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Abstract

The index of matrix A € C™*" is equivalent to the dimension of largest Jor-
dan block corresponding to the zero eigenvalue of A. In this paper, indicial
equations and normal equations for solving inconsistent singular linear system
of equations are investigated.
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1 Introduction

A matrix has an inverse only if it is square, and even then only if it
is nonsingular, or, in other words, if its columns (or rows) are linearly
independent. In recent years needs have been felt in numerous areas of
applied mathematics for some kind of partial inverse of a matrix that is
singular or even rectangular [1]. The inverse of singular and rectangular
matrices is called generalized inverses. Linear system of equations play
major role in various areas such as fuzzy mathematics [2, 3], differential
equations [4], and integral equations [5]. There is many methods for solv-
ing fuzzy and crisp Volterra and Fredholm integral equations [6, 7, 8]. In
[5] a two-step diagonally-implicit collocation based methods for Volterra
integral equations using a systems of equations is given.

The principal application of the generalized inverses is to system of equa-
tions that is inconsistent or have a set of solutions [9]. The effect of normal
equations in solving such systems is explained in [10, 11]. In this paper,
indicial equations for singular linear system of equations is introduced
and the effect of indicial equations in solving inconsistent singular linear
system of equations is investigated. The purpose of this paper, is give
a new approach to the inconsistent singular linear system of equations.
In section 2, some preliminaries that we shall use in later are presented.
New results on the Drazin inverse and Pseudoinverse are given, in sec-
tion 3. The title of section 4, is indicial equations and normal equations.
Finally, the properties of the introduced concepts are illustrated in the
last section.

2 Preliminaries and Basic Definitions

In this section, we present some definitions and simple properties of
index of matrix, drazin inverse, pseudoinverse and minimal solutions. For
more details, we refer the reader to [12,13,14].

Definition 2.1 Let A € C™™ . The index of matriz A is equivalent to
the dimension of largest Jordan block corresponding to the zero eigenvalue
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of A and is denoted by ind(A).

Definition 2.2 Let A € C™*", with ind(A) = k. The matriz X of order
n is the Drazin inverse of A, denoted by AP, if X satisfies the following

conditions
AX = XA, XAX =X, A*X A = AF

When ind(A) = 1, AP is called the group inverse of A, and denoted by
A

g-

Theorem 2.1 [15] Let A € C™ ", with ind(A) = k, rank(A*) =r. We
may assume that the Jordan normal form of A has the form as follows

D0
A=P p!
0N

where P is a nonsingular matriz, D is a nonsingular matriz of order r,
and N is a nilpotent matriz that N* = 6. Then we can write the Drazin
mverse of A in the form

D710
AP =p Pt
0 0
When ind(A) = 1, obviously, N = o.

Theorem 2.2 [16] For any matric A € C™™ the index and Drazin in-
verse of A exists and is unique.

Theorem 2.3 [9] APb is a solution of
Az = b,k = ind(A) (2.1)

if and only if b € R(AF), and APb is an unique solution of (2.1) provided
that v € R(AF).

Definition 2.3 An arbitrary complex m x n matriz A can be factored as

A= PDQ* (2.2)
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where P is an m X m unitary matriz,

01

0

s an m X n diagonal matriz, and () is an n X n unitary matriz. The
factorization in the preceding Definition is called singular value decom-
position.

The singular value decomposition is a matrix factorization whose com-
putation is a step in many algorithms. By (2.2) the relation b = Ax can
be expressed in terms of &' = P*b and ' = Q*x

b= Ar & P*b= P*Ax = P*PDQ* & = D2’

Definition 2.4 The pseudoinverse of a general matriz A is defined by
first taking a singular value decomposition (2.2) and then putting

At = QD" P,

where

D+ — Or
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Theorem 2.4 [11] Corresponding to any matriz A there exists at most
one matriz having these four (Penrose) properties

(AX) = AX, (XA =XA, XAX =X, AXA=A.

Definition 2.5 [11] Consider a system of equations written in matriz
form as Ax = b where A ism xn, x isn x 1, and b is m x 1. The
minimal solution of this problem is defined as follows:

(1). If the system is consistent and has a unique solution, x, then the
mainimal solution is defined to be x.

(2). If the system is consistent and has a set of solutions, then the min-
1mal solution is the element of this set having the least Fuclidean
norm.

(3). If the system is inconsistent and has a unique least-squares solution,
x, the minimal solution is defined to be x.

(4). If the system is inconsistent and has set of least-squares solutions,
then the minimal solution is the element of this set having the least
Fuclidean norm.

Theorem 2.5 [11] The minimal solution of the system
Axr =0,
is given by the pseudoinverse x = A™b.

