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ABSTRACT

In this paper, based on viscosity technique with perturbation, we introduce a new nonlinear

viscosity algorithm for finding a element of the set of fixed points of nonexpansive multi-

valued mappings in a Hilbert space. We derive a strong convergence theorem for this new

algorithm under appropriate assumptions. Moreover, in support of our results, some numer-

ical examples (using Matlab software) are also presented.

1 Introduction
Throughout the paper unless otherwise stated, H denotes a real Hilbert space, we denote the norm and inner
product of H by ⟨., .⟩ and ∥.∥, respectively. The set C (C be a nonempty closed convex subset of H) is called
proximinal if for each x ∈ H , there exists an element y ∈ C such that ∥x − y∥ = d(x,C), where d(x,C) =

inf{∥x− z∥ : z ∈ C}. LetCB(D),K(C) and P (C) be the families of nonempty closed bounded subsets, nonempty
compact subsets, and nonempty proximinal bounded subsets of C, respectively. The Hausdorff metric on CB(C)

is defined by

H(A,B) = max{sup
x∈A

d(x,B), sup
y∈B

d(y,A)}, A,B ∈ CB(C).

A multi-valued mapping T : C → CB(C) is said to be nonexpansive if H(Tx, Ty) ≤ ∥x − y∥ for all x, y ∈ C. An
element p ∈ C is called a fixed point of T : C → CB(C) if p ∈ Tp. The fixed points set of T is denoted by Fix(T ).

A mappingM : C → H is said to be monotone, if

⟨Mx−My, x− y⟩ ≥ 0, ∀x, y ∈ C.

M is called α-inverse-strongly-monotone if there exist a positive real number α such that

⟨Mx−My, x− y⟩ ≥ α∥Mx−My∥2, ∀x, y ∈ C.
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It is obvious that any α-inverse strongly monotone mappingM is monotone and Lipschitz continuous.
Ceng et.al [5], introduced the following generalized mixed equilibrium problem with perturbation: Find x∗ ∈

C such that
f(x∗, y) + ⟨(A+B)x∗, y − x∗⟩ ≥ 0, ∀y ∈ C. (1.1)

where A,B : C → H are nonlinear mappings, ϕ : C → R is a function and f : C × C → R is a bifunction.
The problem (1.1)is very general in the sense that it includes, as special cases, optimization problems, variational
inequalities, minimax problems, Nash equilibrium problems in noncooperative games and others [2, 3, 4, 15, 18]

Very recently, Azhini and Taherian [16], motivated by [5, 19], proposed the following iteration process for
finding a common element of the set of solutions of variational inequality (1.1) and the set of common fixed points
of infinitely many nonexpansivemappings {Sn} of C into itself and proved the strong convergence of the sequence
generated by this iteration process to an element of F (PCS) =

∩∞
n=1 F (PCSn).{

F (un, y) + ⟨(M +N)xn, y − un⟩+ 1
rn
⟨y − un, un − xn⟩ ≥ 0, ∀y ∈ C

xn+1 = βnPCf(xn) + γnxn + λnPCSn[αnz + (1− αn)un], ∀n ∈ N,
(1.2)

where βn + γn + λn = 1.
Motivated and inspired by Azhini and Taherian [16], Ceng et.al [5] and Takahashi [19] we introduce the it-

erative algorithm for finding a common element of the set of fixed point of a nonexpansive set-valued mapping
in a real Hilbert space. Some strong convergence theorems and lemmas of the proposed algorithm are proven
under new techniques and some mild assumption on the control conditions. Finally, some numerical examples
that show the efficiency and implementation of our algorithm are presented.
The paper is structured as follows. In Section 2, we collect some lemmas, which are essential to prove our main
results. In Section 3, we introduce a new algorithm for finding a common element of the set of fixed point of a
nonexpansive set-valued mapping in a real Hilbert space. Then, we establish and prove the strong convergence
theorem under some proper conditions. In Section 4, we also give some numerical examples to support our main
theorem.

2 Preliminaries
Let H be a Hilbert space and C be a nonempty closed and convex subset of H .For each point x ∈ H , there exists
a unique nearest point of C, denote by PCx, such that ∥x− PCx∥ ≤ ∥x− y∥ for all y ∈ C. PC is called the metric
projection of H onto C. It is well known that PC is nonexpansive mapping. Recall that a mapping T : H → H is
said to be firmly nonexpansive if

⟨Tx− Ty, x− y⟩ ≥ ∥Tx− Ty∥2, ∀x, y ∈ H.

It is also known thatH satisfies Opial’s condition [13], i.e., for any sequence {xn} with xn ⇀ x, the inequality

lim inf
n→∞

∥xn − x∥ < lim inf
n→∞

∥xn − y∥ (2.1)

holds for every y ∈ H with y ̸= x.
The following lemmas will be used for proving the convergence result of this paper in the sequel.
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Lemma 2.1. [1] LetC be a nonempty and weakly compact subset of a Banach spaceE with the Opial condition
and T : C → K(E) a nonexpansive mapping. Then I − T is demiclosed.

Lemma 2.2. [6] The following inequality holds in real spaceH:

∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, x+ y⟩, ∀x, y ∈ H.

Lemma 2.3. [7] Let C be a closed and convex subset of a real Hilbert space H and T : C → CB(C) be a
nonexpansive multi-valued map with Fix(T ) ̸= ∅, and Tp = {p} for each p ∈ Fix(T ). Then Fix(T ) is a closed and
convex subset of C.

