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ABSTRACT

In this paper, we introduce a cone generalized semi-cyclic φ−contractionmap and prove best

proximity points theorems for such maps in cone metric spaces. Also, we study existence and

convergence results of best proximity points of such maps in normal cone metric spaces. Our

results generalize some results on the topic.

1 Introduction
Huang and Zhang [8] introduced cone metric spaces as a generalization of metric spaces. The study of existence
of best proximity points in cone metric spaces is very interesting. More precisely, for two given nonempty subsets
A and B of a cone metric space (X, d), a point x ∈ A is called a best proximity point of map T : A → B if
d(x, Tx) = d(A,B), where d(A,B) = inf{d(a, b), a ∈ A, b ∈ B}. Now, let us consider S and T be given mappings
from A to B, a common best proximity point is x ∈ A such that d(x, Tx) = d(x, Sx) = d(A,B). In this area, in
2014, Lee [10] presented cone metric version of existence and convergence for best proximity points. In 2016,
best proximity point results for cone generalized cyclic contraction maps elicited in [2] on cone metric spaces.
One could find more results about best proximity points on cone metric spaces in [11, 5] On the other hand, in
2011, Gabeleh and Abkar [7] proved best proximity point theorems for a semi-cyclic contraction pair on metric
spaces.

In 2014, Thakur and Sharma [13] investigated best proximity point theorems for semi-cyclic φ−contraction
pair in metric space.

In 2016, best proximity point results for generalized semi-cyclicφ−contractions inmetric spaces proved in [1].
Also, there are some works about best proximity points of some cyclic contraction maps (for example, [6, 3, 9, 4]).

In this paper, we prove best proximity point results for a new class of semi-cyclic contraction pair (S, T ), in
cone metric spaces, is called cone generalized semi-cyclic φ-contraction pair. Our results generalize results in
[1, 10]. Since cone metric spaces generalized metric spaces, our results extend the corresponding results in the
literature. To prove our results in the next section we recall some definitions and facts. In the present paper E
stands for a real Banach space.
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A subset P of E is called a cone if and only if

(P1) P is closed, nonempty and P ̸= {0};
(P2) a, b ≥ 0 and x, y ∈ P implies ax+ by ∈ P ;

(P3) x ∈ P and −x ∈ P implies x = 0.

We define a partial ordering⪯with respect to P by x ⪯ y if and only if y−x ∈ P , for x, y ∈ P . x ≺ y will stand
for x ⪯ y and x ̸= y, while x ≪ y will stand for y − x ∈ intP , where intP denotes the interior of P .

A cone P is said to be normal if there is a numberM > 0 such that for all x, y ∈ E

0 ⪯ x ⪯ y implies ∥x∥ ≤ M∥y∥.

The least positive numberM satisfying the above inequality is called the normal constant of P .
A map f : P → P is said to be increasing (strictly increasing) whenever x ⪯ y implies that f(x) ⪯ f(y) (x ≺ y

implies that f(x) ≺ f(y)).

Definition 1.1 [8] LetX be a nonempty set. Suppose that a mapping d : X ×X → E satisfies:

(d1) 0 ⪯ d(x, y) for every x, y ∈ X and d(x, y) = 0 if and only if x = y;
(d2) d(x, y) = d(y, x) for every x, y ∈ X;
(d3) d(x, y) ⪯ d(x, z) + d(z, y) for every x, y, z ∈ X.

Then d is called a cone metric and (X, d) is called a cone metric space.

Definition 1.2 [14] A nonempty subsetA of (X, d), is said to be bounded above if there exists c ∈ intP such that
c− d(x, y) ∈ P for all x, y ∈ A and is said to be bounded if δ(A) = sup{d(x, y) : x, y ∈ A} exists in E.

Let {xn} be a sequence in a conemetric space (X, d) and x ∈ X. If for every c ∈ intP, there exists a natural number
N such that for every n > N , c − d(xn, x) ∈ intP, then {xn} converges to x with respect to P and is denoted as
limn→∞ xn = x.

