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Abstract

Some algorithms for finding common fixed point of a family of mappings is
constructed. Indeed, let C' be a nonempty closed convex subset of a uniformly
convex Banach space X whose norm is Gateaux differentiable and let {T},} be
a family of self-mappings on C' such that the set of all common fixed points
of {7} is nonempty. We construct a sequence {x,} generated by the hybrid
method and also we give the conditions of {7} under which {z,} converges
strongly to a common fixed point of {7 }.

Keywords: Hybrid method, Common fixed point, Iterative algorithm, Uniformly con-
vex Banach space.

1 Introduction

Let {T},},}>% be a family of mappings of a real Hilbert space H into itself and let F/(T},)
+oo

be the set of all fixed points of T},. By the assumption that () F (7)) # 0, Haugazeau
n=0
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[4] introduced a sequence {z,} generated by the hybrid method, as following

g €EH
Cn={2z€H: (Tn—Yn,yn — 2) >0}

Qn={2z€H: (xn—2,20—2s) >0}
Tni1 = Po,nq, (o)

m
In case that C; is a closed convex subset of H for ¢ = 1,...,m, () C; # 0 and
i=1

Ty = Pc, (,oq me1y» 1€ Proved a strong convergence theorem. Recently, Solodov and
Svaiter [9], Bauschke and Combettes [2], Atsushiba and Takahashi [1], Nakajo and
Takahashi [8], Iiduka, Takahashi and Toyoda [5], Nakajo, Shimoji and Takahashi [7],
studied the hybrid method in a Hilbert spaces and also Nakajo, Shimoji and Takahashi
[6] considered this method for families of mappings in Banach spaces.

Throughout this paper, let Ny = N U {0} and let X be a real Banach space
with dual space X*. The line segment between x and y is denoted and defined by
[z,y] == {te + (1 —¢t)y : t € [0,1]}. For a set-valued mapping T : X — Y, the
domain of T is Dom(T) ={z € X : T(x) # 0}, range of T 'is R(T) ={y €Y : 3z €
X, (z,y) € T} and the inverse T—1 of T is {(y, ) : (x,y) € T}. For a real number
¢, let ¢TI ={(z,cy) : (x,y) € T}. If S and T are any set-valued mappings, we define
S+T={(z,y+2): (z,y) €5, (x,2) €T}. Set RF = [0, +00) and

G=1{g:R; — R} :9(0) =0, gis continuous, strictly increasing and convex}.(1.1)
Lemma 1.1. [8] Let C be a nonempty closed convex subset of a uniformly convex

Banach space X and let x € X. Then, there exists a unique element xo € C such
that ||zg — x| = ing ly — z||. Putting xo = Pc(x), we call Pc the metric projection
ye

onto C.

Lemma 1.2. [10] Let C be a nonempty closed convex subset of a uniformly convex
Banach space X whose norm is Gateaux differentiable and let x € X. Theny = Po(z)
if and only if (y — z, J(x —y)) >0 for all z € C.

Lemma 1.3. [10] Suppose X has a Gateauz differentiable norm. Then the duality
mapping J is single-valued and ||z|* — ||y||?> > 2{x — y, Jy) for all x,y € X.

Lemma 1.4. [11] The Banach space X is uniformly convez if and only if for every
bounded subset B of X, there exists gg € G such that

Az + (1= Nyl* < Mll® + (1 = Vlly* = A1 = Ngp(llz - yl) (1.2)

for all z,y € B and all X € [0,1].
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2 Main results

Let {T},},72% be a family of self-mappings of C' and F(T},) be the set of all fixed points
of T,,. Assume that F' := ﬂ F(T,,) is a nonempty closed convex subset of C satisfies

the following condition,
Jzp € C FHan} C (0,+00) with liminfa, >0 F{a,} C[0,1], I{B.} C [0, 1] such
that

(£ — 2z, J(x —wn)) > an|lz — w,|? (2.1)
for all x € C, z € F(T,), where, w,, = 8,To(z0) + (1 — Bn)Tn(anzo + (1 — a)x).

