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Abstract
Let R = € R» be a Noetherian homogeneous graded ring with local base
n&€Ng
ring (Ro,mo) of dimension d . Let Ry = € R, denote the irrelevant ideal

neN
of R and let M and N be two finitely generated graded R-modules. Let

t = tr, (M, N) be the first integer i such that an_ (M, N) is not minimax.
We prove that if i < ¢, then the set Assp,(Hpg, (M,N)n) is asymptotically
stable for n — —oo and Hi, (Hp, (M, N)) is Artinian for 0 < j < 1. More-
over, let s = sg, (M, N) be the largest integer ¢ such that Hg (M, N) is not
minimax. For each i > s, we prove that % ® ROHziq,+ (M, N) is Artinian and
that Hi,(Hg, (M, N)) is Artinian for d — 1 < j < d. Finally we show that
Hr‘,i,f(Hfg+ (M, N)) is Artinian if and only if Hg, (Hf_-;rl (M, N)) is Artinian.

Keywords: Artinian module, Generalized local cohomology module, Minimax mod-
ule.
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1 Introduction

In this note Z denotes the set of all integer numbers, N denotes the set of natural

numbers and Ng = NU {0}. Let R = & R, be a Noetherian homogeneous graded
neNp
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ring with local base ring (Rp,mg) of dimension d . Let Ry = @ R, denote the
neN
irrelevant ideal of R and let M and N be two finitely generated graded R -modules.

For an integer ¢ > 0, the ¢-th generalized local cohomology module of M and N with
respect to Ry is defined by

. . M
Hi, (M, N) = lim Extiy(—a— N)
" n_gN R+ M

It is clear that if M = R, then Hllﬂ (M, N) is the ordinary local cohomology
module H}é+ (N) of N with respect to Ry. By using [3,12.3.1], H}é+ (M, N) has nat-
ural grading and its graded components are finitely generated Rp-modules [5]. So,
Artinianess of graded generalized local cohomology allows us to draw conclusions on
the multiplicity e, (H}'%+ (M,N),) of H}'z+ (M,N). Hence, one of the basic prob-
lem concerning generalized local cohomology is to finding when Hy,, (Hli%+ (M, N)) is
Artinian?

In this direction, we introduce two following important sets.

A={leZ)| H&O(Hf%+(M,N)) is Artinian for all i <land 0 < j <1}

Ay ={leZ| H,{"O(Hfh(M,N)) is Artinian for all i >l and d—1<j <d}

In recent years there have been several results showing that under certain conditions
ET%LO(I{IZ:Jr (M, N)) is Artinian. For example, by [5], if dim(Rp) < 1, then A; = Ay =
Z. Also, if Ry is principal, then Ay = Ay = Z , in view of [8, 2.5].

Let ¢ = cdgr, (M,N) = sup{i > 0|Hf§+(M7 N) # 0} be the cohomological dimen-
sion of M and N with respect to Ry , then ¢ € Ag , by [8, 2.8]. Moreover, Sazeedeh
in [7] showed that HY (H}h (N)) is Artinian.

The specific statements, mentioned above, can be presented in a general state. In
other words, they will be reaffirmed by the results of this study. In fact, the present
paper is an attempt to look forward compared with the previous ones. First, we
introduce minimax modules and then we will prove some properties of them. Let
t = tr, (M, N) be the first integer ¢ such that Hlih(M’ N) is not minimax. We will
prove that t is an element of A;. Since any finitely generated module is minimax,
we have t > fr. (M,N) = inf{i | H}';Q(M7 N) is not finitely generated}. So,
fry(M,N) is an element of A;. In fact, tg, (M, N) is the largest element of A;
which is well known, till now. In addition we prove that:

(i) The R- module £2 ® g, Hp, (M, N) is Artinian for all i <t.

(ii) For any i < t, the set Assp,(Hb
—00.

+(M, N),) is asymptotically stable for n —
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(iii) For any ¢ < t, there is a numerical polynomial Pe Qlz] of degree less than i,
such that lengthg, (Fmo(Hﬁ+ (M,N),)) = P(n) for all n < 0.

Also, let s = sr, (M, N) be the largest integer i such that Hlih (M, N) is not minimax.
We will prove that s, (M, N) is an element of Ay. Since all the Artinian modules
are minimax we have s < ar, (M, N) = sup{i | H}ﬁ(M, N) is not Artinian}. So,
agr, (M, N) is an element of A;. Moreover, we will show that Hﬁ;Q(H§+ (M,N)) is

Artinian if and only if HZ (H;;l(M, N)) is Artinian. Also, we prove that there is a
Hi,, (MN)n

numerical polynomial @ € Q] of degree less than s, such that lengthg, (m) =
R+ 2 n

Q(n) for all n < 0.
We briefly recall some basic properties of generalized local cohomology.

