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1 Introduction

Throughout this paper, let F be Banach space, C be closed convex subset of E. Let J denote the normalized duality
mapping from F into 2 given by J(z) = {2* € E* : (z,2*) = ||z|> = ||z*||*}, where E* denotes the dual space of
FE and, (.,.) denotes the generalized duality pairing. We also denote by B, the closed ball in E with center 0 and
radius r.

The function dg(e) : [0,2] — [0,1] is said to be the modulus of convexity of Banach space E, where 6z(c) =
inf{1 — w Szl <1yl <1, ||z —y|| > e}, 0 <e < 1. Fis said to be uniformly convex if for each iz () > 0.
LetU = {x € E : ||z|| = 1}. E is said to be smooth if the limit

L ety o]
t—0+ t

exists for each z,y € U. The norm of E is said to be uniformly Gateaux differentiable if for each y € U, the limit
exists uniformly for x € U. We know that if £ is smooth the duality mapping is single-valued and norm to weak
star continuous and that if the norm of E is uniformly Gateaux differentiable, then the duality mapping is norm
to weak star uniformly continuous on each bounded subset of £. When J is single-valued, we use instead of J(x),
J(@).

A mapping 7' : C — C is said to be contraction if there exists a constant « € (0,1) such that | 7'(z) — T(y)|| <
allr —y|, forall z,y € C. If « = 1, T is called nonexpansive on C.

The fixed point problem (FPP) for a nonexpansive mapping 7'is: To find z € C such that z € Fix(T"), where Fix(T)
is the fixed point set of the nonexpansive mapping 7.
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The explicit midpoint rule is one of the powerful numerical methods for solving ordinary differential equations
and differential algebraic equations. For related works, we refer to [2, 3, 4, 7, 8, 10, 12, 11] and the references cited
therein. For instance, consider the initial value problem for the differential equation ' (t) = f(y(t)) with the initial
condition 5(0) = 1o, where f is a continuous function from R? to R?. The explicit midpoint rule in which generates
a sequence {y, } by the following the recurrence relation

1 Ynt1 — Y

E(yn+1 - yn) = f(%)
In 2017, Luo et al. [9] introduced the following iterative method for the explicit midpoint rule of nonexpansive
mappings in uniformly smooth Banach space:

Tn + Tptl

Tpt1 = anf(zn) + (1 — an)T( B )-

In 2018, Aibinu et al. [1] introduced the following iterative method for the explicit midpoint rule of nonexpansive
mappings in a uniformly smooth Banach space:

Tn + Tny1

2 )

Tn4+1 = O‘nf(vxn) + /ann + 'YnT(

A family S := {T'(s) : 0 < s < oo} of mapping from C into itself is called a nonexpansive semigroup on C' if it
satisfies the following conditions:

1. T(0)zr =z forallz € C

2. T(s+t)=T(s)T(t) forall s,¢ >0

3. [[T(s)z —=T(s)y| < ||z —y[/ forallz,y € Cand s > 0
4. Forall z € C, s — T(s)x is continuous.

Chen and Song [6] introduced and studied the following iterative method to prove a strong convergence theorem
for FPP in a uniformly convex Banach space:

Tnt1 = anf(an) + (1 — an)i I T(s)xnds, Vn € N.

where f is a contraction mapping and {«,, } is the sequencesin (0, 1) and {s,, } is a positive real divergent sequence.
Motivated and inspired by the results mentioned and related literature in [1, 6], we propose an iterative midpoint
algorithm based on the viscosity method for finding a common element of the set of solutions of nonexpansive
semigroup in a uniformly smooth Banach space. Then we prove strong convergence theorems that extend and
improve the corresponding results of Aibinu et al. [1], Chen and Song [6], Luo et al. [9] and others. Finally, we
give a example and numerical result to illustrate our main result.