Algorithm 2.1. Let {T,} be a family of self-mappings of C with F # () which satisfies
condition (2.1). Let {x,}12 be a sequence generated by the following algorithm.

x9 € C,n € Ny

Yn = anZo + (1 — ay)zp

Zn = ﬁnTO(xO) + (1 - ﬂn)Tn(yn) (2 2)
Cn={2€C:(xy—2,J(xn — 2n)) > an|zn — 2.7} '
Qn={2€C:{x,—zJ(xg—2x,)) >0}

Tni1 = Po,nq., (o)

Theorem 2.2. Suppose C' is a nonempty closed convex subset of a uniformly convex
Banach space X whose norm is Gateaux differentiable and {T,} is a family of self-
mappings of C with F # () which satisfies the condition (2.1). Assume that

(x) for every bounded sequence {u, } in C, Z 9(|unt1—un|]) < +o0 and Z glaljun,—

=0
ul]) < +oo for some g € G and some u € [To(xo) T, (w)], where w € [xo,un] and
a > 0 imply that wy(u,) C F. Then the sequence {x,} generated by Algorithm 2.1
converges strongly to Pp(xg).

Proof. We split the proof into six steps.

Step 1. {z,} is well defined.

Notice that C),, and @, are closed and convex sets for all n € Ny. On the other
hand, condition (2.1) and the definition of C,, in Algorithm 2.1 imply that F(T},) C C,
for all n € Nyg. Hence F C C,, for all n € Ny. Since J(0) = 0, it follows from the
definition of @, in Algorithm 2.1 that @y = C which implies that FF C Cy N Q.
Lemma 1.1 guarantees that there exists a unique element x; = Pcyng,(%0). By
Lemma 1.2,

(x1 — 2, J(xog — 1)) >0

for all z € Cy N Qy and hence by F C Cy N Qo we get

(1 — z,J(xg — 1)) >0
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for all z € F. Therefore, F' C Q1 and so apply the fact that F' C C, for all n € Ny we
have F C C7 N Q1. Again, Lemma 1.1 guarantees that there exists a unique element
2 = Pc,ng, (z0). Inductively, we find that {x,} is well defined.

Step 2. {x,} is a bounded sequence.
From z,+1 = Pc,ng, (o) and F C C,, N Q, for all n € Ny we have

[#nt1 — 2ol < [lzo — Pr(wo)]| (2.3)
for all n € Ny, which implies that {x,} is a bounded sequence.
Step 3. lim ||z, — xo|| exists.
n
Replace terms z,,+1 — 29 and z,, — x, respectively with z and y in Lemma 1.3,
20 = zol|* < [l&n41 — xol|® = 2(Tps1 — 2, I (20 — w0))
and hence 7,11 € @, implies that ||z, — zo||* < ||[Zns1 — 20||? for all n € Ny; i.e.,
||zn, —x0|| is an increasing sequence and so by Step 2 we find that lim ||x,, — z,|| exists.
n
+oo
Step 4. > g(|lzn+1 — znl]) < +o0 for some g € G.
n=0
It follows from Lemma 1.4 that there exists g € G such that

Ty + Tpt1 9 1
_ < Z
| a)? < 5

and hence

1 1
I = a0l + 5 lans1 = w0l = 9(Ins1 = 7l

Tn + xn+1 - ZEOHQ

5 (2.4)

9(llzns1 = zal) < 2llzn — 2ol + 2l|zns1 — ol* — 4]

for all n € Ng. From Lemma 1.2 and the definition of @Q),, we get x,, = Pg,, (zo) and so

by .41 € @, and convexity of Q,, we get % € Q. Again, by =, = Py, (o),

|| T + l'nJrl
2

It follows from inequalities (2.4) and (2.5) that

= zo|* 2 [l — ol (2.5)

9(lwns1 = zall) < 2llzns1 — @ol* = 2llwn — 2ol* for all n € No. (2.6)
+oo
That > g(|[zn+1 — @n||) < 400 follows from (2.6) and Step 3.
n=0
+o0
Step 5. > g(a|lzn, — zn]]) < +00 for some g € G and a > 0.
n=0
Since a,, > 0 for all n € Ny and liminf a,, > 0, there exists a > 0 for which a,, > a

for all n € Ny. Now, z,+1 € C, guarantees that

lzn — Tnill|Tn — 20l 2 (T — Tng1, J(Tn — 20)) > anllzn — Zn||2
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and thus

allzy, — znll < |[Znt1 — 2| (2.7)

+oo
for all n € Ng. That Y g(a|lzn — zn||) < 400 follows from (2.7), (1.1) and Step 4.
=0

n=
Step 6. {z,} — Pr(xo).
It follows from our assumption, Step 4 and Step 5 that w,(x,) C F. Let the
subsequence {z,,} of {x,} converges weakly to w € F. Therefore, weakly lower
semicontinuity of the norm and (2.3) imply that

|1 Pr(0) — zol| < [lw — ol < Tim [z, —xol| < |[Pr(x0) — zoll
11— 400

and hence x,,, = w = Ppr(x).

