Theory of Approximation and Applications, 2020, Volume 14, No. 1: 119-123, DOR: 20.1001.1.25382217.2020.14.1.4.6

Quasi-orthogonal expansions for functions in BMO

M. Ghanbari

Farahan Branch, Islamic Azad University, Farahan, Iran

ARTICLE INFO ABSTRACT

KEYWORDS For {¢n(x)}22;,2 € [0,1] an orthonormal system of uniformly bounded functions,
MO space [pnlloc < M < oo,mn = 1,2,..., we shall prove, there exists a subsystem {¢n, ()} ;
Orthonormal system such that if }37° | a2 < cothen 332 | ag¢n, (z) € BMO.

Haar wavelet.

ARTICLE HISTORY
RECEIVED:2020 JANUARY 12

ACCEPTED:2020 SEPTAMBER 21

1 Introduction

1.1 Concepts of orthonormal systems

A system of functions {¢,,(z)}°°; C L?(a,b) is orthonormal if for m,n = 1,2, - -,

1, ifn=m;

0, ifn #m. (1)

/ 0@z =

([?]) An orthonormal system ® = {¢,(x)}52,,x € (0,1), is called a convergence system if every series of

n=1"

the form > °° | anén(x), Y o0 a2 < oo converges a.e. on (0,1). ([?]) For every orthonormal system ¢ =
{on(x)}72 1,2 € (0,1), there is an increasing sequence { N} }7° ; of integers such that for every series of the form
S0 L andn(z), > 0% a2 < oo the sequence Sy, (z) = Zﬁfil anon(x),k = 1,2,---, converges a.e. on (0,1) and

n=1
satisfies the inequality

I sup | Sy, () [lo< C>_ap)'?,
n=1

1<g<0

for some C. ([?]) For every orthonormal system ® = {¢,(2)}5°,,z € (0,1), we can extract a subsystem ®; =
{bn,, (2)}32,,m1 < ng < ---,which is a convergence system and for which, moreover,

N
| sup | axdnywlllz < C |l ax [l
1<N<oo k=1

where a, is an arbitrary sequence in /2 and C is a constant.
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1.2 The space of bounded mean oscillation functions

([?1,[?DA locally integrable function f will be said to belong to BMO if the inequality
1
[ 15 falde < 4 (12)
1Bl /B

holds for all balls B; here |B| is volume of B and fp = |B|™! [ fdx denotes the mean value of f over the ball B.
The inequality (2) asserts that over any ball B, the average oscillation of f is bounded. The smallest bound A in
(2) is called the norm of f in this space, and is denoted by || f|| rs0-

A binary interval or dyadic interval is an interval of the form ((i — 1)/2*, i/2¥), wherei = 1,--- ;2% k=0,1,---.
Forn=2F+ii=1,---,25 k=0,1,---, we write

A, = AL = ((i —1)/2%,i/2%), A1 = (0,1).

If § C (0,1) is any interval, we denote by 5+ and §~ the left hand and right hand halves of ¢ (not including the
midpoint).

([?]) The Haar system is the system of functions x = {x,(z)}°%,,z € [0,1], where y; = 1 and for 28 < n <
261k =0,1, -+, xn(z) is defined as follows:

ok/i2  ifx € AT
xn(z) =< =282 ifze A; (1.3)
0, Otherwise.

[1,5,6] The Haar system is an orthonormal basis for L?(R). If x;(x) be the Haar function associated with the
dyadic interval I then the Haar coefficient over I of f is

fr="(f,x1)= /If(l‘)XI(fE)de‘

([?]) An orthonormal system ® = {¢,,(z)}>2,,z € (0, 1), is called a convergence system if every series of the form

S L andn(z), > 0% | a2 < oo converges a.e. on (0, 1).

1.3 Quasi-orthogonal expansions

Our orthogonal decompositions (more precisely, "quasi-orthogonal” decompositions) will be given in terms of a
family of "bump” functions; each such function will be associated to a dyadic cube. We fix our notation as follows:
the letter () will be reserved for a dyadic cube, and B = Bg will be the ball with the same center and twice the
diameter (thus By O @); similarly the ball B; will be associated to @, etc. For each dyadic cube @, we will be
given a function ¢;, supported in B, that satisfies certain natural size, regularity, and moment conditions. We
shall assume that

1(O) e
D%q] < (s [ a"bg(a)tz =0, 0ol <n (14)
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with /(@) denoting the length of a side of the cube Q@ C R".
We shall be dealing with functions f that can be represented in the form

=" aqdq, (1.5)
Q

where a( is a suitable collection of constants, and the summation in (5) is carried over all dyadic cubes.