Lemma 1.1 [8] Let (X, d) be a cone metric space, P a normal cone, {xn} and {yn} be sequences inX. Then

(i) xn converges to xwith respect to P if and only if d(xn, x) → 0 as n → ∞,

(ii) If xn → x and yn → y as n → ∞with respect to P , then d(xn, yn) → d(x, y)

as n → ∞,

(iii) If xn → x and yn → y as n → ∞with respect to P and yn − xn ∈ P for every n ∈ N, then y − x ∈ P .

2 Main results
Throughout this section, A and B are nonempty subsets of a cone metric space (X, d).

Definition 2.1 Let two maps S, T : A ∪B → A ∪B be such that S(A) ⊆ B and T (B) ⊆ A. Then the pair (S, T )
is said to be cone generalized semi-cyclic φ-contraction pair, if φ : E → E is a strictly increasing map and

d(Sx, Ty) ⪯ (1/3){d(x, y) + d(Sx, x) + d(Ty, y)} (2.1)

− φ(d(x, y) + d(Sx, x) + d(Ty, y)) + φ(3d(A,B)),

for all x ∈ A and y ∈ B.
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Example 2.1 Let E = R2, P = {(x, y) ∈ E : x, y ≥ 0} ⊂ R2 , X = R and d : X × X → E be such that
d(x, y) = (|x− y|, λ|x− y|), where λ ≥ 0 is a constant. LetA = [0, 1], B = [−1, 0].Define S, T : A∪B → A∪B by

S(x) =


−x
6 , x ∈ A

x
6 , x ∈ B,

T (x) =


x
6 , x ∈ A

−x
6 , x ∈ B

and φ(t1, t2) = ( t16 ,
t2
6 ) for (t1, t2) ∈ R2, then

(1/3){d(x, y) + d(Sx, x) + d(Ty, y)} − φ(d(x, y) + d(Sx, x) + d(Ty, y))

+φ(3d(A,B))− d(Sx, Ty)

= (1/6){d(x, y) + d(Sx, x) + d(Ty, y)} − d(Sx, Ty)

= (1/6){(|x− y|, λ|x− y|) + (7/6)(x, λx)− (7/6)(y, λy)} − (1/6)(|x− y|, λ|x− y|)
= (7/36)(x− y, λ(x− y)) ∈ P, for x ∈ A and y ∈ B.

Hence

(1/3){d(x, y) + d(Sx, x) + d(Ty, y)} − φ(d(x, y) + d(Sx, x) + d(Ty, y))

+φ(3d(A,B))− d(Sx, Ty) ∈ P,

which implies that

d(Sx, Ty) ⪯ (1/3){d(x, y) + d(Sx, x) + d(Ty, y)}

−φ(d(x, y) + d(Sx, x) + d(Ty, y)) + φ(3d(A,B)).

Thus (S, T ) is a cone generalized semi-cyclic φ-contraction pair.

Example 2.2 Let E = l1, P = {(xn) ∈ E : xn ≥ 0 for all n},X = Rwith the usual metric ρ andA = [0, 1], B =

[−1, 0]. Define d : X ×X → E by d(x, y) = {ρ(x,y)
2n }n≥1, φ((tn)) = ( tn6 )n≥1 for (tn)n≥1 ∈ E and the maps S, T be

defined similar as in Example 2.1. Then (S, T ) is a generalized cone semi-cyclic φ-contraction pair.

Remark 2.1 (i) A cone generalized semi-cyclic contractionmap is a cone generalized semi-cyclicφ-contraction
with φ(x) = (1 − k)(x/3) for x ∈ E, where k ∈ (0, 1) is a constant. In this case (S, T ) satisfies in (2), for some
k ∈ (0, 1),

d(Sx, Ty) ⪯ (k/3){d(x, y) + d(Sx, x) + d(Ty, y)}+ (1− k)d(A,B), (2.2)

for all x ∈ A and y ∈ B.