Corollary 2.3. Suppose C is a nonempty closed convex subset of a uniformly convex
Banach space X whose norm is Gateaux differentiable and {T,,} is a family of self-
mappings of C with F # () which satisfies the following condition.

(a) 3xg € C FH{an} C (0,400) with limninfan >0 Han}t C[0,1] such that

(x =2, J(x = Tp(va))) > anllx — Tu(vn))||”
forallz € C, z € F(T,), where, v, = anxo + (1 — oy )x;

+oo +oo
(b) for every bounded sequence {un} in C, Y g(||unt1—un|) < +o00 and > g(al|un—
n=0 n=0

ul|) < +oo for some g € G and some u € [To(xo), Tn(w)], where w € [xg, u,) anda > 0
imply that w, (u,) C F.

Then the sequence {x,} generated by the following algorithm converges strongly to
PF(Z'()).

n € Ny
Yn = anxo + (1 — ap)zy

Cr= {2 C: (= 2 T (2n — 20)) > anlwm — 2|2} (2:8)

Qn=4{2€C:{x,—zJ(xg—2x,)) >0}
Tn+1 = PCnﬂQn (170)

Proof. All conditions of Theorem 2.2 hold for 3, = 0 and also in this case (2.2)
reduces to (2.8). So Theorem 2.2 implies the result.

Corollary 2.4. Suppose C' is a nonempty closed convex subset of a uniformly convex
Banach space X whose norm is Gateaux differentiable and {T,} is a family of self-
mappings of C with F # (O which satisfies the following condition.

(a) xg € C FHan} C (0,400) with limninfan >0 HBn} C[0,1]

<$ -z, J(l' - 'wn)> > an”x - wn“2
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forallxz € C, z € F(T,,), where, w, = BnTo(xo) (1= 8n)Th(z);
(b) for every bounded sequence {u,} in C, Z I(||tnt1—un||) < +00 and Z g(aljun—
wy|) < +oo for some g € G, w, = ,B»,LTQ(JZ()) ( — Bn)Thn(uy), and a >0 zmply that

Wy (uy) C F.
Then {x,} generated by the following algorithm converges strongly to Pr(x¢).

z9 € C,n € Ny
Chn=1{2€C:{(xy—2,J(xy — 2,)) > an||zn — 20 |*} (2.9)
Qn={2€C:{x, — 2z J(xg—x,)) >0}
Tny1 = Pe,nq, (7o)
Proof. Similar to Corollary 2.3, all conditions of Theorem 2.2 hold for a,, = 0
and so with this assumption, (2.2) collapses to (2.9) which it completes the proof.

Corollary 2.5. Suppose C' is a nonempty closed convex subset of a uniformly convex
Banach space X whose norm is Gateaux differentiable and {T,} is a family of self-
mappings of C' with F # () which satisfies the following condition.

(a) I{an} C (0,400) with limninf ap, >0

(@ =2, J(x = Tn(2))) > anllz = Tu(@)]?
forallz € C, z € F(T,,);

(b) for every bounded sequence {u,} in C, E 9(||nt1—unl) < 400 and Z glallun,—
=0

T (un)||) < o0 for some g € G anda >0 zmply that Wy, (u,) C F.
Then {x,} generated by the following algorithm converges strongly to Pg(xq).

o € C’,n € Ny
Cn=1{2€C:(xy—2,J(xn —Tyn(z))) > anllzn — Tn(zn)|?}
Qn=1{2€C:{zy—2J(xg—x4p))

Tnt1 = Po,nq, (2o)

Proof. Put a,, = 8,, = 0 in Theorem 2.2.

Corollary 2.6. Suppose C' is a nonempty closed convex subset of a real Hilbert space
H and {T,} is a family of self-mappings of C with F # () which satisfies the following
conditions.

(a) Fzo € C I{by} C (—1,+00) with limninf by, > —1 and Ha,} C[0,1], HBn} C

[0,1] such that
lwn = 21* < |z = 2|f* = balz — wa®

forallx € C, z € F(Ty,), where, v, = anzo + (1 — ay)x and wy, = B,To(xo) + (1 —
/Bn) n(vn)
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400 +oo
(b) for every bounded sequence {u,} in C, > ||upi1—unl|? < +o0 and Y (a||u,—
=0 n=0

n=

Qn||)2 < 400, where g, = 5nTO(xO) + (1 - ﬂn)Tn(pn); Pn = QpXo + (1 - an)un and
a > 0 imply that wy,(u,) C F.
Then {xz,} generated by the following algorithm converges strongly to Pg(xq).