Various extensions of the same ideas are possible, giving also characterizations of many other function spaces
besides BMO, leading in addition to what are now known as “wavelet” decompositions.

[4,6](a) Suppose the coefficients a satisfy the inequalities

> lagl* < AlQol (1.6)
QCQo

for all dyadic cubes @, where the summation in (6) is taken over all dyadic subcubes of Qy. Then the series (5)
gives an f € BMO in the sense that

lim =
p1—0,p2—00 Z GQ¢Q /
P1<U(Q)<p2

exists in the weak topology of BMO.

(b) Conversely, suppose f € BMO. Then there is a collection of functions ¢¢ and a collection of coefficients a¢
that satisfy (4) and (6) respectively, so that f is representable as the sum (5), in the sense asserted in part (a). The
smallest A for which (6) holds is comparable with || f]|%,,0-

Remark. A simplified version of the system ag occurs in the dyadic context, and is given by the Haar basis. We
describe the situation in one dimension. Suppose # is the function supported in the unit interval [0, 1] that equals
1 in the left half and —1 in the right half. For any dyadic interval Q, set

hg = 22h(2x — k),Q = [k277, (k + 1)277].

While the h satisfy only the size condition |hg| < |Q|~'/? and the moment condition [ hgdr = 0 (and not the
full conditions (6)), they have the compensating merit of forming a complete orthonormal basis for L?(R'). For
f =>"aghg and a constant c, the property

> agl < c|Qof
QCQo

is then equivalent with f being in BM O in the dyadic sense.

2 Main result

We will use the following two statements to prove and substantiate the main theorem. ([?]) For function f, the
following statements are equivalent:

1- There exist the number ¢; such that fol exp(c1|f(x)|*)dx < 0o

2- || fllp < c24/p, that c; is a constant number.

3- {a;|f(x)] > A} < cie~e*’, that ¢, and cs are constant numbers.  ([?]) Let f is a function on [0, 1], then
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f € BMO if and only if for every dyadic interval J C [0, 1] the inequality

S If? < Al

IcJ

be satisfied, that I is dyadic.

Let {¢n(x)}22,,z € [0,1] be an orthonormal system of uniformly bounded functions, ||¢,|c < M < co,n =
1,2,.... Then there exists a subsystem {¢,, (z)}72; s.t. if Y 72, a2 < oo then Y22, axdn, () € BMO and if
> re, a3 < 1, then for the function f(z) = Y"32; ax¢n, (z) the following inequality is established:

{a; | ()] > t}] < coe™t.

Proof. In fact, if { N} }7°, is the sequence of numbers that was constructed for ¢ in Theorem 1.3., it is sufficient
we choose numbers n; such that N, < ny < Nijq,k = 1,2,.... Nowlet f(z) = > )7, axén, (x) then for every
dyadic I with |I| = 5 we have:

il =1 fy fxade]

= | Jy (32 axdn, (#))x1(2)dz]

= | Jo SR (S5 enxi(@) xa (2)da|

= | 30001 St ke Jo xi(e) xr(w)dal

< R it lallell Jy xi(@)xi(@)dal

= 0 lawl i | o @ (@)xi(@)] fy xilw)-xr (@) de]

< \ak\Mﬁ

So

therefore if | J| = 5 then

2l<;
1
2 _ 2 2 2 2 2 2 _
IECJ\M =P+ 1o P+ 1] +---+i§:1 1ol + < MP oo l{antllz = AlJ].

Now with 4th remark next of Theorem 1.2. f € BMO.
Soif Y72 a7 < 1,then || f||pmo < M?|{an}||3 < M?and || f|| < ¢1,/p. Finally use Theorem 2.5 and Theorem 2.6,
we have

s |f (@)] > ] < eae ™"

3 Conclusion and future works

In this paper with use Haar system, it was proved for every orthonormal system {¢,(z)}>2,,z € [0, 1] of uni-
formly bounded functions, |¢n]c < M < oco,n = 1,2,..., there exists a subsystem {¢,, ()}, such that if
See ar < oo then Y22 aggn, (z) € BMO. For future works, we intend to address the two issues. Firstly if
{#n(2)} = {Xo(m)(®)} is a rearrangement of Haar system, then for every ¢ > 0, does it exist a subsystem {¢,,, (v)}
which is convergence system and n;, < k'*? Secondly For any positive integers N; < Ny < ---, does it exist a
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rearrangement Haar system {¢,, ()} = {Xo(n)(7)}, such that fojl ar¢r(z) is divergent a.e. for some sequence
{a} with 3" a? < oo?
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