + fot (9(s,X(s)) — g(s,Y(s)))dW (s).(10)

Although the second moment in (10) can be bounded, its second integral cannot be bounded pathwise.
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From the isometry property, we have

E{J} (9(s,X(s)) ~ g(s, ¥ (AW ()} < k2 [ E®X(s) — Y ())?ds,
where k is a constant. Then
E(X(t) —Y(t)? <2k?(1+T) fot E(X(s) — Y(s))%ds.
One can suppose the finite and integrable J(t) = E(X(t) — Y(t))? on compact time intervals, from the
Gronwall inequality we have J(t) = 0 for all ¢t € I, then the uniqueness would be proved.

3.2 1t6-Skorohod Model

Consider the following Skorohod fuzzy stochastic differential equation

X(®) = Xo + [ £(5,X(s))ds + < Iy 9 (s E(X()|Afs0)) dW(s)>,X0 = X(0) a.s.,
with coefficients f: 1 X Q X F(R) - F(R) , g:1 X Q X F(R) - F(R), and the fuzzy random variable
Xo:Q - F(R).
Definition 3.1 A strong solution to (11) is a fuzzy process X such that
« X el?(IxQ,B(I) Q4 F(R)),

* X is a continuous fuzzy process with respect to d,,

* A strong solution X is known to be strongly unique, if
doo(X(t, ), Y(t,)) =0
where Y:I x Q = F(R) is any strong solution of (11).

Assumptions 3.2 Now we consider assumptions on the equation coefficients:
Al) The mapping f:1 x QX F(R) - F(R) is B(I) ® A ® By |B;, —measurable. and g: I X Q X
F(R) » Ris B(]) ® A ® By |B(R) —measurable.

A2) Forevery t €1, and every u,v € F(R) there exists a constant L > 0,
max{d%(f(t, w,w), f(t, w,1)),1g(t, w,u) — g(t, w,v)|*} < Ld%(w,v),P —a-e-

A3) Forevery t €I and every u € F(R) there exists a constant € > 0 such that
max(dZ(f (¢, ,u),(0)), lg(t, 0, w)|?} < C(1 + dZw,(0)),P—a-e-

Proposition 3.3 Let X,Y € L2(I x 2,B(I) ® A; R), then for every t € I
E sel[lopt]dé(ug‘ EX ()1 As,)dW (), (fy EY ()1 Afs.)dW (5)))
u .

< 4E [, dZ(E(X(9)|Aps ) (ECY (5)|Aps 1)) ds. (12)
Proof: Let us consider the process Z(t) = fot E(X(s)|A[s,ee)dW (s), then E(Z(t) — Z(s)|A[s,g¢) = 0,
which implies that the projection of Z(t) on the Brownian filtration is a martingale. From (6), we have an
isometry property
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E(fy EX()IAs,g9)dW () = E [ (E(X(5)]A[s.))2ds.
Now due to the Doob inequality. isometry property, and 1t0 integral we have

E sup d2((fy EQX)1As)dW () {y” EX ()ldps)dW (s)))
= Eusél[lopt]d%,({fo” E(X(5)IAs)dW ()} (S 95 EY ()|As,1))dW (s)})
= uzusel[lopﬂllf;‘ (EX(9)IAs) — EY($)IA50))aw )|

< 4| [ (EQX()|Afs.e1e) — BV (9)[Afs )W ()]
= 4E [* |EX($)IA[s9) — EQY ($)|Aps ) || ds
= 4E fot dZ% (E(X(9)|Afs,00)), (EQY ()| A 1)) s

Theorem 3.4 Let X, € L?(2, Ao, P; F(R)). Suppose that f:1 x 2 x F(R) - F(R) and g:1 x 2 x
F(R) — R, satisfy assumptions (A1)-(A3). Then Equation (11) has a unique strong solution.
Proof: Consider the Picard iterations. X°(t) = X,, andforn=1,2, ...