Yn = @nZo + (1 — ap)zy

29 = To(zo)

2n = Bnzo + (1 = Bn)Tn(yn) (n > 1)
Cn={2€C:|zn— ZH2 <llzn - Z||2 —bpl|zn — zn||2}
Qn=1{2€C:{x,— 2,20 —x,) >0}

Tnt1 = Po,nq, (o).

(2.10)

Proof. First we note that, for z € C, z € F(I,), vn = a,z0 + (1 — a,)z
and w, = B,To(zo) + (1 — Bn)Tn(vy,), by our assumption we have ||w, — z||*> <
lz — 2||? = bu||lz — w,||? for all z € F(T,), if and only if

lwn = 2 + 2wn — 2,2 = 2) + [lo = 2> < o — 2/* = ballz — wa?
14Dy,

||z — wy|[2. Then condition (2.1) satisfies for
. In a real Hilbert space H, we have

1Az + (1= Nyll* = Mal® + (1 = Vlyl* = A1 = N)|z — y|?

for all z,y € H and X € [0, 1], so, we can consider gp(t) = t? for each bounded subset
B of H in Lemma 1.4 and hence (*) holds. Then all assumptions of Theorem 2.2 hold
which it implies that {x,} converges strongly to Pr(zo).

if and only if (x — z,2 — w,) >

a, = b

By putting 8, =0, a;,, = 0 and «,, = 8, = 0 in (2.10) we get the following results
respectively.

Corollary 2.7. Suppose C is a nonempty closed convex subset of a real Hilbert space
H and {T,} is a family of self-mappings of C' with F # () which satisfies the following
conditions.

(a) 3xzo € C {b,} C (-1, +00) with lirr%linf by, > —1 and I{a,} C [0, 1] such that

T (vn) = 217 < |2 = 2[|* = bl — T ()|
forallxz € C, z € F(T,,), where, v, = anto+ (1 — ap)z;

+oo too

(b) for every bounded sequence {u,} in C, > ||upi1—unl? < +o0 and Y (a||u,—
n=0 n=0

T (vn)]))? < +00, where v, = anzo + (1 — an)uy, and a > 0 imply that wy,(u,) C F.
Then {x,} generated by the following algorithm converges strongly to Pr(x¢).

Yn = Qpo + (]- - an)xn

Crn={2€C |z — ZH2 <&y — z||? - b llzn — Zn||2}
Qn={2€C:{x,— 2,20 —x,) >0}

Tni1 = Po,nq, (7o)
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Corollary 2.8. Suppose C is a nonempty closed convex subset of a real Hilbert space
H and {T,} is a family of self-mappings of C' with F # 0 which satisfies the following
conditions.

(@) 3xzg € C IH{bn} C (—1,400) with limninf by, > —1 and 3{p5,} C [0,1] such that

[wn = 2] < |l = z[|” = by [l — wy||®
for allz € C, z € F(Ty,), where w, = BpnTo(xo) + (1 — Br)Tn(x);

+oo too
(b) for every bounded sequence {up} in C, > ||upi1—unl|? < +o0 and Y (a||u,—
n=0 n=0
wyl))? < 400, where wy, = BnTo(20) + (1= Bn)Tn(un) and a > 0 imply that wy, (u,) C
F

Then {x,} generated by the following algorithm converges strongly to Pg(xq).

z0 = To(zo)

Zn = Bnro + (1 - Bn)Tn(wn> (n > 1)

Crn={2€C |z — Z||2 <|lzn — Z||2 = by |z, — Zn||2}
Qn=1{2€C:{x,— 2290 —x,) >0}

ZTni1 = Pc,nq., (3?0)-

Corollary 2.9. [6] Suppose C' is a nonempty closed convex subset of a real Hilbert
space H and {T,} is a family of self-mappings of C with F # 0 which satisfies the
following conditions.

(a) 3H{b,} C (—1,+00) with limninf by, > —1 such that

1T (2) = 2II* < llz = 2]|* = bnllz — Tn(2)]?
forallz e C, z € F(T,,);
+oo too
(b) for every bounded sequence {u,} in C, > |[tuni1 —un||* < +o00 and > |ju, —
n=0 n=0

Toun||* < o0 imply that wy,(u,) C F.
Then {xz,} generated by the following algorithm converges strongly to Pg(xq).

xg € C

Crn={2€C |z — 2”2 <|lzn — Z||2 —byl|zn — Zn||2}
Qn={2€C:(xy—2z20—12,) >0}

Tn+1 = Po,nq, (%0)-
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