Definition 2.6 A number \ € C, is called an eigenvalue of the matrix
A if there is a vector x # 0 such that Ax = Ax. Any such vector is called
an eigenvector of A associated to the eigenvalue \.

The set L(A) = {z | (A — M)z = 0} forms a linear subspace of C", of
dimension
p(A) =n —rank(A — ).

The integer p(A) = dimL(\) specifies the maximum number of linearly

independent eigenvectors associated with the eigenvalue \. It is easily
seen that ¢(u) = det(A — pl) is a nth-degree polynomial of the form

p(u) = (1" (1" + cpa "+ ).
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It is called the characteristic polynomial of the matrix A. Its zeros are
the eigenvalues of A. If Ay, .-+, Ay are the distinct zeros of ¢(u), then ¢
can be represented in the form

p(p) = (=1)" (1 = M) 7 (= A2)7 - (= Ae) 7"

The integer o;, which we also denote by o();) = oy, is called the multi-
plicity of the eigenvalue \;.

3 New results on the Drazin inverse and pseudoinverse

In this section, new results on the Drazin inverse and pseudoinverse
are given.

Theorem 3.1 Let A € C™" be a symmetric matriz with index one.
Then A, = A*.

Proof. A, is group inverse of A, then we have

AAy = AgA, AJAA, = A, AAA = A

A= AT from [10], (A,)T = A,, thus we can write
(AA)T = (A)TAT = A,A = AA,

(A,A)T = AT(A,)T = AA, = A,A.

Therefore by theorem 2.4, we have A, = A*.

Theorem 3.2 Let A € C™" be a symmetric matrix with index one.
Then (AT)T = AT,
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Proof. The pseudoinverse of A is AT, then we have
(ATA)T = AT(AT)T = (AT AT
(AAT)T = (A7)TAT = AT(AT)T
(A+)TA(A+)T — (A+>T
AANTA = A

Since pseudoinverse of A is unique, therefore (AT)T = AT.

Theorem 3.3 If A € C™*" is a symmetric matriz with index one, and
A # 0 is an eigenvalue of it, then i is an eigenvalue of AT .

Proof. From Az = Az, (z # 0) we have
AATr = MAT .
Then
ATAA Tz = NAT ATz

We can get ATz = MATATz . Now if we set Atz =y we have {1y = ATy.

Therefore § is an eigenvalue of A™.

Theorem 3.4 Let A € C™ " be a singular matriz. Then AT A is a sin-
gular matriz.

Proof. We know that rank(A) = rank(AT) [10], since
rank(AT A) < min{rank(A), rank(A")},
then AT A is a singular matrix. In addition, let A(1a) = 0, then
p(Away) = n —rank(A),
and for matrix AT A we have

p(Aaray) = n — rank(A" A).
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Therefore by definition 2.1, we have ind(A) < ind(AT A).

Theorem 3.5 Let AP be the Drazin inverse of A. Then (AP)™ forn €
N, is the Drazin inverse of A™ .

Proof. By Definition 2.2, we have
Let ind(AP) = [, then

D' o

O Nl) P = (A"

(A)"(AP)"(A") = (P (

Therefore, by definition 2.2, (AP)", for n € N is Drazin inverse of A".

Theorem 3.6 Let AP be the Drazin inverse of A. Then (AP)T is the
Drazin inverse of AT

Proof. Let ind(A) = k and AP be Drazin inverse of A . Therefore

( (AAD)T — (AD)TAT — (ADA)T — AT(AD)T, )
(ADAAD)T _ (AAD)T(AD)T _ (AD)T(AT)(AD)T — (AD)T )

By [10], we have ind(A) = ind(AT). Thus

(ARAP AT = (APAYT(AR)T = (AT)(AP)T (A%)T = (AF)T(AP)T(AT) = (AT,

Therefore, by definition 2.2, (AP)7 is drazin inverse of AT.

4 Indicial equations and Normal equations

In this section, the effect of indicial equations and Normal equations in
solving inconsistent singular linear system of equations, are investigated.
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Consider the inconsistent singular linear system of equations

Az = b,k =ind(A), (4.1)

(4.1) has a set of least squares solutions, then the minimal solution is a
member of this set that has the least Euclidean norm. In such cases, it
is often required to find an x that minimizes the norm of the residual
vector b — Az. In the other word, the least square solution of (4.1) is the
vector x that makes ||b — Az| minimum.

Some properties of indicial equations and Normal equations are listed
below:

(1).