Lemma 2.4. [9] Let F : C×C → R be a bifunction satisfying Assumption 2 and let TF
r be defined as in Lemma

2.5, for r > 0. Let x, y ∈ H and t, s > 0. Then,

∥TF
s y − TF

t x∥ ≤ ∥x− y∥+ |s− t

s
|∥TF

s y − y∥.

Lemma 2.5. [10] Let C be a nonempty, closed convex subset of H and let F : C × C → R be a bifunction
satisfying Assumption 2. Then for r > 0 and x ∈ H , there exists z ∈ C such that F (z, y) + 1

r ⟨y − z, z − x⟩ ≥
0, ∀y ∈ C.
Further define

TF
r x = {z ∈ C : F (z, y) +

1

r
⟨y − z, z − x⟩ ≥ 0}, ∀y ∈ C

for all r > 0 and x ∈ H . Then, the following hold:
(i)TF

r is single− valued.

(ii)TF
r is firmly nonexpansive, i.e.,

∥TF
r (x)− TF

r (y)∥2 ≤ ⟨TF
r (x)− TF

r (y), x− y⟩, ∀x, y ∈ H.

(iii)Fix(TF
r ) = EP(F ).

(iv)EP(F ) is compact and convex.

Lemma 2.6. [11] Assume that B is a strong positive linear bounded self adjoint operator on a Hilbert spaceH
with coefficient γ̄ > 0 and 0 < ρ ≤ ∥B∥−1.

Lemma 2.7. [12, 17] Let C be a closed and convex subset of a real Hilbert space H and let PC be the metric
projection fromH onto C. Given x ∈ H and z ∈ C. Then z = PCx if and only if

⟨x− z, y − z⟩ ≤ 0, ∀y ∈ C.

Lemma 2.8. [14] Let {xn} and {yn} be bounded sequences in a Banach spaceX and {βn} be a sequence in [0, 1]

with 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1. Suppose
xn+1 = (1 − βn)yn + βnxn, for all integers n ≥ 0 and lim supn→∞(∥yn+1 − yn∥ − ∥xn+1 − xn∥) ≤ 0. Then
limn→∞ ∥yn − xn∥ = 0.
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Lemma 2.9. [20] Let {an} be a sequence of nonnegative real numbers such that
an+1 ≤ (1− αn)an + δn, n ≥ 0where αn is a sequence in (0, 1) and δn is a sequence in R such that

(i) Σ∞
n=1αn = ∞; (ii) lim supn→∞

δn
αn

≤ 0 or Σ∞
n=1δn < ∞.

Then limn→∞ an = 0.

Lemma 2.10. [19] Let F : C × C → R be a bifunction satisfying Assumption 2 and let TF
r be defined as in

Lemma 2.5, for r > 0. Let x ∈ H and s, t > 0. Then,

∥TF
s x− TF

t x∥2 ≤ s− t

s
⟨TF

s (x)− TF
t (x), TF

s (x)− x⟩.

Let F : C × C → R be a bifunction satisfying the following assumptions:

1. F (x, x) ≥ 0, ∀x ∈ C,

2. F is monotone, i.e., F (x, y) + F (y, x) ≤ 0, ∀x ∈ C,

3. F is upper hemicontinuouse, i.e., for each x, y, z ∈ C,

lim supt→0 F (tz + (1− t)x, y) ≤ F (x, y),

4. For each x ∈ C fixed, the function x → F (x, y) is convex and lower semicontinuous;

3 A Nonlinear Iterative Algorithm
Let C be a nonempty closed convex subset of real Hilbert space H . Let F : C × C → R be a bifunction sat-
isfying Assumption 2. Let M,N be two ᾱ-inverse strongly monotone and β̄-inverse strongly monotone map-
pings from C into H , respectively. Let T be a nonexpansive multi-valued mapping on C into K(H) such that
Θ = Fix(T ) ∩ GEPP ̸= ∅. Also f : C → H be a α-contraction mapping and A,B be a strongly positive bounded
linear self adjoint operators on H with coefficient γ̄1 > 0 and γ̄2 > 0 respectively such that 0 < γ < γ̄1

α < γ + 1
α ,

γ̄1 ≤ ∥A∥ ≤ 1 and ∥B∥ = γ̄2. For given x0 ∈ C arbitrary, let the sequence {xn} be generated by:
un = TF

rn(xn − rn(M +N)xn);

xn+1 = αnγf(xn) + βnBxn + ((1− ϵn)I − βnB − αnA)zn,

(3.1)

where zn ∈ Tun such that ∥zn+1 − zn∥ ≤ H(Tun+1, Tun).
Let {αn}, {βn}, {ϵn} are sequences in (0, 1), {rn} ⊂ [r,∞) with r > 0 satisfied the following conditions:
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(C1) limn→∞ αn = 0, Σ∞
n=1αn = ∞;

(C2) lim supn→∞ βn ̸= 1;

(C3) limn→∞ |rn+1 − rn| = 0, lim infn→∞ rn > 0, 0 < b < rn < a < 2min{ᾱ, β̄}.

Lemma 3.1. Let p ∈ Θ = Fix(T ) ∩ GEPP. Then the sequence {xn} generated by Algorithm 3 is bounded.

proof: Wemay assume without loss of generality that αn ≤ (1− ϵn−βn∥B∥)∥A∥−1. SinceA andB are linear
bounded self adjoint operators, we have

∥A∥ = sup{|⟨Ax, x⟩| : x ∈ H, ∥x∥ = 1},
∥B∥ = sup{|⟨Bx, x⟩| : x ∈ H, ∥x∥ = 1}

observe that

⟨((1− ϵn)I − βnB − αnA)x, x⟩ = (1− ϵn)⟨x, x⟩ − βn⟨Bx, x⟩ − αn⟨Ax, x⟩

≥ 1− ϵn − βn∥B∥ − αn∥A∥

≥ 0.