(ii) when in cone generalized semi-cyclic φ-contraction S = T, T is called cone generalized cyclic φ-contraction.
A cone generalized cyclic contraction map is a cone generalized cyclic φ-contraction with φ(x) = (1 − k)(x/3)

for x ∈ E, where k ∈ (0, 1) is a constant. In this case T satisfies in (3), for some k ∈ (0, 1),

d(Tx, Ty) ⪯ (k/3){d(x, y) + d(Tx, x) + d(Ty, y)}+ (1− k)d(A,B), (2.3)

for all x ∈ A and y ∈ B.
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Let pair (S, T ) be a cone generalized semi-cyclic φ-contraction. Consider x0 ∈ A, then Sx0 ∈ B, so there exists
y0 ∈ B such that y0 = Sx0. Now Ty0 ∈ A, so there exists x1 ∈ A such that x1 = Ty0. Inductively, we define
sequences {xn} and {yn} in A and B, respectively by

xn+1 = Tyn, yn = Sxn. (2.4)

Lemma 2.1 Let S, T : A ∪ B → A ∪ B be cone generalized semi-cyclic φ-contraction maps. For x0 ∈ A, if the
sequences {xn} and {yn} are generated by (4) then for all x ∈ A, y ∈ B, and n ≥ 1, we have

(a) φ(3d(A,B)) ⪯ φ(d(x, y) + d(x, Sx) + d(y, Ty)),

(b) d(Sx, Ty) ⪯ (1/3){d(x, y) + d(x, Sx) + d(y, Ty)},

(c) d(xn, Sxn) ⪯ d(xn−1, Sxn−1),

(d) d(xn+1, yn) ⪯ d(yn, T yn−1).

Proof We have 3d(A,B) ⪯ d(x, y) + d(Tx, x) + d(Ty, y). Since φ is a strictly increasing map, (a) and (b) are
obtained. Hence

d(xn, Sxn) ⪯ (1/3){d(yn−1, xn) + d(xn, Sxn) + d(yn−1, xn)},

d(xn, Sxn) ⪯ d(yn−1, xn). (2.5)

Also, since
d(yn−1, xn) ⪯ (1/3){d(yn−1, xn−1) + d(xn−1, Sxn−1) + d(yn−1, xn)},

d(yn−1, xn) ⪯ d(xn−1, Sxn−1). (2.6)

The relations (5) and (6) implies (c). Since

d(xn+1, yn) ⪯ (1/3){d(xn, yn) + d(xn+1, yn) + d(xn, yn)},

so
d(xn+1, yn) ⪯ d(yn, T yn−1),

that is inequality (d).

Proposition 2.1 Let S, T : A∪B → A∪B be cone generalized semi-cyclic φ-contractionmaps. For x0 ∈ A, the
sequences {xn} and {yn} are generated by (4). Then two sequences {d(xn, Sxn)} and {d(yn−1, T yn)} converge to
d(A,B) in E.

Proof Let dn = d(xn, Sxn), then by Lemma 2.1, {dn} is decreasing and bounded below. So limn→∞ dn exists. Put
t0 := limn→∞ dn, hence for every c ∈ intP, there is a natural number N such that for every n > N ,

c− d(dn, t0) ∈ intP. (2.7)

Assume that t0 ≻ d(A,B), then there exists (x0, y0) ∈ A×B such that

c− d(dn, t0) + d(A,B)− d(x0, y0) ∈ intP. (2.8)

From (7) and (8), d(A,B)− d(x0, y0) ∈ (intP − intP ) ⊂ intP, which is a contraction. Therefore t0 = d(A,B).
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Remark 2.2 Proposition 2.1 for S = T is generalization of Proposition 6 of [9] in metric spaces.

Proposition 2.2 Let S, T : A ∪ B → A ∪ B be cone generalized semi-cyclic φ-contraction maps. For x0 ∈ A,

the sequences {xn} and {yn} are generated by (4). Then two sequences {xn} and {yn} are bounded.

Proof By Proposition 2.1, we have d(xn, Sxn) → d(A,B) as n → ∞. It is sufficient to show that {Sxn} is bounded.
For the unbounded map φ, takeM ∈ E such that

φ(M) ≻ (4/3)d(x0, Sx0) + φ(3d(A,B)).

If {Sxn} is not bounded, then there exists a natural number N ∈ N, such that

d(x1, SxN ) ≻ M, d(x1, SxN−1) ≺ M.