X"(u) =X, + fou f(s,X™(s))ds + <f0u g (s, E(Xn(5)|A[S,t]c)) dW(s)), a.s. (13)
Denote
jn(@) =E Sl[lp]dgo(Xn(u),Xn_l(u)),
u€lfo.t

for n € N and t € I. Then, using propositions 2.11, 3.3, and assumption A3, we can write
2(®) =E sup. d% (' (5, X0())ds + (f; (s, EQX°(s)|As,e1)dW (5)),(0))

E sup d? (f f(s,X°(s))ds, (0))

+1Eusup d? ((f (s, EXO(s)|Afs,q )dW (s)),(0))

< 2[tE [§ dZ(f (s, X°(s)),(0))ds + 4E [ d%({g(s, ECX°(5)|A[s10)), 0))dis|
< Kt

forevery t € I, where K; = 4C?(T + 4)(1 + E|||[X]°]]|?) < oo. Then, similarly
jn#1(8) < 2(t + DLE [ B (X"(s), X"~} ())ds

<2(t+4)Lf, E sup dZ (X" (W), X" (w))ds
uelo,s]
< 2(T + 4)L [, ja(s)ds.
Hence
j() < 20T + 4 (1 + ENXIIDL St € Ln € N.
From the Chebyshev’s inequality it follows that .
P(supd?, (X" (W), X"~ () > 7)< 2%n(T).

The series Y.o—1 2™j,(T) is convergent. From Borel-Cantelli lemma, we can write
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1
w2)r

P (supdoo(X"(u),X"‘l(u)) >

uel
For almost all w € Q, there exists ny(w) such that
supdo, (X™(w), X" 1 (w)) <

ue€l

infinitely 0ften> =0.

1 .
_ >
wor’ if n ny.

The sequence X™ (-, w) is uniformly convergent to a d,-continuous function X™(-,w) for every w €
Q., where Q. € A and P(Q.) = 1. For the mapping X:I x Q — F(R), we can define X"(-,w) = X™(-
,w) If w € Q. and X™(-,w) as freely chosen fuzzy function in the case w € Q \ (.. For every a €
[0,1] and every t € I with a.s. we have

dy([X"®]% [X(®)]*) >0 as n— oo

Therefore, X is a continuous fuzzy stochastic process. Then from X" € L2(I x Q,B(I) ® A; F(R)) we

get X € L2(I x Q.B(I) ® A; F(R)). Hence. we can verify

Esup [do, (4" (1), () + o (X7(8), Xo + [ (s X()ds + ([ 905 BXOIAsa)dW (5)))]
tends to zero as n goes to infinity. Then
EsupdZ, [(X(0), %o + Jy £(5,X()ds + (s 96 EXlAgsqen)aw s))] = o.

2

Therefore
supd., |(X(9,Xo + [y £5.X()ds + ([} 965 EX© A )aw )] = 0, as,

which shows the existence of the strong solution.
Let us now assume that X,Y: 1 x Q — F(R) are strong solutions. Consider

j(t) = E sup d5(X(w),Y(w)),
u€(o,t]
then
j(©) < (m+1)(t + 4m)LE [ dZ(X(s),Y(s))ds < (m + 1)(T +4m)L [ j(s)ds.
Applying the Gronwall inequality yields j(t) = 0 for t € I. Hence
supdoo(X(t),Y(t)) =0, a.s.,
tel

which completes the proof of strongly uniqueness.

Remark 3.5 Consider the following equation

X(© = EXO14e) + f; £ EXlApsgeDds + {3 90 B As,g))dW (5)).14)
Following the lines of the proof of Theorem 3.4. we can easily show that (14) admits a unique solution.

Corollary 3.6 Consider the following stochastic fuzzy differential equation
X(6) = EX(0)|Ae) + f, aE(X(s)|Ap e )ds +
(s 28 (K +%3) [Agsre ) aw ), (15)

where X, € L?(Q,40,P;F(R)), ab€eR, and X}, Xj:R,xQ->R such that [X()]'=
[X1(t), X5 (®)]. Then, there exists an explicit solution.

Proof: The equation (15) satisfy assumptions of Theorem 3.4. In order to find a closed explicit form of
solution to (15), for a = 0, we can write the following systems
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XE() = E(XE(0)|Ace) + fy aB(XE(S)|Apse)ds + [§ ZE(XE(S) + X§ ()| Apgege)dW (s)
X3 () = EQXG(O0)|Ae) + [y aB(XG(9)|Afs,ge)ds + [ ZE(XE(S) + X3 ()IAfs,ge)dW (5)
then
XL + X5 () = E(XL(0) + X (0)|Ase) + fot aE(XL (s) + X§ (DA e)ds
+J! bE ((XL1 (s) + X5 (s)) A[S,t]c) AW (s),
Hence, it has a unigue solution
XL(®) + Xb(0) = B (0) + X3 (O)|Ac)exp (bW (D) + (@ = Dt} (16)
Now for every a € [0,1], we apply similar procedure to obtain the following systems