Therefore, (1− ϵn)I − βnB − αnA is positive. Then, by strong positivity of A and B, we get

∥(1− ϵn)I − βnB − αnA∥ = sup{⟨((1− ϵn)I − βnB − αnA)x, x⟩ x ∈ H, ∥x∥ = 1}

= sup{(1− ϵn)⟨x, x⟩ − βn⟨Bx, x⟩ − αn⟨Ax, x⟩ : x ∈ H, ∥x∥ = 1}

≤ 1− ϵn − βnγ̄2 − αnγ̄1

≤ 1− βnγ̄2 − αnγ̄1.

(3.2)

Let p ∈ Θ := Fix(T ) ∩ GEPP. Since p ∈ GEPP, from Theorem 3.1 [16] we have

∥un − p∥2 ≤ ∥xn − p∥2 + rn(rn − 2ᾱ)∥Mxn −Mp∥2 + rn(rn − 2β̄)∥Nxn −Np∥2

≤ ∥xn − p∥2.
(3.3)

Then

∥un − p∥ ≤ ∥xn − p∥.
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We obtain

∥xn+1 − p∥ = ∥αnγf(xn) + βnBxn + ((1− ϵn)I − βnB − αnA)zn − p∥

≤ αn∥γf(xn)−Ap∥+ βn∥Bxn −Bp∥+ ϵn∥p∥

+∥((1− ϵn)I − βnB − αnA)∥∥zn − p∥

≤ αn(∥γf(xn)− γf(p)∥+ ∥γf(p)−Ap∥) + βn∥Bxn −Bp∥+ ϵn∥p∥

+(1− βnγ̄2 − αnγ̄1)d(zn, Tp)

≤ αnγα∥xn − p∥+ αn∥γf(p)−Ap∥+ βnγ̄2∥xn − p∥+ αn∥p∥

+(1− βnγ̄2 − αnγ̄1)H(Tun, Tp)

≤ αnγα∥xn − p∥+ αn∥γf(p)−Ap∥+ βnγ̄2∥xn − p∥+ αn∥p∥

+(1− βnγ̄2 − αnγ̄1)∥un − p∥

≤ (1− (γ̄1 − γα)αn)∥xn − p∥+ αn(∥p∥+ ∥γf(p)−Ap∥)

≤ max{∥xn − p∥, ∥γf(p)−Ap∥+∥p∥
γ̄1−γα }

...
≤ max{∥x0 − p∥, ∥γf(p)−Ap∥+∥p∥

γ̄1−γα }.

(3.4)

Hence {xn} is bounded.This implies that the sequences {un}, {zn} and {f(xn)} are bounded.

Lemma 3.2. The following properties are satisfying for the Algorithm 3

P1. limn→∞ ∥xn+1 − xn∥ = 0.

P2. limn→∞ ∥xn − tn∥ = 0.

P3. limn→∞ ∥Mxn −Mp∥ = 0 and limn→∞ ∥Nxn −Np∥ = 0.

P4. limn→∞ ∥xn − un∥ = 0.
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proof: P1:We have

∥un+1 − un∥ = ∥Trn+1(xn+1 − rn+1(M +N)xn+1)− Trn(xn − rn(M +N)xn)∥

≤ ∥(xn+1 − rn+1(M +N)xn+1)− (xn − rn(M +N)xn)∥

+ |rn+1−rn|
rn+1

∥Trn+1(xn+1 − rn+1(M +N)xn+1)− (xn+1 − rn+1(M +N)xn+1)∥

≤ ∥xn+1 − xn∥+ |rn+1 − rn|∥(M +N)(xn+1 − xn)∥+ |rn+1−rn|
rn+1

σn+1

(3.5)

where

σn+1 = supn∈N ∥Trn+1(xn+1 − rn+1(M +N)xn+1)− (xn+1 − rn+1(M +N)xn+1)∥.

Setting xn+1 = ϵnxn + (1− ϵn)en, then we have

en+1 − en = αn+1γf(xn+1)+βn+1Bxn+1+((1−ϵn+1)I−βn+1B−αn+1A)zn+1−ϵn+1xn+1

1−ϵn+1

−αnγf(xn)+βnBxn+((1−ϵn)I−βnB−αnA)zn−ϵnxn

1−ϵn

= αn+1

1−ϵn+1
(γf(xn+1)−Azn+1) +

αn
1−ϵn

(Azn − γf(xn))

+( βn+1

1−ϵn+1
− βn

1−ϵn
)B(xn+1 − xn) + (zn+1 − zn)

+( βn

1−ϵn
− βn+1

1−ϵn+1
)B(zn+1 − zn) + ( ϵn

1−ϵn
− ϵn+1

1−ϵn+1
)(xn − xn+1).