(i) Let 0 - N’ - N — N” — 0 be an exact sequence of finitely generated
-modules, then there is a long exact sequence:

0— Hpy (M,N')— Hp (M,N)— Hp (M,N") = Hp (M,N') = -
(ii) If N is an R -torsion R-module, then for each integer i > 0, H};%Jr (M,N) =
Extl (M, N).

(iii) If NV is an mo-torsion R-module, then for all ¢ > 0, Hp, (M, N) = Hy, (M, N)
in which m = Ry 4+ myg is the only maximal graded ideal of R.

(iv) Let R' be a second Noetherian homogeneous graded ring and let f : R — R
be a flat homogeneous ring homomorphism. Then Hp, (M,N) = H}i%r(M ®
rR,N ® gR’) for all i > 0.

2 The results

A graded minimax R-module, is defined as follows:

Definition 2.1. A graded R-module X is said to be a minimaz module, if there is a
finitely generated graded sub-module X' of X, such that % 18 an Artinian module.

By the following lemma, any graded sub module and any homogeneous homomor-
phic image of a minimax module is minimax, too.

Lemma 2.2. Let 0 — X — Y — Z — 0 be an exact sequence of graded
modules and graded homomorphisms. The module Y is minimaz if and only if both
of the modules X and Z are minimaz.

Proof. See [1] lemma 2.1. O

The following lemma is needed to prove most of our resultes.
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Lemma 2.3. Let X be a graded minimaz module. If X is Ry-torsion, then the
R-modules Torf“(%‘é,X) and Hi,(X) are Artinian, for all j € Ny.

Proof. By definition there is a finitely generated graded sub-module X', such that %
is Artinian. The exact sequence 0 — X' — X — % — 0 induces two long exact
sequences: Torfo(fl—f),X’) — Torfo(%’], X) — Torfo(%, %) N Torffl(%, X')
and H,ZlO(X’) — H%O(X) — H,]no(%) — H,Zl'gl(X’). As X' is a finitely gen-
erated R -torsion module, Torfo(ﬁ—‘;,X’) and Hi, (X') are Artinian. Also, by [2],
Torf“(%, £) and H&O(%) are Artinian. Therefore, the result follows easily from
the above exact sequences. O

Notation 2.4. For any graded R-modules X andY set
s=5gr, (M,N)=sup{i >0 | H}'h(M, N) is not minimax}
and
t=tr,(M,N)=inf{i >0 | H}'?+(M,N) is not minimax}

The main aim of this note, is to study the graded modules HIiQJr(M ,N) and the
behavior of their components H}}i+ (M,N),, in the case where i < tg, (M,N) or
i>sg, (M,N). Now, we prove a lemma which will be used for the prove of the next
proposition.

Lemma 2.5. By the above notation, the following statements hold.
(i) tr,(M,N) =tp, (M, %) and sp, (M,N) = sp, (M, %).
(ii) The module %@RO Hpy, (M, N) is Artinian if and only if%@Ro Hpy, (M, %)
is Artinian, For any i € Ng.

Proof. Application of the functor H §%+ (M, —) to the exact sequence

N
0 —Tn(N) —N————0

Fmo (N)
induces an exact sequence
Hiy, (M. Ty (N)) — Hig (M.N) = Hg (M, = 5) — Hig (M, T (V)
mo

Asmy+ R, = mis the only graded maximal ideal of R, the module H}}a+ (M, Ty, (N)) =

HE (M, T, (N)) is Artinian for all i € Ny [3,4.2]. Thus it follows from the above exact
sequence that tr, (M, N) = tr, (M, %) and sg, (M,N) = sp, (M, %) and
that kern and cokern are Artinian modules. Now, consider the exact sequences

0 — kern — Hp, (M, N) — imn — 0
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and

0—>imn—>H}{+(M, ) — cokern — 0

Fmo (N)

to get the following exact sequences.