The rest of paper is organized as follows. The next section presents some preliminary results. Section 3 is de-
voted to introduce midpoint algorithm for solving it. The last section presents a numerical example to demonstrate
the proposed algorithms.
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2 Preliminaries

Lemma 2.1. [5] Let E be Banach space, for each x,e € E, j(z) € J(x), j(x +y) € J(x + y), the following
inequalities hold:

1 + 20y, 3 (2)) < ll= +yl* < ll2|® + 2y, 5z +)),  Va,y € E.

Let 11 be a continuous linear functional on [*° and let (ag, a1, . . .) € [°°. We write u,,(a,,) instead of y((agp, a1, . ..)).
We call ;1 a Banach limit when p satisfies ||| = pn(1) = 1 and pp(an+1) = pn(ay) for each (ag, aq,...) € I*°. For
a Banach limit x4, we know that liminf,,_, a,, < pn(a,) <limsup,,_, a, forall (ap,as,...) € I*.

Lemma 2.2. [14] Let C be a convex subset of a Banach space E whose norm is uniformly Gateaux differen-
tiable. Let {x,} be a bounded subset of E, let z be a element of C and ;. be a Banach limit. Then p, ||z, — z|* =
minyec pin |z, — ylI* if and only if pin, (y — 2, j(z, — 2)) <0, Vy € C.

Lemma 2.3. [13] Let FE be a reflexive Banach space and C' be a closed convex subset of E. Let g be a proper
convex lower semicontinuous function of C into (—oo, o] and suppose that g(x,) — oo as ||z,|| — oo. Then,
there exists x( € C such that g(xo) = inf{g(x) : x € C}.

Definition 2.1. A function w = RT™ — R is said to belong to S if it satisfies the following conditions:

2.r>0=w(r)>0;
3. t<s=w(t) <w(s).

Lemma 2.4. [13] Let E be a uniformly convex Banach space. Then, for any r > 0, there exists w, € S such that
Joreachz,y € By, z* € j(x),y* € j(y) have (x —y,z* — y*) > w,(||lx — y|) ||z — y].

Lemma 2.5. [6] Let C be a nonempty bounded closed convex subset of uniformly convex Banach space E and
let S := {T(s) : 0 < s < oo} be a nonexpansive semigroup on C such that F(S) is nonempty. Then for each
h,r >0,

. 1/t 1 [t

lim sup | / T(s)zds — T(h)(* / T(s)zds)| = 0.
t=0ozconB, t Jo t Jo

Lemma 2.6. [15] Let {a,,} be a sequence of nonnegative real numbers such that a,,+1 < (1 — ay)an, + 6p, 7 >0

where o, s a sequence in (0, 1) and 6, is a sequence in R such that

On,
Qn

(Z) Z%O:lan = 005 (”) lim SUPy, 00
Then lim,,_,o. a,, = 0.

<0 or ¥%,4,< oo

3 Viscosity Nonlinear Midpoint Algorithm

In this section, we prove a strong convergence theorem based on the explicit iterative for fixed point of nonexpan-
sive semigroup. We firstly present the following unified algorithm.

Let C' be anonempty closed convex subset of real Banach space E. Let S = {T'(s) : s € [0, +00)} be a nonexpansive
semigroup on C such that Fix(S) # (. Also f : C' — C be a a-contraction mapping.
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Algorithm 3.1. For given x € C arbitrary, let the sequence {z,,} be generated by:

(xn + Tpi1

5 )ds. (3.1

1 s
Tn+1 = anf(wn) + 5711'71 + Tn— /
Sn, 0

where {a,}, {7} are the sequence in (0,1) and {3, } is the sequence in |0, 1) satisfying o, + 5, + 7» = 1 and
{sn} C [s,00) with s > 0.

(C1)limy,, o0 a, = 0, YLty = 00;

(C2) Z?le |Bn+1 — Bn| <00 or lim, s 52:1 =1;

(C3)limy, 00 85, = 00, SUP,, ey |Snt+1 — Sn| @5 bounded.