Using (3.5), we have
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∥en+1 − en∥

≤ αn+1

1−ϵn+1
∥γf(xn+1)−Azn+1∥+ αn

1−ϵn
∥γf(xn)−Azn∥+ | βn+1

1−ϵn+1
− βn

1−ϵn
|∥B∥∥xn+1 − xn∥

+∥zn+1 − zn∥+ | βn

1−ϵn
− βn+1

1−ϵn+1
|∥B∥∥zn+1 − zn∥+ | ϵn+1

1−ϵn+1
− ϵn

1−ϵn
|∥xn+1 − xn∥

≤ αn+1

1−ϵn+1
∥γf(xn+1)−Azn+1∥+ αn

1−ϵn
∥γf(xn)−Azn∥+ | βn+1

1−ϵn+1
− βn

1−ϵn
|∥B∥∥xn+1 − xn∥

+H(Tun+1, Tun) + | βn

1−ϵn
− βn+1

1−ϵn+1
|∥B∥H(Tun+1, Tun) + | ϵn+1

1−ϵn+1
− ϵn

1−ϵn
|∥xn+1 − xn∥

≤ αn+1

1−ϵn+1
∥γf(xn+1)−Azn+1∥+ αn

1−ϵn
∥γf(xn)−Azn∥+ | βn+1

1−ϵn+1
− βn

1−ϵn
|∥B∥∥xn+1 − xn∥

+∥un+1 − un∥+ | βn

1−ϵn
− βn+1

1−ϵn+1
|∥B∥∥un+1 − un∥+ | ϵn+1

1−ϵn+1
− ϵn

1−ϵn
|∥xn+1 − xn∥

≤ αn+1

1−ϵn+1
∥γf(xn+1)−Azn+1∥+ αn

1−ϵn
∥γf(xn)−Azn∥+ | βn+1

1−ϵn+1
− βn

1−ϵn
|∥xn+1 − xn∥

+∥xn+1 − xn∥+ |rn+1 − rn|∥(M +N)(xn+1 − xn)∥+ |rn+1−rn|
rn+1

σn+1

+| βn

1−ϵn
− βn+1

1−ϵn+1
|γ̄2(∥xn+1 − xn∥+ |rn+1 − rn|∥(M +N)(xn+1 − xn)∥+ |rn+1−rn|

rn+1
σn+1)

+| ϵn+1

1−ϵn+1
− ϵn

1−ϵn
|∥xn+1 − xn∥,

which implies

∥en+1 − en∥ − ∥xn+1 − xn∥

≤ αn+1

1−ϵn+1
∥γf(xn+1)−Azn+1∥+ αn

1−ϵn
∥γf(xn)−Azn∥+ | βn+1

1−ϵn+1
− βn

1−ϵn
|∥xn+1 − xn∥

+|rn+1 − rn|∥(M +N)(xn+1 − xn)∥+ |rn+1−rn|
rn+1

σn+1

+| βn

1−ϵn
− βn+1

1−ϵn+1
|γ̄2(∥xn+1 − xn∥+ |rn+1 − rn|∥(M +N)(xn+1 − xn)∥+ |rn+1−rn|

rn+1
σn+1)

+| ϵn+1

1−ϵn+1
− ϵn

1−ϵn
|∥xn+1 − xn∥.

Hence, it follows by conditions (C1)− (C4) that

lim sup
n→∞

(∥en+1 − en∥ − ∥xn+1 − xn∥) ≤ 0. (3.6)

From (3.6) and Lemma 2.8, we get limn→∞ ∥en − xn∥ = 0, and then
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lim
n→∞

∥xn+1 − xn∥ = lim
n→∞

(1− ϵn)∥en − xn∥ = 0. (3.7)

P2: We can write

∥xn − zn∥ ≤ ∥xn+1 − xn∥+ ∥αnγf(xn) + βnBxn + ((1− ϵn)I − βnB − αnA)zn − zn∥

≤ ∥xn+1 − xn∥+ αn∥γf(xn)−Azn∥+ βn∥Bxn −Bzn∥+ ϵn∥zn∥

≤ ∥xn+1 − xn∥+ αn∥γf(xn)−Azn∥+ βnγ̄2∥xn − zn∥+ ϵn∥zn∥.
Then

(1− βnγ̄2)∥xn − zn∥ ≤ ∥xn+1 − xn∥+ αn∥γf(xn)−Azn∥+ ϵn∥zn∥.

Therefore ∥xn − zn∥ ≤ 1
1−βnγ̄2

∥xn+1 − xn∥+ αn

1−βnβ̄
∥γf(xn)−Atn∥+ ϵn

1−βnγ̄2
∥zn∥

≤ 1
1−βnγ̄2

∥xn+1 − xn∥+ αn
1−βnγ̄2

(∥γf(xn)−Azn∥+ ∥zn∥).

Since αn → 0, ∥xn+1 − xn∥ → 0 and (C2) we obtain
lim
n→∞

∥xn − zn∥ = 0. (3.8)

P3: From (3.3), we have
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∥xn+1 − p∥2

= ∥αnγf(xn) + βnBxn + ((1− ϵn)I − βnB − αnA)zn − p∥2

= ∥αn(γf(xn)−Ap) + βn(Bxn −Bp) + ((1− ϵn)I − βnB − αnA)(zn − p)− ϵnp∥2

≤ ∥((1− ϵn)I − βnB − αnA)(zn − p) + βn(Bxn −Bp)− ϵnp∥2

+2⟨αn(γf(xn)−Ap), xn+1 − p⟩

≤ ((1− βnγ̄2 − αnγ̄1)d(zn, Tp) + βn∥B∥∥xn − zn∥+ ϵn∥p∥)2 + 2αn⟨γf(xn)−Ap, xn+1 − p⟩

≤ ((1− βnγ̄2 − αnγ̄1)H(Tun, Tp) + βn∥B∥∥xn − zn∥+ ϵn∥p∥)2

+2αn⟨γf(xn)−Ap, xn+1 − p⟩

≤ ((1− βnγ̄2 − αnγ̄1)∥un − p∥+ βn∥B∥∥xn − zn∥+ ϵn∥p∥)2

+2αn⟨γf(xn)−Ap, xn+1 − p⟩

= (1− βnγ̄2 − αnγ̄1)
2∥un − p∥2 + (βn)