Ry Ry i Ry .

mo ® Rrokern — o ® roHp, (M,N) — — ® pyimn — 0
and

R R R -
Torfo(—omokern) — —0®Roimn — —O®ROH}%+(M,
mo mp

R
- ) — m—z ® g, cokern

rmo (N)

By lemma 2.3 all the ended modules of these sequences are Artinian. So, n}f—g ®
RoH;z+(M7 N) is Artinian if and only if ﬁ—g ® R,imn is Artinian and this is, if and

only if i—g ® RoHli-E+(M7 %) is Artinian. O
The next proposition shows that tg, (M, N) is an element of A;.
Proposition 2.6. Lett =tg (M,N). Then, for alli <t
(i) the R-module % ® RoH%Ar (M, N) is Artinian and
(ii) H&O(H}i%Jr(M, N)) is Artinian for all 0 < j < 1.

Proof. (i) When i < t, the result is clear by 2.3. So, it is enough to show that
ﬁ—g ® Ron?,+ (M, N) is Artinian. By lemma 2.5, we can assume that N is I'y,-
torsion-free. Thus, there is an element = € mg, such that x is a non-zero divisor
on N.

The exact sequence 0 — N — N —» % — 0 induces a long exact sequence

-1 -1
e H;%Jr (M7N) — HIZLr (M? m) — H;%+(M7N) i> H;%+(M7N)
If 7 < t, then H}il(M, %) is minimax, by the above sequence. So, tr, (M, %) >
t—1. Also, when 7 = ¢, the above long exact sequence induces an exact sequence
R -1 R T, R

& o ROH& (M, ) — @ g Hp, (M,N) = & @ p,eHp (M,N). As
T € mg, the multiplication map ”x” is zero. So, the module % ® Ry Hfﬂ (M,N)
is a homomorphic image of r%)) ® roH f{; (M, 5). Now, the claim (i) follows by
an easy induction on t.

(ii) For all 4 < ¢, the result is clear by lemma 2.3. So, let ¢ = ¢. Consider the
following spectral sequence

B = H, (Y, (M, N)) —> HEF(M,N)
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It should be noted that E5? = 0 for all p < 0. So, if 0 < j < 1, then
for all i > 2 the sequence 0 —» EZ{, — EJt — EJT7=m+1 i5 exact. In
view of lemma 2.3, the right hand module of this sequence is Artinian, since
(t—7r+1) <t. Let {ERI} be the limit term of this spectral sequence and
let 79 > 2 be an integer such that Eﬁ;ﬁ_l = Efét+2 = ... = EJt. As a sub-
quotient of H{"(M,N) the module EZ! = EJ' | is Artinian. Thus, from
the exact sequence 0 —» EV', | — EJit — Ejtrot=ro+l and Artinianess of
Ejfrot=rotl it follows that EJ! is Artinian, too. Now, repeat this argument to
show that EZ' | --- EJ" and finally EJ* .= HL (H! (M,N)) are Artinian,
s required. ro—1 3 Yy Lo mo( R+( )

O

Theorem 2.7. Lett =tg (M,N) and let i <t, then

(i) the set Assg, (H}é+ (M, N),) is asymptotically stable for n — —oo and
(ii) there is a numerical polynomial Pe Q[z] of degree less than i, such that
lengthpy (g (Hiy, (M, N),) = P(n)
for alln < 0, and

(#ii) there is a numerical polynomial P e Q[z] of degree less than i, such that

lengthr, (Tm, (0 mp)) = ﬁ(n)

Hy, (M,N),
for alln < 0.

Proof. (i) Let y be an indeterminate and consider the local ring Ry = Ro[y]m, ro[y]
with maximal ideal mj, := myR{,, the Noetherian homogenous Rj-algebra R’ :=
R ® p,R{, and finitely generated R’-modules M’ := M ® g R and N’ :=
N ® g, R{,- By the flat base change property of generalized local cohomology [5],
there is an isomorphism Hi,gr (M',N"),, = H}A%Jr(J\J7 N), ® g, R{ for all i € Ny
and all n € Z. As Rj is flat over Ry, one can replace R,mg, M and N by
R’ ,mj, M'" and N’ respectively and therefore assume that %8 is infinite.

By the previous proposition the module ﬁ—z ® Ry Hli?l+ (M, N) is Artinian, for all
¢

i <t. Set ¥:= |J (Attp(£2 @ p,Hp, (M, N))UAssp(N)) — Var(Ry) in which

=0
Var(Ry) is the set of all graded prime ideals of R which contains R;. As X

is a finite set and %z is infinite, there exists an element z € Ry — |J P. Tt
Pes
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(iii)

is clear that x is a non-zero divisor on N. Now, consider the exact sequence
0— N(-1) = N — 2 — 0 to get an exact sequence

i—1 ) z ) )
Hig (M, =) — Hjp (M, N1 = Hiy (M, N)y — Hp (M, —),
of Rp-modules. By [2, 3.2] there is some ng € Z U {oo} such that the multipli-
cation map H§3+ (M,N)_1 = H§{+(M, N),, is surjective for all ¢ < ¢ and all
n < ng . So, in this case the following sequence is exact.

i— N i T 1
0—>HR+1(M’%)H—>HR+(MaN)n—1—>HR+(M7N)71—>O (T)

This shows that:

Assg, (le'%ll (M x )n) Assr, (H;%_,_ (M,N)n-1)

c
C Assp,(Hpp (M, 20),) U Assp, (Hy, (M, N),)

) xn

) xn

Now, the statement (i) follows immediately by induction on i < t.