According to [17] and properties of the Drazin inverse , in order
to obtain the Drazin inverse the projection method solves consis-
tent or inconsistent singular linear system (4.1) through solving the
consistent singular linear system

AP Az = A*b, k= ind(A). (4.2)

The system (4.2) is called indicial equations and is a singular
consistent system, therefore has a set of solutions [11].

. If 2 is a point such that A*(Az —b) = 0, then z is a least squares

solution of (4.1). Since from AF(Ax — b) = 0, we can not conclude
that b— Az is orthogonal to the column space of A. Therefore z may
not be the minimal solution of (4.1).

. If x is a point such that AT(Az —b) = 0, then is a least squares so-

lution of (4.1). The system AT Ax = ATb is called normal equations.
For inconsistent singular system, normal equations is consistent lin-
ear system but have many solutions.

. By [11] xpy = ATb = (AT A)T(ATD) is the minimal solution of (4.1).
. xx = (AFA)P(A*D) is a least squares solution of system (4.1).
. Since AT Ax = ATbis a consistent singular linear system of equations

and has a set of solutions
Tp = (ATA)D(ATb),

is a least squares solution of system (4.1).
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(7). Let A% be a symmetric matrix with index one and A? = MGN*
be the singular value decomposition of A% Therefore for solving

Ty = T we have

AAx = Ab <<= M*Ab = M*AAx = M*MGN*z <— ¢ = Ga'
d = M*Ab, ' = N*x.

5 Numerical Examples

In this section, the following examples illustrate our new results.

Example 5.1 Consider the following symmetric and singular matriz

202
A=1050
202

The Jordan normal form of A has the form as follows

500 0 -1 0
A=Plo40|P ', Pl=]|-1 0 -]
000 1o -1

By Theorem 2.1, we have

1 1 1
500 503
D -1 __
AP =Plolo|P = O%O
000 1ol
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The singular value decomposition of A has the form as follows

T

VZ_ 2 V2 o2

02 -2} (500) (0% £

A=11 0 0 0401 0 0

O] V2 _ 2

0-¥2 ¥2 J{p00) \0 L2 2

The pseudoinverse of A is

V2 V2 1 V2 \/iT 11
0=% % (500} (0—% —% sUs
At=11 0 o [|oto||l1t 0 o | =|0to0
o-2-2)\oooflo—£ 2] {102

Example 5.2 Consider the following inconsistent singular linear system

202) (= 1
050 |z ]| =12 (5.1)
202) \zs3 3
The minimal solution of (5.1) is

i 101 1
T 202) (1 Lol (1 .
mr=|m|=|050| |2]=|oto|]|2]=]|2
3 202/ \3 $05/1\3 3

Consider the following consistent singular linear system of equations

202)(202) [, 202) (1
05011050 |xz2|=1050(]2
202/ \202) \x3 202)\3
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By singular value decomposition of AA, we have

0_vE 3\
2 2

1 0
0 —¥2

2

We can get

Therefore

0
NG

2

8 0 8 T
0250 Ty | =
80 8 T3
2 2 4
2 T2 1
0 To | —
2 V2
2 2 €3
2 2 T
22} (202
0 0 050
2 V2
2 V2 202
2500
01602 =
0 00O
2
5
= —g
0
1
2
Ip = %
1
2
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Example 5.3 Consider the following inconsistent singular linear system

13 1) [m 1
202z |=1]2]|- (5.2)
13 1 XT3 3

The minimal solution of (5.2) is

- 1 1 1 15
131 1 35 1 %
_ _ |3 s || s
11 1 7
because
! Vil Vil VIT 3 _avm\
13 1 —vI g VI (52 0 o) [V -2 32
202 = 0 -1 o0 0 VBO|| -3l o —¥2
Vi1 Vil Vil 2 V22
The normal equation of (5.2) is
T
13 1 131 6 6 —2 2200
20-2| |20-2|=|6 186 |=P|0g0|P",
13 1 13 1 —26 6 000
where
1 3 1
1 11 11
-1 _ 1 1
Pr=1-5 0 3
9 _3 9
22 11 22



Thus, we have

D

129 3 113 15

6 6 =2 8 1936 242 1936 8 22

— — 3 9 3 = 6
LD 6 18 6 12 242 242 242 12 11
113 3 129 7

266 0 1036 242 1936 0 22

Indicial equations of (5.2) is

3

131 16 12 —8 800
20-2 =00 0 |=Ploo0|P,
131 16 12 —8 000
where
2 31
Pl=1-121
~10 1
Therefore
D
16 12 -8 (8 i -3 1
zxk=100 0 0|=]00 0 |=]|0
1612 -8 /) |8 1=-3 1

6 Conclusions

In this paper, the effect of indicial equations in finding minimal solution
for inconsistent singular linear system of equations is investigated.
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