2∥B∥2∥xn − zn∥2 + (ϵn)
2∥p∥2

+2(1− βnγ̄2 − αnγ̄1)βn∥B∥∥un − p∥∥xn − zn∥

+2(1− βnγ̄2 − αnγ̄1)ϵn∥p∥∥un − p∥+ 2βnϵn∥B∥∥p∥∥xn − zn∥

+2αn⟨γf(xn)−Ap, xn+1 − p⟩

(3.9)
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≤ (1− βnγ̄2 − αnγ̄1)
2(∥xn − p∥2 + rn(rn − 2ᾱ)∥Mxn −Mp∥2 + rn(rn − 2β̄)∥Nxn −Np∥2)

+(βn)
2∥B∥2∥xn − zn∥2 + (ϵn)

2∥p∥2 + 2(1− βnγ̄2 − αnγ̄1)βn∥B∥∥un − p∥∥xn − zn∥

+2(1− βnγ̄2 − αnγ̄1)ϵn∥p∥∥un − p∥+ 2βnϵn∥B∥∥p∥∥xn − zn∥

+2αn⟨γf(xn)−Ap, xn+1 − p⟩

≤ ∥xn − p∥2 + (βnγ̄2 + αnγ̄1)
2∥xn − p∥2

+(1− βnγ̄2 − αnγ̄1)
2(rn(rn − 2ᾱ)∥Mxn −Mp∥2 + rn(rn − 2β̄)∥Nxn −Np∥2)

+(βn)
2∥B∥2∥xn − zn∥2 + (ϵn)

2∥p∥2 + 2(1− βnγ̄2 − αnγ̄1)βn∥B∥∥un − p∥∥xn − zn∥

+2(1− βnγ̄2 − αnγ̄1)ϵn∥p∥∥un − p∥+ 2βnϵn∥B∥∥p∥∥xn − zn∥

+2αn⟨γf(xn)−Ap, xn+1 − p⟩.
By (C3), we can write

(1− βnγ̄2 − αnγ̄1)
2(rn(2ᾱ− rn)∥Mxn −Mp∥2 + rn(2β̄ − rn)∥Nxn −Np∥2)

≤ ∥xn − p∥2 − ∥xn+1 − p∥2 + (βnγ̄2 + αnγ̄1)
2∥xn − p∥2 + (βn)

2∥B∥2∥xn − zn∥2 + (αn)
2∥p∥2

+2(1− βnγ̄2 − αnγ̄1)βn∥B∥∥un − p∥∥xn − zn∥+ 2(1− βnγ̄2 − αnγ̄1)αn∥p∥∥un − p∥

+2βnϵn∥B∥∥p∥∥xn − zn∥+ 2αn⟨γf(xn)−Ap, xn+1 − p⟩

≤ (∥xn − p∥+ ∥xn+1 − p∥)∥xn − xn+1∥+ (βnγ̄2 + αnγ̄1)
2∥xn − p∥2 + (βn)

2∥B∥2∥xn − zn∥2

+(αn)
2∥p∥2 + 2(1− βnγ̄2 − αnγ̄1)βn∥B∥∥un − p∥∥xn − zn∥

+2(1− βnγ̄2 − αnγ̄1)αn∥p∥∥un − p∥+ 2βnϵn∥B∥∥p∥∥xn − zn∥

+2αn⟨γf(xn)−Ap, xn+1 − p⟩.

By αn → 0, ∥xn+1−xn∥ → 0 and ∥xn−zn∥ → 0, then we obtain ∥Mxn−Mp∥ → 0 and ∥Nxn−Np∥ → 0 as n → ∞.

P4: Since p ∈ Θ = Fix(T ) ∩ GEPP, we can obtain

∥un − p∥2 ≤ ∥xn − p∥2 − ∥un − xn∥2 + 2rn∥un − xn∥(∥Mxn −Mp∥+ ∥Nxn −Np∥),

. It followes from (3.9) that
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∥xn+1 − p∥2 ≤ (1− βnγ̄2 − αnγ̄1)
2∥un − p∥2 + (βn)

2∥B∥2∥xn − zn∥2 + (ϵn)
2∥p∥2

+2(1− βnγ̄2 − αnγ̄1)βn∥B∥∥un − p∥∥xn − zn∥

+2(1− βnγ̄2 − αnγ̄1)ϵn∥p∥∥un − p∥+ 2βnϵn∥B∥∥p∥∥xn − zn∥

+2αn⟨γf(xn)−Ap, xn+1 − p⟩

≤ (1− βnγ̄2 − αnγ̄1)
2(∥xn − p∥2 − ∥un − xn∥2

+2rn∥un − xn∥(∥Mxn −Mp∥+ ∥Nxn −Np∥)) + (βn)
2∥B∥2∥xn − zn∥2

+(ϵn)
2∥p∥2 + 2(1− βnγ̄2 − αnγ̄1)βn∥B∥∥un − p∥∥xn − zn∥

+2(1− βnγ̄2 − αnγ̄1)ϵn∥p∥∥un − p∥+ 2βnϵn∥B∥∥p∥∥xn − zn∥

+2αn⟨γf(xn)−Ap, xn+1 − p⟩.