By proposition 2.6 (ii), the module T'y, (H}i;{+ (M, N)) is Artinian for all ¢ < ¢.
So, by [6] there exists a numerical polynomial P e Q[z] such that

lengthg, (Tm, (0 mg)) = P'(n)

Hi (M,N),
i, (MLN)

for all n < 0. It remains to show that P’ is of degree less than i. To this apply
the functor 'y, (—) to the sequence (1) to get the following exact sequence

i— N i x 7
0 — Ty (Hg, (M, —)) — Ty (g, (M, N)—1) == Ty (Hpp (M, N)y,)

rn

hence

lengthRo (Fmo (HIZ%Jr (M7 N)n—l)) - lengthRo (Fmo (H;Lr (M’ N)”)) <
lengthr, (T, (Hy, (M, 25)n))

0 ’xn

This allows to conclude by induction on ¢ < t.

As a sub module of 'y, (H}}br (M, N)), the module (0 mp) is Artinian

H (M,N)n
for all i < t. So, the numerical polynomial P’ € Q[z] exists again by [6].
Application of the functor H omRo(ﬁ—z, —) to (f) and using similar argument

mentioned in the proof (ii), yields deg(/l;’) < i.
O

Proposition 2.8. Let s = sg, (M,N). Then %8 ® ROH,@+ (M, N) is Artinian for all

1> 8.

113
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Proof. By Lemma 2.3, the result is clear for all ¢ > s. It remains to show that
%‘; ® roHp, (M, N) is Artinian. To do this use induction on n = dimp(N).If n =0,
then N is Artinian and there is nothing to prove. So let n > 0 and suppose that the
result has been proved for any finitely generated graded module N’ with dimg(N') =
n—1. In view of lemma 2.5, it suffices to consider the case where I',, (V) = 0. Hence,
there is an element x € mg, such that z is a non-zero divisor on N. Now, consider
the exact sequence 0 — N — N — % — 0 to get the following exact sequence

Hp (M, N) N

TR s (M, 0
oHy (M,N) R (M) —

: z) —0
Hy (M N)

Application of the functor n%‘; ® Ry (—) to this sequence induces an exact sequence

Ro Hp, (M, N) R

N

0

g SR T o e (a

mo P xzHS (M,N) my it (
Ry

N

Ry
Torf (=2, (0 : x
mo HEM(M,N)
'+

As a submodule of H5™ (M, N), the module (0 : x) is minimax. So, the
i Hy  (M.N)
left term of the above sequence is Artinian, by lemma 2.3. Also since dimR(%) =

n—1and sg, (M, xlN) < s, the right term of this sequence is Artinian, by induction
. . Hp (M,N) .
hypothesis. Thus the middle term £ @ ROW >~ fo @ p,Hy, (M,N) is

Artinian, too. O

Lemma 2.9. Let I'r (N) = 0 and s = sg, (M,N). If m is not in AttR(ﬁ—g ®
roHp, (M, N)), then there is an N-regular element x € Ry such that sg, (M, )<
s—1.

Proof. As mentioned in the proof of 2.7, we can assume that % is infinite. In view

of the previous proposition, the set of attached prime ideals of %’ roHpR, (M,N) is

finite. Set  := (AttR(ﬁ—g ® roHp, (M,N))U Assp(N)) — Var(Ry).
Q) is a finite set of graded prime ideals of R, non of which contains R;. As ﬁ—g is

infinite, by [4, 1.5.12] there is an element x € R; such that  is not belong to |J P.
PeQ

Therefore, x is a non-zero divisor on N. Use the exact sequence 0 — N — N —
% — 0 to get an exact sequence

N i+1
—) — Hg (M, N)

of graded R-modules. From this sequence it follows that Hliﬁ (M, %) is minimax for

all i > s. So, it remains to show that Hp (M, miN) is minimax. For simplicity set