Lemma 3.1. Let E be a uniformly smooth Banach space and C be a nonempty closed convex subset of E and
p € Fix(S). Then the sequence {z,,} generated by Algorithm 3.1 is bounded.

Proof. Let p € Fix(S), we obtain
[2nt1 —pll
= llanf (@n) + Ban + s Jo" T(s)(FFg=2)ds — p|
< aglvf (@) = pll + Ballzn = pll + vl Jo T(s)(FFg=) = T(s)pllds
< an([lf (@) = F@ + 1F () = pll) + Ballzn = pll + 7al =522 = p]

< anallzy — pll + anll f(p) = Bpll + Bullzn — pll + 5 (2n = pll + 2041 — pll)-

which implies that
(1 =2 |zngr — pll < (e + Bn + F)||xn — ol + ol f(p) — pI|-
Then 21 2an(1-a) [ £(2) sl
”xn-‘rl _pH < (1 ﬁ)”xn pH + 1?—%%-&-(3,1 1p—ap
< max{]|z, — p||, 112570} (3-2)
< max{ |z — p||, 1222y,
Hence {z,} is bounded. 0

Now, set £, := - [¢" T(s)(“2*3+1)ds. Then {t,} and { f(z,)} are bounded.

Lemma 3.2. The following properties are satisfying for the Algorithm 3.1
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P1l. lim, , ||Znt1 — xn| = 0.
P2, lim, ||z, —tu|| = 0.

P3. limy o0 [|T(8)tn — tal| = 0.

Proof. P1:We have

th+1 - tn”

_ H 1 f5n+l T(S)($n+1;$n+2 )ds o

Sn+1

1

= sllsis S0 T(s)ansads +

—L [ P(s)rpds — L [*mT

Sp JO Sn J0O

= 5ll5 SO (T (8)znsr — T(s)zn)ds + (

Sn+1

+oi JorH(T(s)an — T(s)p)ds +

+m —5) 0" (T(s)zny1 — T(s)p)ds + 1

Sn+1 Sn

IN

Sn+1

= 3(lzns1 — znll + [#nt2 — Tnga|)

Next, we show that the sequence {z,,} is asymptotically regular, i.e.,

lim,, Hxn—i-2 - mn—l—l” =0.
By (3.3) we estimate that

Hlzng1 — @] + Enet=snljig, — | +

1
sn J0

Sn41
o T

(s)xnt1ds||

1

Sn4+1

+ |5n+1*3n‘ (

T(s)(=E5=L)ds|

3|

(T'(s)xn, — T(s)p)ds (3-3)
(T(8)Tns2 — T(8)Tps1)ds

ST (8) 241 — T(s)p)ds|

|nsa — g || + B0l g ) g

[2n = pll + l2n+1 = pl)-
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Zn+2 — Tnt1ll

= ||(O‘n+1f(xn+1) + Bnt1Tnt1 + Ynrl Snlﬂ f(fnﬂ T(S)(%)d‘g)

_(anf(l'n) =+ /anEn + 'Yné (fn T(S)(ngl)ds)n

Sn41 T(s)($n+1;‘$n+2 )ds 1 fosn T(S)(Jcn+2xn+1 )ds)

Sp+1 JO Sn

= [[7n+1(
(= 1) o Jo" T(8) (552 )ds + (ans1 — an) f ()
Fons1(f(@ne1) = f(@n) + (Bt — Br)n + Bs1(Tns1 — @) |

< (1= ant1 = Bng1)[tnsr — tall + [onts — oM + o || f(@ng1) — )]

_Hﬁn—&—l - 5n|N + /Bn-l—len—‘rl - mn”

< M(H%&l — || + [Znt2 — Tnga|)
+(1 = any1 = Bug) 2=l (= pl| + [|zngs = pII) + lanst — | M
+04n+10‘||93n+1 - xn” + |ﬁn+1 - ﬁn‘N + ﬁnJrlenJrl - mn”a
where
M = sup{||- [" T(s) (=522 )ds|| + || f ()},
N :=sup{|| L [;" T(s)(“F5=2)ds|| + ||}

Then

(I + any1 + Buy1) | Tnr2 — Tnpa|l < (14 Barr + 2o — Dagr1) | 2nr1 — 20|

2 n —Son
+(1 = a1 — Bugr) 2zl (|7, — |

Hznr1 — pll) + 2]an — any1|M + 2|8n — Bnra|N.