Therefore

(1− βnγ̄2 − αnγ̄1)
2∥un − xn∥2

≤ ∥xn − p∥2 − ∥xn+1 − p∥2 + (βnγ̄2 + αnγ̄1)
2∥xn − p∥2

+2rn(1− βnγ̄2 − αnγ̄1)
2∥un − xn∥(∥Mxn −Mp∥+ ∥Nxn −Np∥) + (βn)

2∥B∥2∥xn − zn∥2

+(ϵn)
2∥p∥2 + 2(1− βnγ̄2 − αnγ̄1)βn∥B∥∥un − p∥∥xn − zn∥

+2(1− βnγ̄2 − αnγ̄1)ϵn∥p∥∥un − p∥+ 2βnϵn∥B∥∥p∥∥xn − zn∥

+2αn⟨γf(xn)−Ap, xn+1 − p⟩

≤ (∥xn − p∥+ ∥xn+1 − p∥)∥xn − xn+1∥+ (βnγ̄2 + αnγ̄1)
2∥xn − p∥2

+2rn(1− βnγ̄2 − αnγ̄1)
2∥un − xn∥(∥Mxn −Mp∥+ ∥Nxn −Np∥) + (βn)

2∥B∥2∥xn − zn∥2

+(ϵn)
2∥p∥2 + 2(1− βnγ̄2 − αnγ̄1)βn∥B∥∥un − p∥∥xn − zn∥

+2(1− βnγ̄2 − αnγ̄1)ϵn∥p∥∥un − p∥+ 2βnϵn∥B∥∥p∥∥xn − zn∥

+2αn⟨γf(xn)−Ap, xn+1 − p⟩.

Since αn → 0, ∥xn+1 − xn∥ → 0, ∥Mxn − Mp∥ → 0, ∥Nxn − Np∥ → 0 and ∥xn − zn∥ → 0 as n → ∞ and
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we obtain

lim
n→∞

∥xn − un∥ = 0. (3.10)

Using (3.8) and (3.10), we obtain

∥zn − un∥ ≤ ∥zn − xn∥+ ∥xn − un∥ → 0, as n → ∞. Then limn→∞ ∥zn − un∥ = 0.

4 Strong Convergence Algorithm
Theorem 4.1. The Algorithm defined by (3.1) convergence strongly to z ∈ Fix(T ) ∩ GEPP, which is a unique
solution in of the variational inequality

⟨(γf −A)z, y − z⟩ ≤ 0, ∀y ∈ Θ = Fix(T ) ∩ GEPP.

proof: Let s = PΘ. We get

∥s(I −A+ γf)(x)− s(I −A+ γf)(y)∥ ≤ ∥(I −A+ γf)(x)− (I −A+ γf)(y)∥

≤ ∥I −A∥∥x− y∥+ γ∥f(x)− f(y)∥

≤ (1− γ̄1)∥x− y∥+ γα∥x− y∥

= (1− (γ̄1 − γα))∥x− y∥.

Then s(I − A + γf) is a contraction mapping from H into itself. Therefore by Banach contraction principle,
there exists z ∈ H such that z = s(I −A+ γf)z = PFix(T )∩EPP(I −A+ γf)z.

We show that ⟨(γf − A)z, xn − z⟩ ≤ 0. To show this inequality, we choose a subsequence {xni} of {xn} such
that

lim sup
n→∞

⟨(γf −A)z, xn − z⟩ = lim
i→∞

⟨(γf −A)z, xni − z⟩. (4.1)

Since {xni} is bounded, there exists a subsequence {xnij
} of {xni}which convergesweakly to somew ∈ C. Without

loss of generality, we can assume that xni ⇀ w. Now, we prove that w ∈ Fix(S) ∩ GEPP. Let us first show that
w ∈ Fix(S). From ∥xn−un∥ → 0, we obtain uni ⇀ w. On the other hand limn→∞ ∥zn−un∥ = 0 and by Lemma 2.1,
I−T is demiclosed at 0. Thus, we obtainw ∈ Fix(T ). We show thatw ∈ GEPP. Since un = Trn(xn−rn(M+N)xn).
we have

F (un, y) + ⟨(M +N)xn, y − un⟩+
1

rn
⟨y − un, un − xn⟩ ≥ 0, ∀y ∈ C.

It follows from the monotonicity of F that

⟨(M +N)xn, y − un⟩+
1

rn
⟨y − un, un − xn⟩ ≥ F (y, un), ∀y ∈ C
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which implies that

⟨(M +N)xni , y − uni⟩+
1

rni

⟨y − uni , uni − xni⟩ ≥ F (y, uni), ∀y ∈ C.

Let ut = ty + (1− t)w for all t ∈ (0, 1]. Since y ∈ C and w ∈ C, we get ut ∈ C. It follows that

⟨ut − uni , (M +N)ut⟩ ≥ ⟨ut − uni , (M +N)ut⟩ − ⟨ut − uni , (M +N)xni⟩

−⟨ut − uni ,
uni−xni

rni
⟩+ F (ut, uni)

= ⟨ut − uni , (M +N)ut − (M +N)uni⟩

+⟨ut − uni , (M +N)uni − (M +N)xni⟩

−⟨ut − uni ,
uni−xni

rni
⟩+ F (ut, uni)

= ⟨ut − uni ,Mut −Muni , ⟩+ ⟨ut − uni , Nut −Nuni⟩

+⟨ut − uni ,Muni −Mxni , ⟩+ ⟨ut − uni , Nuni −Nxni⟩

−⟨ut − uni ,
uni−xni

rni
⟩+ F (ut, uni).