H := Hp (M,N). The fact that z is not in Ur , implies that .TmOLH =
PEAttr(52 @Ry H)



Artinianess of Graded Generalized Local Cohomology Modules

mOLH. Hence xH,,+ H, 11 = H,,41 for all n € Z. Since H,;1 is a finitely generated Ry-

module, there is an equation xH,, = H, 1 for all n € Z, by Nakayama. Therefore,

the multiplication map H — H is surjective and in view of the above sequence,

H (M, iN) is embedded in the minimax module H}, (M, N), and this complete
+ T +

the proof. O

Theorem 2.10. Let s = sg, (M, N). Then there is a numerical polynomial Qe Qlz]
H%  (M,N), ~
of degree less than s, such that lengthRo(m) = Q(n) for allm < 0.

Hy, (MN)

[ mersy is Artinian, the numerical polynomial Q € Q[z] exists by

Proof. Since

[5]. It suffices to show that @ is of degree less than s. Use the exact sequence
0—Tg (N)— N — FRL(N) — 0 to get a long exact sequence
+

Bxty(M,Tg, (N)) — Hp (M,N) — Hp_ (M, ) — Baty (M, Tg, (N))

_N
Cr, (N)

As Extiy(M,T g, (N)) is finitely generated for all i, it follows that s, (M, FRL(N)) =s
+

and that Hy (M,N), = HISLF(M,%),I for all n <« 0. Therefore, it suffices

HE+ (MvN)n

moHy,  (M.N)

minimal graded secondary representation with P; = v0:57 for all 1 < 5 < k.

Assume that P, = m. So, S* is concentrated in finitely many degrees. Hence

Hy (M,N), _ .
m) = lengthgr,(SL + -+~ S¥=1) for all n < 0. This allows to

to consider the case where I'r, (N) = 0. Let =S 4.+ S* be a

lengthr, (
. Hy, (M,N) .

assume that m is not belong to AttR(W). On use of previous lemma,there

exists an N-regular element = € Ry such that s, (M, %) < s—1. So, as mentioned in

the proof of the previous lemma the exact sequence 0 — N(—1) N — % —0
induces an exact sequence

— N s 4 s
Hy Y(M, va)" — Hp (M,N),—y — Hp (M,N), —0

which yields the exact sequence

Hy (M, 26w Hj, (M, N)n 1 Hy, (M, N),
s—1 N — s — s —0
I'I’lofv{R+ (Mvﬁ)n moHR+(M, N)n,1 mOHR+ (M, N)n

for all n < 0. This allows to conclude by induction on s.

Theorem 2.11. Let s = sg, (M, N) and d = dim(Ry). Then

(i) H,J,;O(H}'ﬁ(M, N)) is Artinian for d—1<j <d and all i > s.
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(i) H{éﬁ(H}”br (M, N)) is Artinian if and only if H,‘io(Hfil (M, N)) is Artinian.
Proof. (i) Consider the spectral sequence

BY = H, (Y, (M, N)) —> HF(M, N)

Let {E?:7} be the limit term of this spectral sequence. As a sub quotient of H (M, N),
the module E2:9 is Artinian for all p and q. When i > s the result is clear by Lemma
2.3. So, let i = sand d —1 < j < d. Since E5'? = 0 for all p > d, there is an equation
Eﬁfl = z‘m(Ei‘"f*é‘l—mi’s) for all r > 2.

As s+ 7 —1 > s the module L, = im(EJ~"*T"~! — EJ) is Artinian, in view
of Lemma 2.3. Now let 79 > 2 be such E% | = EZ°, = ... = El*. Since EJ is
Artinian, Eﬁoil and consequently Eﬁ;f are Artinian. By repeating this argument it
follows finally that E3° := H,(Hf, (M, N)) is Artinian.

(ii) Use again the previous spectral sequence to get the following exact sequence

-~ dd72,s _ -~
0 K Eg 2,5 G2 Eéi,s 1 E?c)l,s 1 0

in which K = ker(dg%’s). So, to prove the assertion, it suffices to show that both of
the ended modules of this sequence are Artinian.

By definition B ** = im(Ed74,S+Il(*>Ed72,5)- It is easy to see that Fd-% =
2 2

for some Artinian sub-module L of Eéi 28 Therefore, using these equations and the

Eél*Z,S
L

fact that E%-2° and E;l74’5+1 are Artinian implies that EgiQ’S and consequently

d,s—1
the module K is Artinian. Similarly, one can show that E5~1 = E3L, for some
Artinian sub-module L’ and conclude that E5*~" is Artinian. O
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