Therefore

2(1— n
[ense = 2asill < (1— o200 2041 — 2|

17 — 2 n —°on
+ (it (Amtisal) (|, — p|| + ||z 41 — pll)

oM 2N
+m|an — api1| + mWn = Bn+1l-
Hence, it follows by Lemma 2.6 and (C1)-(C3) that
lim ||z,4+1 — x| = 0. (3-4)

n—o0
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And similarly, we have

lm 42 — 20|l = 0. (3.5)

Also by (3.3), (3.4),(3.5) and (C3) we have lim,, . [|t541 — tn|| = 0.

P2: We can write

[zn —tall < Zns1 — zoll + lanf(2n) + BaZn + Yatn — ta|
= H‘rn-‘rl - :L’n” + ||anf(xn) + /ann + (1 — Qp — 6n)tn - th

< |lwn — gt || + anll f(2n) — tall + Bullzn — tall,

then
(1= B)llzn — tall < |20 — Tosall + anllf(2n) — tall-
By (C1) and (3.4), we obtain
lim [z, — ta| = 0. (3.6)

P3: Let K := {w € C : |lw—p|| < |wo — pll, == f(») — p||}. Then K is a nonempty bounded closed convex
subset of C which is 7'(s)-invariant for each s € [0, +o0) and contains {x,,}. So, without loss of generality, we may
assume that S := {T'(s) : s € [0,+00)} is a nonexpansive semigroup on K. Since {z,,} C K and K is bounded,
there exists > 0 such that K C B,.

IT(s)xn = zall =T ()20 — T(s)55 Jo" Ts) (P50 )ds + T(s) 3 fom T(s) (g2 )ds
_é Osn T(S)(x7L+xn+1 dS + f x7L+2$n+1 )dS _ an
< T (s)2n — T(s)5s Jo" T(s) (52 )ds||

HIT(s) 5 Jo" T(s) (P52 )ds — - [om T(s) (P55 ds|

Sn

HIgs Jo" T(s) (gt )ds — an

< lwn — &[5 Ts)(2F522 ) ds |

HIT(s) 5 oo T(s)(rgmtt)ds — - f5 T(s) (52 )ds|

HIgk Jo" T(s) (5 )ds — @
=25 o T(s) (5 )ds — |

HIT ()5 fo™ T(s)(Fgmt)ds — o [om T(s) (5t )ds|

xn“l’x'rH»l

Since e C, from (3. 6) and Lemma 2.5, we obtain lim,, ., [|T(s)z,, — z,|| = 0. Therefore
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IT(s)tn = tall < T(s)tn = T(s)znll + [T(s)2n = zall + l2n = ta
<t = 2nll + 1T ()2 — zall + [l2n — tal-

Then we have
Tim (| (s)t — tull = 0. (3.7)

4 Convergence Algorithm

Theorem 4.1. Let E The Algorithm defined by (4.4) convergence strongly to z € Fix(S), which is a unique
solution in of the variational inequality (I — f)z,j(x — 2)) <0, Vz € Fix(S).