Since ∥uni − xni∥ → 0, we have ∥Muni −Mxni∥ → 0 and ∥Nuni −Nxni∥ → 0. Further from monotonically ofM
and N , we obtain

⟨ut − uni ,Mut −Muni⟩ ≥ 0, ⟨ut − uni , Nut −Nuni⟩ ≥ 0,

so as i → ∞ from assumption 2, we have ⟨ut − w, (M +N)ut⟩ ≥ F (ut, w).
Therefore

0 = F (ut, ut) ≤ tF (ut, y) + (1− t)F (ut, w)

≤ tF (ut, y) + (1− t)⟨ut − w, (M +N)ut⟩

≤ tF (ut, y) + (1− t)t⟨y − w, (M +N)ut⟩,

then 0 ≤ F (ut, y) + (1− t)⟨y − w, (M +N)ut⟩.

Letting t → 0, we obtain 0 ≤ F (w, y) + ⟨y − w, (M +N)w⟩. This implies that w ∈ GEPP.
Now from Lemma 2.7, we have

lim supn→∞⟨(γf −A)z, xn − z⟩ ≤ lim supi→∞⟨(γf −A)z, xni − z⟩

= ⟨(γf −A)z, w − z⟩

≤ 0.

(4.2)
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Now we prove that xn is strongly convergence to z.It follows from (3.3) that

∥xn+1 − z∥2

= αn⟨γf(xn)−Az, xn+1 − z⟩+ βn⟨Bxn −Bz, xn+1 − z⟩ − ϵn⟨z, xn+1 − z⟩

+⟨((1− ϵn)I − βnB − αnA)(zn − z), xn+1 − z⟩

≤ αn(γ⟨f(xn)− f(z), xn+1 − z⟩+ ⟨γf(z)−Az, xn+1 − z⟩) + βn∥B∥∥xn − z∥∥xn+1 − z∥

−ϵn∥z∥∥xn+1 − z∥+ ∥(1− ϵn)I − βnB − αnA∥∥zn − z∥∥xn+1 − z∥

≤ αn(γ⟨f(xn)− f(z), xn+1 − z⟩+ ⟨γf(z)−Az, xn+1 − z⟩) + βn∥B∥∥xn − z∥∥xn+1 − z∥

−ϵn∥z∥∥xn+1 − z∥+ ∥(1− ϵn)I − βnB − αnA∥d(zn, T z)∥xn+1 − z∥

≤ αn(γ⟨f(xn)− f(z), xn+1 − z⟩+ ⟨γf(z)−Az, xn+1 − z⟩) + βn∥B∥∥xn − z∥∥xn+1 − z∥

−ϵn∥z∥∥xn+1 − z∥+ ∥(1− ϵn)I − βnB − αnA∥H(Tun, T z)∥xn+1 − z∥

≤ αnαγ∥xn − z∥∥xn+1 − z∥+ αn⟨γf(z)−Az, xn+1 − z⟩+ βnβ̄∥xn − z∥∥xn+1 − z∥

−ϵn∥z∥∥xn+1 − z∥+ (1− βnγ̄2 − αnγ̄1)∥xn − z∥∥xn+1 − z∥

= (1− αn(γ̄1 − αγ))∥xn − z∥∥xn+1 − z∥ − ϵn∥z∥∥xn+1 − z∥+ αn⟨γf(z)−Az, xn+1 − z⟩

≤ 1−αn(γ̄1−αγ)
2 (∥xn − z∥2 + ∥xn+1 − z∥2)− ϵn∥z∥∥xn+1 − z∥+ αn⟨γf(z)−Az, xn+1 − z⟩

≤ 1−αn(δ̄−αγ)
2 ∥xn − z∥2 + 1

2∥xn+1 − z∥2 − ϵn∥z∥∥xn+1 − z∥+ αn⟨γf(z)−Az, xn+1 − z⟩.
This implies that

2∥xn+1 − z∥2 ≤ (1− αn(γ̄1 − αγ))∥xn − z∥2 + ∥xn+1 − z∥2

−2αn∥z∥∥xn+1 − z∥+ 2αn⟨γf(z)−Az, xn+1 − z⟩.

Then
∥xn+1 − z∥2 ≤ (1− αn(γ̄1 − αγ))∥xn − z∥2 − 2αn∥z∥∥xn+1 − z∥

+2αn⟨γf(z)−Az, xn+1 − z⟩

= (1− kn)∥xn − z∥2 + 2αnln,

(4.3)

where kn = αn(γ̄1 − αγ) and ln = ⟨γf(z)−Az, xn+1 − z⟩ − ∥z∥∥xn+1 − z∥.
Since limn→∞ αn = 0 and Σ∞

n=0αn = ∞, it is easy to see that limn→∞ kn = 0, Σ∞
n=0kn = ∞ and lim supn→∞ ln ≤ 0.
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Hence, from (4.2) and (4.3) and Lemma 2.9, we deduce that xn → z, where z = PΘ(I −A+ γf)z.

Remark 4.1. Putting A = B = M = N = 0, γ = 1,we obtain methods introduced in Theorem 3.1 [8].

5 Numerical Examples
In this section, we give some examples and numerical results for supporting our main theorem. All the numerical
results have been produced in Matlab 2017 on a Linux workstation with a 3.8 GHZ Intel annex processor and 8
Gb of memory.