XE(t) = EXEO)|Aee) + f; aB(XE(S)|Aps,)ds + [ SE(XE(S) + X§ ()| Apsge)dW (s)
X§(t) = EXE(0)|Aee) + [y aB(XE ()| Aps,g)ds + [ SE(XE(S) + X§ ()| A qe)dW (5)
We apply the solution (16) to get the following system
X[ () = E(X[(0)]Are) + fot aE(XL ()| A[s,1e)ds
2
+ 5 SEXZ(0) + X3 (0)|Acexp (bW (s) + (a = Z)s} dW (s)
X§(©) = EXGO)Aw) + [y aE(XE ()] A epe)ds
+ 5 SEXE(0) + X3 (0)|Ace)exp (bW (s) + (a — )5} aW (s) (17)
Hence. we obtain the unique solution as follows

(X2 () = e [EXE(0)|Ac) + 2EXE(0) + X3 (0)]Aee) fy exp {pW(s) =2 s} aw (s)]

(18)
X (0) = e [EQXE(0)]4ce) +2ECRE(0) + X5 (0)|Aee) [} exp (bW (s) — 25} dw (s)]
Then the fuzzy solution X for a = 0 is
X(6) = eME(X(0)]Aee) + (ZECKE(0) + X (0)|Are)e [ exp (bW (s) -
s} dW(s)>. (19)
For a < 0, we can show that
X[ () = E(X[(0)]Age) + fot aE (X5 ()| Afs,e)ds
+ J2 2B 0) + Xy (O)Ac)exp (bW (s) + (a = D)s} dw (s)
X§ () = EXEO)Ace) + J aE(XE ()] A )ds
+ 13 2EXE0) + X3 (O) A )exp (bW (s) + (a — D)s} aw (s). (20)

then
X7 (t) = E(X[(0)|Ac) - cosh(at) + E(X{F(0)|Agc) - sinh(at)

+2EXE0) + X3 (0)]4,) fy exp (bW (s) =25} aw (s)
X&(t) = E(XE(0)|Aye) - sinh(at) + E(XE(0)|A,c) - cosh(at)
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+2EXHO) + XA f exp (bW (s) — 2 s} aw (s). 1)
Therefore, in the case of a < 0 we obtain
X(t) = cosh(at)E(X(0)|Asc) + sinh(at)E(X(0)|Agc)

b2

+ gJE(XLl(O) + X5 (0)|Ae)e® [ ebW(S)_TSdW(s)>. (22)

3.3 Application in Finance

In this section , we give an example in a market model with price dynamic with It6-Skorohod SDE stated
in previous section. On the probability space (Q, A, P), we suppose two assets: the safe investment B =
(B)teror) that B =1+ fot Bgds, and the risky asset S = (S;)¢efo,r7 With the following price dynamic

S(8) = E(S(0)|Ace) + f; aE(S(5)|Asge)ds + [, PE(S(5)|Afs,ge)dW (s). (23)

The stochastic integral is Skorohod integral since the integrand is not adapted the filtration generated by
a Wiener process or the initial condition is anticipating. Using the correspondence between the Skorohod
integral and Ito-Skorohod integral, the equations can be solved by using standard iterative techniques.

In the real market, the data may not be precise. In a linguistic expression, around a value, leads to consider
the fuzzy theory in our financial model. Hence, we can write

S(6) = B(S(O)lAee) + [y aB(S(s)IAjs)ds + (f; SE(SH(s) +

SH()lAgs1)AW (5)). (24)
From (18) we have

SE(E) = e [EGSE(0)|Ac) + 2E(SEO) + S5 (0)|Aee) [§ exp (bW (s) — s} dw (s)]
(25)
SE(t) = e [E(S§(0)|Ace) + 2 E(SE(0) + SH(O)|Ace) f, exp {bW(s) —=s}aw (s))]
Then, from (19), for a = 0 the closed form solution of the equation (23) is
S(6) = e“E(S©O)|4,) + (2E(S1(0) + S3 ) Are)e® [} exp (bW (s) - 2 s} dw (s).

In the case of a < 0, from (22) we obtain
S(t) = cosh(at)E(S(0)|Asc) + sinh(at)E(S(0)|Asc)

b2
+ <§ E(S}(0) + S5 (0)[Ace)e® f; e"W“)TSdW(s)}.

4 Conclusion

In this paper, we presented an 1t6-Skorohod FSDE with anticipating integrands. The Skorohod integral,
which is the Itd integral expansion to non-adapted integrands are applied in financial models and option
pricing. We used the Gaussian Malliavin calculus operators to introduce the fuzzy anticipating integrals.
We applied the Picard’s iteration procedure to show the existence and uniqueness of the solution for this
class of anticipating SDEs. As an example, in financial models, we obtained the solution for an equation
with linear coefficients.
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