Then

M ≺ d(x1, SxN )

⪯ d(y0, xN )

⪯ (1/3){d(x0, yN−1) + d(x0, Sx0) + d(yN−1, T yN−1)}
−φ(d(x0, yN−1) + d(x0, Sx0) + d(yN−1, T yN−1)) + φ(3d(A,B))

⪯ (1/3){d(x0, x1) + d(x1, yN−1) + d(x0, Sx0) + d(xN−1, yN−1)}
−φ(d(x0, yN−1)) + φ(3d(A,B))

⪯ (1/3){d(x0, y0) + d(y0, x1) +M + d(x0, Sx0) + d(xN−1, yN−2)}
−φ(d(x0, yN−1)) + φ(3d(A,B))

⪯ (1/3){3d(x0, Sx0) +M + d(xN−2, yN−2)}
−φ(d(x0, yN−1)) + φ(3d(A,B))

≺ (4/3)d(x0, Sx0) +M − φ(d(x0, yN−1)) + φ(3d(A,B)).

Hence
φ(d(x0, yN−1)) ≺ (4/3)d(x0, Sx0) + φ(3d(A,B)).

Therefore

φ(M) ≺ φ(d(x1, SxN )) ⪯ φ(d(y0, xN )) ⪯ φ(d(x0, yN−1))

≺ (4/3)d(x0, Sx0) + φ(3d(A,B)),

which is a contradiction. Hence {Sxn} is bounded, therefore {xn} is bounded.

Now, we prove a best proximity theorem in a normal cone metric space for a cone generalized semi-cyclic φ-
contraction pair.

Theorem 2.1 LetA andB be nonempty subsets of a normal cone metric space (X, d) and S, T : A∪B → A∪B

be cone generalized semi-cyclic φ-contraction maps. For x0 ∈ A, the sequences {xn} and {yn} are generated by
(4).
(i) If {yn} has a convergent subsequence in B, then there exists y ∈ B such that d(y, Ty) = d(A,B).Moerever, if

d(A,B) = 0, then y is unique.
(ii) If {xn} has a convergent subsequence inA, then there exists x ∈ A such that d(x, Sx) = d(A,B).Moerever, if
d(A,B) = 0, then x is unique.
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Proof (i) Let {ynk
} be a subsequence of {yn} such that limk→∞ ynk

= y. The relation

d(A,B) ⪯ d(Tynk
, y) ⪯ d(ynk

, y) + d(ynk
, T ynk

)

holds for each k ≥ 1. Letting k → ∞, by Lemma 1.1, Lemma 2.1(d) and Proposition 2.1, we obtain

lim
k→∞

d(Tynk
, y) = d(A,B).

From Lemma 2.1(b),

d(Ty, ynk
) ⪯ (1/3){d(y, xnk

) + d(y, Ty) + d(xnk
, Sxnk

)}
⪯ (1/3){d(y, ynk

) + d(ynk
, xnk

) + d(y, ynk
) + d(Ty, ynk

) + d(xnk
, Sxnk

)}.

Letting k → ∞, by Lemma 1.1 and Proposition 2.1, we get

(2/3)d(A,B) ⪯ (2/3) lim
k→∞

d(Ty, ynk
) ⪯ (2/3)d(A,B).

So d(Ty, y) = d(A,B).

Now assume that y, z ∈ B, y ̸= z and d(y, Ty) = d(z, Tz) = d(A,B) = 0. then
d(y, z) ⪯ d(y, Ty) + d(Ty, z)

⪯ d(y, Ty) + d(Ty, Tz) + d(z, Tz)

= d(Ty, Tz)

⪯ (1/3){d(y, z) + d(y, Ty) + d(z, Tz)}
−φ(d(y, z) + d(y, Ty) + d(z, Tz)) + φ(3d(A,B))

≺ d(y, z)− φ(d(y, z)) + φ(0).

Hence

φ(0) ≺ φ(d(y, z)) ≺ φ(0),

which is a contradiction.
(ii) It can be proved by the same method.

Definition 2.2 A subsetM of a cone metric space (X, d) is boundedly compact if each bounded sequence inM

has a subsequence converging to a point inM .

Theorem 2.2 LetA andB be nonempty subsets of a normal cone metric space (X, d) and S, T : A∪B → A∪B

be such that the pair (S, T ) is generalized semi-cyclic φ-contraction. If A and B are boundedly compact then
there exist x ∈ A and y ∈ B such that

d(x, Sx) = d(A,B) = d(y, Ty).

Proof The proof follows from Theorem 2.1 and Proposition 2.2.
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