Example 5.1. Let H = R, the set of all real numbers, with the inner product defined by ⟨x, y⟩ = xy, ∀x, y ∈ R,
and induced usual norm | . |. Let C = [0, 2]; let F : C ×C → R be defined by F (x, y) = (x− 4)(y − x), ∀x, y ∈ C;
letM,N : C → H be defined byM(x) = x and N(x) = 2x, ∀x ∈ C, such that ᾱ = 1

2 and β̄ = 1
3 respectively, and

let for each x ∈ R, we define f(x) = 1
8x, A(x) = 2x, B(x) = 1

3x and

Tx =

{
{x}, 0 ≤ x ≤ 1

{1
2}, 1 < x ≤ 2

Then there exist unique sequences {xn} ⊂ R and {un} ⊂ C generated by the iterative schemes

un = TF
rn(xn − rn(M +N)xn); (5.1)

xn+1 = (
1

8n
+

1

3n2
)xn + ((1− 1

2n2 − 3
)I − 1

n2
B − 1

n
A)zn (5.2)

where αn = 1
n , βn = 1

n2 , ϵn = 1
2n2−3

and rn = 1. Then {xn} converges to {1} ∈ Fix(T )∩GEPP. It is easy to prove
that the bifunction F satisfy the Assumption 2. Further, f is contraction mapping with constant α = 1

5 and A is
a strongly positive bounded linear operator with constant γ̄1 = 1 on R. Therefore, we can choose γ = 1 which
satisfies 0 < γ < γ̄1

α < γ + 1
α . Furthermore, it is easy to observe that Fix(T ) = [0, 1] and GEPP = {1}. Hence

Fix(T ) ∩ GEPP = {1} ̸= ∅. After simplification, schemes (5.3) and (5.4) reduce to

un = 2− xn

Tun =

{
{2− xn}, 0 ≤ un ≤ 1 or(1 ≤ xn ≤ 2)

{1
2}, 1 < un ≤ 2 or(0 ≤ xn < 1)

If zn = 2− xn for xn ∈ [1, 2], we have

xn+1 = (−1 +
17

8n
+

2

3n2
+

1

2n2 − 3
)xn + 2(1− 1

2n2 − 3
− 1

3n2
− 2

n
).

If zn = 1
2 for xn ∈ [0, 1), we have

xn+1 = (
1

8n
+

1

3n2
)xn +

1

2
(1− 1

2n2 − 3
− 1

3n2
− 2

n
).

Following the proof of Theorem 4.1, we obtain that {xn}, {un} converges strongly to w = {1} ∈ Fix(T ) ∩GEPP.
Figure 1 indicates the behavior of xn with initial point x1 = 0.5, which converges to the same solution, that

is, w = {1} ∈ Fix(S) ∩ GEPP as a solution of this example.
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Figure 1: The graph of {xn} with initial value x1 = 0.5.

Example 5.2. Let H = R, the set of all real numbers, with the inner product defined by ⟨x, y⟩ = xy, ∀x, y ∈ R,
and induced usual norm | . |. Let C = [−1, 3]; let F : C × C → R be defined by F (x, y) = x(y − x), ∀x, y ∈ C; let
M,N : C → H be defined byM(x) = 2x andN(x) = 3x, ∀x ∈ C, such that ᾱ = 1

3 and β̄ = 1
4 respectively, and let

for each x ∈ R, we define f(x) = 1
6x, A(x) = x

2 , B(x) = 1
10x and

Tx =

{
{x
2}, 0 < x ≤ 3

{0}, −1 ≤ x ≤ 0

Then there exist unique sequences {xn} ⊂ R and {un} ⊂ C generated by the iterative schemes

un = TF
rn(xn − rn(M +N)xn); (5.3)

xn+1 = (
1

3
√
n
+

1

10(n+ 1)2
)xn + ((1− 2

n2
)I − 1

(n+ 1)2
B − 1√

n
A)zn (5.4)

where αn = 1√
n
, βn = 1

(n+1)2
, ϵn = 2

n2 and rn = 1 + 1
n . Then {xn} converges to {0} ∈ Fix(T ) ∩ GEPP. It is easy

to prove that the bifunction F satisfy the Assumption 2. Further, f is contraction mapping with constant α = 1
5

andA is a strongly positive bounded linear operator with constant γ̄1 = 1 on R. Therefore, we can choose γ = 2

which satisfies 0 < γ < γ̄1
α < γ+ 1

α . Furthermore, it is easy to observe that Fix(T ) = {0} and GEPP = {0}. Hence
Fix(T ) ∩ GEPP = {0} ̸= ∅. After simplification, schemes (5.3) and (5.4) reduce to

un = (
−4n− 5

2n+ 1
)xn

Tun =

{
{0}, −15 ≤ un < 0 or(0 < xn ≤ 3)

{(−4n−5
4n+2 )xn}, 0 ≤ un ≤ 2 or(−1 ≤ xn ≤ 0)
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If zn = −4n−5
4n+2 xn for xn ∈ [−1, 0], we have

xn+1 = (
1

3
√
n
+

1

10(n+ 1)2
)xn + (1− 2

n2
− 1

10(n+ 1)2
− 1

2
√
n
)(
−4n− 5

4n+ 2
)xn.

If zn = 0 for xn ∈ (0, 3], we have

xn+1 = (
1

3
√
n
+

1

10(n+ 1)2
)xn.

Following the proof of Theorem 4.1, we obtain that {xn}, {un} converges strongly to w = {0} ∈ Fix(T ) ∩ GEPP
. Figure 2 indicates the behavior of xn with initial point x1 = 0.5, which converges to the same solution, that is,
w = {1} ∈ Fix(S) ∩ GEPP as a solution of this example.

Figure 2: The graph of {xn} with initial value x1 = 0.5.
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