Proof. Sett,, :=t,andlet K = {q € C : p||tn, — q||> = mingcc il|tn, — x||?} such that x be a Banach limit. we
claim that K consists of one point. Indeed, let g(z) = y;||t,, — || for each z € C and ro = inf{g(x) : = € C}.
Since the function g on C' is convex and continuous and g(t,,) — oo as [|t,|| — oo, from Lemma 2.3, there exists
z € C with g(z) = rg, i.e.,K is nonempty. From Lemma 2.2, we know that z € K if and only if

pilx — z,j(tn, — 2)) <0, Vo e C (4.1)
Suppose # € K and z # 4. By Lemma 2.4, there exists a positive number k such that (tn, — 2 — (tn, — 2),j(tn, —
z) — j(tn, — %)) > k for each i € N. Therefore, 1;(Z — z, j(tn, — 2) — j(tn, — %)) > k > 0.
On the other hand, since z, 7 € K, we have y;(¢ — z, j(t,, — 2)) < 0and y;(z — £, j(tn, — #)) < 0. Then we have

Nl<é - Z>j(tm - Z) _j(tm - é)> <0

This is a contradiction. Therefore ~ = %, that is, K consists of one point.
Noting (3.7), we have for each s > 0,

9(T(5)2) = pilltn, = T(s)2]* = pall T(s)tn, = T(s)2ll* < pilltn, — 2II* = g(2)-

Since K consists of a point, T'(s)z = z, Vs > 0, i.e., z € Fix(S).
We show that limsup,, , . (f(z) — 2, j(@p41 — 2)) < 0.

From z,1 = an f(zn) + Bnxn + f)/né osn T(s)(Lgnﬂ)ds, we have
(= flan = O%,L((Bn + an)zn + (1 = Bn — an)é f(fn T(S)(Lg"“)ds = Tn+1),

then
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<(I - f)xnaj(xn-i-l - Z)>
= é«ﬁn + Oln)‘Tn + (1 — Bn — Oln)é fosn T(S)(%)ds — $n+1,j(1:n+1 — Z)>
= o (P20 [ T(8)2nds — @, j(@ns1 — 2))

'f‘l_/an_an<i f(fn T(S)l‘n-&-lds - $n+1aj(xn+l - Z)>

Sn

_Hﬁn%<xn+l - wmj(xn—i-l - Z)))
1— n—0On 1 n n
< 20 (1t — an || + [[tngr — o) llonss — 2] — Z22E22 2 40 — 2|21 — 2]
By (3.4)and (3.6), we obtain
limsup(f(z) — 2z, j(xpn+1 — 2)) < 0. (4.2)
n—oo

Now we prove that z,, is strongly convergence to z.
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lont1 = 21? = an{f(@n) = 2,0(@n41 — 2)) + Bulzn — 2,5 (Tn41 — 2))
(1 = B — an)(tn = 2),§(Tnt1 = 2))
< an({f(zn) = f(2),§(@nt1 = 2)) + (f(2) = 2,5 (@n1 = 2)))
+Bnllzn = zllllenta — 2l + (1 = Bn — am)[[tn — 2[[|zn1 — 2]
< anafzn = 2ll[lents — 2l + an(f(2) = 2,5 (201 — 2))
+Bullen = 2|1zt = 2l + (1= Bn — an) | =525 — 2|l||@nt1 — 2|
< analjzn = zll[lznr = 2l + anlf(2) = 2, 5(2n1 = 2))

+Ballen = zlllzn1 — 2l + =252 (|2 = 2l + [|za41 = 2l ensr — 2]

_ 1+ﬁn*a2n(172a) [

= 2ll[zns1 = 2l + anlf(2) = 2, j (201 = 2))
P g — 2

14+Bn—an(1—2 1
< W(Hxn — 2|2 4+ | Tna1 — 2)|2) + an{f(2) — 2,5 (Tne1 — 2))

20y — 2|2
S 1+ﬁn_064n(1_20l) ||-’rn _ Z”Q + 3_ﬁn_an(

w3200 7y — 2

+an<f(z) - Z,j(l‘n+1 - Z)>

This implies that
Jener — 27 < S8 e — 212 + ey (f(2) — %,d(@ns1 — 2))
< (1~ mparrema)llen — 2 + mpseimm () = (@ - 2)) (4-3)
= (1 — kp)||zn — 2| + 4anly,
4(1—a)ay,

WheI'e ]’Cn = m and ln = <f(Z) — Z,j($n+1 — Z)>.
Since lim,,_, o, = 0 and 292 yoy, = 00, it is easy to see that lim,,_, k, = 0, 02 jk, = oo and limsup,,_, 1, < 0.
Hence, from (4.2) and (4.3) and Lemma 2.6, we deduce that x,, — =. O

Corollary 4.1. Let E be a uniformly smooth Banach space and C be a nonempty closed convex subset of E.
Let S = {T'(s) : s € [0,400)} be a nonexpansive semigroup on C such that Fix(S) # (. Also f : C — C be a
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a-contraction mapping. For given x € C arbitrary, let the sequence {z,,} be generated by:

Tn + Tntl

1o
Pt = anflea) + (1= )= [T s (4.4
where {«,,} is a sequence in (0,1) and {s,} C [s,00) with s > 0.

(C1H)limy, 00 0, =0, X920 = 00

(C2) Y o —ap—1]| < oo or lim,_,s agzl =1;

(C2)limy, 00 5 = 00, SUP,,cpy |Sn+1 — Sn| is bounded.
Then the sequence {z,,} converges strongly to z € Fix(S), which is a unique solution in of the variational in-
equality (I — f)z,j(x — 2)) <0, Va € Fix(5).
5 Numerical example

In this section, we give some examples and numerical results for supporting our main theorem. All the numerical
results have been produced in Matlab 2017 on a Linux workstation with a 3.8 GHZ Intel annex processor and 8
Gb of memory

Example 5.1. Let H = R, the set of all real numbers, with the inner product defined by (z,y) = xv, Vm y € R,

and induced usual norm | . |. Let C = [-2,1]; Let f(z) = -5 (= — 3) and let, for each z € C, T(s)z = 1+2 z. Then
there exist unique sequences {x,,} C R generated by the iterative scheme
1 2n + 1 n 1 [ 1  z,+Tp
— -3 - d .1
T+l = 35 mrop @n =)+ g5 3n+25n/0 I S (5-1)
where o, = 555, fn = %Zié, Yn = 3 and s, = 2n. Then {z,} converges to {0} € Fix(S). f is contraction
mapping with constant « = ¢. It is easy to observe that Fix(S) = {0} # (. After simplification, scheme (5.1)
reduce to — .
i3
S (Son420 T 24n2+16 In(1+4n))zn — 3553
il =

Following the proof of Theorem 4.1, we obtain that {z,,} converges strongly to w = {0} € Fix(S).
Example 5.2. Let H = R?, the set of all real numbers, with the inner product defined by ((x, %), (2,t)) = zz +

yt, Y(z,v),(z,t) € R% and induced usual norm ||(x,)|| = (2% +y )1. Let C = [0,4] x [-2,1]; Let for each
(z,y) € R?, we define f(z,y) = (iz, ty) and let, for each (z,y) € C, T(s)(z,y) = *23( Ly). Then there exist
unique sequences {(x,,y,)} C R? generated by the iterative scheme
3 1 1 2 +1 15n—21 [ o (Tni1,Ynt1) + (T, Yn
CHERTnE 6n+2(3xn,gyn>+<§ ~ 2 ) T g aa ) € ottt # () gy (59

6n+2, B = 6’?;12, Y = }gglg and s, = n. Then {(x,41,yn+1)} converges to {(0,0)} € Fix(S). f

is contraction mapping w1th constant a = 1. It is easy to observe that Fix(S) = {(0,0)} # 0. After simplification,
scheme (5.2) reduce to

where a,, =

45n+14 ~ _ 15m—2 67271
_ 90n+30 72n2+24n
In+1 = T5n—2 In,

—2n
L+ o mme
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18n+5 _ _15n—2 672n
_ 36nt12  T2n2424n
Ynt1 = 14 1n=2 a5 I
72n2+24n

Following the proof of Theorem 4.1, we obtain that {(z,, y,)} converges strongly to w = {(0,0)} € Fix(S).
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